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Preface 


It is generally recognized that during the last 30 or 40 years more 
fundamental improvements have been made in the teaching of the 
language arts than in the teaching of arithmetic. This may be so 
because in general the teaching of the language arts has been related 
more closely than the teaching of arithmetic to the children’s own 
first-hand experiences. The improvements also may be due to the 
growing realization that language communication occurs only to the 
degree that language symbols have the same meaning for the listener 
that they have for the speaker, and the same meaning for the reader 
that they have for the writer. : 

If language teaching can be improved by relating language symbols 
to the child’s concrete experiences, it seems probable that arithmetic 
teaching can be improved by relating arithmetic symbols to the child’s 
concrete experiences, and if language teaching can be improved by 
emphasizing the meaning of language symbols, it seems probable that 
arithmetic teaching can be improved by emphasizing the meaning of 
arithmetic symbols. Do not arithmetic symbols, like language sym- 
bols, represent things, ideas, relationships? Are not arithmetic sym- 

ols, like language symbols, a means of communication? 

Asan elementary school teacher and principal, a teacher of student- 
teachers, a teacher of experienced teachers, and a parent, the author 
has for a number of years been trying various ways of helping children 
Understand and use arithmetic. The “experience-language” approach 
Presented in this book has proved to be the method most helpful in 
Working with children of all ages and abilities. 

his book does not emphasize arithmetic as arithmetic. Rather, 
attention has been focused on arithmetic as it contributes to the 
Srowth and development of children—their differences, needs, inter- 
ests, abilities, and ways of learning. 

Part I of this volume contains an analysis of the nature of arith- 
metic and of the thinking processes a person uses when he deals with 
Various aspects of quantitative relationships. This analysis forms the 
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basis for determining the role that arithmetic should play in the life 
of children. Part II consists of a detailed description of how children 
can be helped to understand and use whole numbers. Part III de- 
scribes how children can be helped to understand and use common- 
and decimal-fractions. 

In Paris I and Ill the various arithmetical processes are not 
organized according to age- or grade-placement, but instead are 
grouped according to type of operation. Addition, first, is developed 
gradually from counting and manipulating small groups of objects 
to the complex procedures involved in computing with large numbers. 
The same procedure is followed with subtraction, multiplication, and 
division. Continual emphasis is placed, however, upon the interrela- 
tion of the four operations. This “vertical” type of organization was 
selected in preference to the “horizontal” because usually children 
in a classroom represent several arithmetic ages or grades. 

The author is extremely grateful for the co-operation of the many 
teachers, not only in the Training Schools of New Haven State 
Teachers College but also in other schools who tried new methods. 
Especially is he grateful to Katherine Œ. James and her committee for 
editing Elementary Mathematics in the Training Schools for inclusion 
in Appendix A. Thanks are due the many teachers in service who, in 
the author’s extension courses, critically appraised and contributed to 
his ideas. Thanks are also due the many students of New Haven State 
Teachers College who have studied these methods in the author’s Cur- 
riculum Materials course and who have used them while teaching in 
the Training Schools and later in their own classrooms. Thanks must 


also be given to the numerous fathers and mothers with whom the 
author has discussed these arithmetic problems. It is primarily for 
these groups—pre-service teachers, in-service teachers, and parents— 
that this book has been written. It is intended, also, to be useful to 
elementary school administrators, supervisors, and curriculum di- 
rectors. 


Obviously a book of this nature could not possibly be written by 
one person. This is truly the product of the te 


c 1 1 aching, learning, think- 
ing, and experimenting of scores of teachers, children, students, and 
parents. 


J. Allen Hickerson 
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Part | 
THE THREE MAJOR ASPECTS OF THE 


ARITHMETIC PROGRAM 


Teachers are well aware of the fact that children vary in their 
arithmetical abilities. The principle of individual differences applies 
here as well as in other fields of learning. What is usually overlooked, 
however, is the fact that there is not just one type of mathematical 
thinking, but perhaps three. The person considered to have a good 
mathematical mind, for example, may be good in one type of mathe- 
matical thinking but not in the others. Likewise, the person who found 
mathematics his hardest subject may not have been called upon 
very often in school to use the type of mathematical intelligence 
of which he has a good share. 

The three types of mathematical thinking may be expressed as 
follows: 

(1) Representing with mathematical symbols the quantitative as- 


Pects of concrete situations, 

(2) computing, and 

(3) understanding the theory or science of mathematics. 

Expressing with mathematical symbols the quantitative aspects of 
situations is manifested at a very low level in the counting of objects. 
Most young children are capable of learning to do this. At the highest 
level in the development of this ability is the establishing of mathe- 
matical formulas representing, for example, the behavior of heavenly 
bodies. Comparatively few adults are capable of learning how to 
devise such mathematical formulas. 

Between counting objects and weighing stars lie countless activi- 
ties involving many degrees of ability in representing things and 
events with mathematical symbols. The boy keeping a record of his 
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marbles or stamps, the housewife doing the weekly shopping, the ac- 
countant setting up a system of accounts for a business enterprise, 
the engineer planning the construction of a bridge, are but a few 
examples of people translating into arithmetical or mathematical 
terms the quantitative aspects of concrete situations. 

The second type of mathematical thinking is computing. The boy 
may know that 12 marbles must be added to his collection of 89 in 
order to find out how many he has altogether after the day’s transac- 
tions. Being able to add 12 and 89, however, is quite another matter. 
The housewife must not only plan the budget, she must also be able 
to add and subtract accurately in order to arrive at exact totals and 
balances. After the accountant sets up the bookkeeping system he 
turns the accounts over to the bookkeeping department. The book- 
keepers, specialists in recording transactions and in computation, 
make the appropriate entries according to the accountant’s instruc- 
tions. After the engineer establishes the appropriate formulas for 
figuring stresses, strains, loads, materials, and so forth, the exact 
computation of these formulas then must be performed by specially 
trained personnel. In each of these cases, the ability to compute— 
add, subtract, multiply, divide, extract square root, and so forth—is 
a different kind of ability from the first type. In other words, being 
able to add, subtract, multiply, and divide is quite different from 
being able to decide what and when to add, subtract, multiply, and 
divide. 

” Understanding the theory or science of mathematics is the third 
type of mathematical thinking and is distinct from the first two. At 
a low level is the ability to understand that our number system is 
based upon 10 and multiples of 10. Most elementary school children 
are capable of gaining this understanding. They may also be capable 
of understanding that in the number 222, for example, each 2 has a 
different value depending upon its location relative to the other 2’s. 


j They may also be able to understand that, when adding, “carrying” 


is possible because ones are added to ones, tens to tens, hundreds to 
hundreds. 

At the other extreme, the ability to understand the science of 
mathematics is revealed by those mathematicians of the past who 
invented and developed such mathematical systems as algebra, ana- 
lytical geometry, and calculus. This ability is also possessed to a high 
degree by those present day mathematicians who are engaged in 
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mathematical research and out of whose labors new mathematical 
systems are being created. 

Between these two extremes in ability to understand the science of 
mathematics lie various gradations of ability. Different degrees of 
ability, for example, are required to understand why one does what 
he does when he performs 


98 92 93 
+37 —46 490 = 6% 83+ 5%= .003)69 V143.025 


One of the objectives of the elementary school should be to help every 
child develop each type of mathematical thinking. 

In the typical classroom there are children who are potential public 
accountants, or engineers, or astro-mathematicians. There are also 
children at the other extreme who find it difficult to gain such simple 
Concepts as 5 objects, 6 yards, or 3-boys-and-4-girls-are-7-children. 


o/ Regardless of the class’s extremes in native ability to represent with 


mathematical terms the quantitative aspects of real situations, each 


child should have ample opportunity to relate numbers to things. By 
Placing constant emphasis upon the number aspects of the children’s 
first-hand experiences—of the children’s world of real things and real 
People—the teacher is providing the conditions for the development 
of this extremely important type of thinking. The teacher is at the 
Same time providing opportunity for each child to understand better 
the world of people and things and to solve real life problems. 

In the typical classroom there are children who one day could be- 
Come very rapid and efficient computors. They may be capable of 
developing the ability to give approximate and exact answers to com- 


plex additions, subtractions, multiplications, and divisions, practically 
nd, there are children who have great 


instantaneously. On the other har lre we g 
difficulty in remembering even the simplest addition combinations. 
be in learning to 


No matter what the class’s range of ability may be a 
Compute, each member should have the appropriate kinds and 


amounts of practice to enable him to compute with as much meaning 
and efficiency as his capabilities permit. 

s In the typical classroom there are potential theoretical mathema- 
ticians, inventors, and innovators of mathematical systems; vanguard 
thinkers in this extremely important area of human endeavor. At the 
Same time there are in the same classroom children who have the 
Sreatest difficulty in understanding units, tens, hundreds. No matter 


ye 


4 Three Major Aspects of Arithmetic Program 


what the class’s extremes of native ability may be in understanding 
the science of arithmetic, each member should be given the oppor- 
tunity to think creatively. He should be encouraged to discover for 
himself rules, principles, and generalizations. 

Ways in which children can be helped to develop the three types 
of arithmetical thinking will be discussed in the first three chapters. 
Although each aspect of arithmetic is treated separately, the interrela- 
tion that exists among all three should not be overlooked. In fact, 
competence developed by a child in one aspect often contributes to 
the development of competence in another. Chapter 4 contains a dis- 
cussion of the evaluation of children’s arithmetical abilities. The 
last chapter of Part I considers ways of organizing a class so that 
the children can acquire best the desired arithmetical learnings. In 
Chapter 5 the all important question of how a school can go about 
the task of changing its arithmetic curriculum is also considered. 


1 


Learning to Represent Concrete 


Situations with Arithmetical 
Symbols 


_ Understanding quantitative aspects of concrete situations comes 
only with many first-hand contacts with people and things. Under- 
standing sizes of groups comes from manipulating, seeing, and count- 
ing many different numbers of objects, things, and people grouped 
in a variety of natural everyday situations. 

Understanding the quantitative relationships within a group or 
between groups comes only from manipulating or seeing, under dif- 
ferent circumstances, groups combined with groups or removed from 
groups or added to equal-sized groups or divided into equal-sized 
groups. 

Understanding lengths of objects or distances between objects 
comes only with measuring various lengths and distances in a variety 
of natural situations. 

Understanding weights, volumes, or capacities comes from weigh- 
ing or measuring many objects or containers of different sizes and 


shapes. 
Understanding duration of time comes from measuring intervals 


of time, both short and long. 

Understanding rates of speed of objects in motion comes from 
observing different kinds of objects in motion and measuring their 
Speeds. 

No matter who the person, “quantity” is one of his characteristics. 
No matter what the animal or thing, “quantity” is one of its charac- 
teristics, Consider an adult male. He is kind, gentle, and curious. His 
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kindness, gentleness, and curiosity are some of his qualitative char- 
acteristics. 

The male person in question is also 25 years, 8 months, 2 weeks, 
and 3 days old. He weighs 150 pounds and 43 ounces. He is 5 feet 
8} inches tall. His glove size is 83; his shoe size is 9; his socks are 
113; his hat is 74; his collar is 154; his sleeve length is 33. His body 
temperature is 983 degrees. These are some of his quantitative char- 
acteristics. 

In order to know and understand the nature of a person one must 
know the quantitative as well as the qualitative aspects of his charac- 
teristics. 

Similarly, let us consider an inanimate object. A certain table, for 
example, is brown, shiny, smooth. Brownness, “shinyness,” and 
smoothness are some of the qualitative aspects of the table. Its quan- 
titative aspects relate to its height, length, width, weight; number of 
legs and drawers; dimensions of different parts, such as legs, top, 
sides; and so forth. 

In order to “know” and understand the nature of matter or any 
material object, its quantitative as well as qualitative characteristics 
must be determined. 

Man’s increasing knowledge of the behavior of matter, whether 

_within the atom or in astronomical space, has been dependent, among 
/ other things, upon his ability to describe such behavior in mathe- 
matical terms; for example, the mathematical formulas of the physi- 
cist and the astronomer. 
Man’s increasing knowledge of the behavior of human life, whether 
individual or group, has also been dependent, among other things, 
upon his ability to describe such behavior in mathematical terms; for 
example, the mathematics of biological or psychological measurement 
and of economic or social statistics. 


ae is obvious that mathematics (which includes arithmetic) is im- 
portant to man primarily because it helps him in his continuing 
endeavor to understand, predict, and control his world. Mathematics 
(or arithmetic) in the elementary school should be taught to and 
learned by children in such ways as to help the children in their 
endeavor to understand, predict, and control their world. 
The child’s world is not the adult’s world. Objectively, to be sure 
the world that surrounds the child is the same one that bursgunde 
the adult. The part of the world that the child sees, hears, tastes, feels, 
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smells, and is conscious of, however, is much smaller and more limited 
than that of the adult. As the child grows from day to day, month to 
month, and year to year, his world grows. His world grows as his own 
inner mental, physical, and emotional powers develop. His world 
grows as he is permitted and helped to explore more and more of the 
world around him through seeing, hearing, tasting, feelirig, smelling, 
and thinking. 

It is a significant characteristic of arithmetic that it can be so 
organized for the purpose of being studied and learned that its in- 
creasing complexity can keep pace in general with the developing 
mental powers of the child and his growing investigative and explora- 
tive needs. 

Whether a child attends a school that centers its attention on the 
Community and its problems, on the child and his needs, on subject 
matter and its logical organization, or on any combination of these, 
arithmetic enters his life at many points. Arithmetic should not be 
taught only in the arithmetic period any more than language or read- 
ing or health should be taught only in its separate period. If children 
are to learn to express things, happenings, situations, and so forth, in 
arithmetical terms, teacher and children should be constantly alert 
to quantities and quantitative relations in all phases of the curricu- 
lum. Historical, geographic, scientific, and other kinds of facts and 
Telationships very often cannot be understood without translating 
them into arithmetical symbolism. 

Other types of everyday school activities often require the use of 
arithmetic also. Constructing and making things, planning trips and 
entertainments, keeping attendance records, keeping scores in games 
and sports, and keeping financial records of milk and lunch expendi- 
tures represent such kinds of activities. 

In addition to considering the arithmetical aspects of the various 
Subject or problem areas in the curriculum (sometimes called corre- 
lation or integration of arithmetic with the rest of the program) and 
Using arithmetic in general school activities, the children should be- 
Come increasingly competent in understanding the quantitative situa- 
tions arising in their out-of-school everyday experiences and in using 
arithmetic in their out-of-school everyday affairs. 

PROBLEM SOLVING 

Often the situation in school or out of school that involves quanti- 

ties and quantitative relations raises questions that must be answered. 


TN 
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The child may be saving money to purchase an article. He knows the 
cost of the article. He knows how much he has on hand. He knows 
that he earns about a certain amount of money each week. From 
these data he must find the length of time he must wait before he can 
purchase the article. f 

The above situation is just a sample of the many different kinds of 
real problems encountered by children. They are problems often re- 
quiring øn-the-spot solutions. This is the kind of problem solving in 
which children should gain competence, because if a child does not 
learn to solve his own problems for himself he always must depend 
on others. 

The term problem solving in arithmetic parlance has come to mean, 

nfortunately, not the solving of one’s own problems first hand, but 
fire solving of vicarious problems. The theory of such problem solving 
~ is that if a child can read about someone else’s out-of-school problems 
and learn to solve them while sitting in the classroom, he prepares 
himself for solving his own out-of-school problems when and if he 
meets them. 

The newer arithmetic textbooks and workbooks include word- 
problems that describe experiences and situations many children 
encounter. They are for the most part within the range of activity 
of many children. In spite of this excellence, however, the teacher who 
expects his children to solve these word-problems should be aware of 
certain things. 

Since solving a printed word-problem is primarily a matter of being 
able to read, the teacher must be sure that the child is ready to read 
the particular word-problem, A child may be ready to read one prob- 
lem with meaning, but not another. 

Readiness to read a particular word-problem depends largely upon 
the mental development of the child, the number and kinds of first- 
hand experiences the child himself has had in situations similar to 
that described in the word-problem, the oral language development 
of the child, the child’s understanding of the arithmetical language 
and symbolism contained in the problem, his ability to determine 
what words and symbols the printed words and symbols represent, 
and his ability to visualize the concrete situation described by the 
words and symbols. 


After the child has gone through the complex procedure of trans- 
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lating printed symbols into images, ideas, and concepts, there are 
3 tasks remaining to be performed. 


(1) The child must know what to do with the numbers: Add, sub- 
tract, multiply, and/or divide. 

(2) If he cannot perform the computation mentally, he must know 
how to write the numbers in positions relative to each other that are 
convenient for calculation. 

(3) He must know how to perform the computation or computa- 
tions to obtain the correct answer to the question asked in the 
problem. 


If the above seems to be an overly complicated analysis of the 
word-problem solving act, let it be recalled that many children are 
confused by written problems. Perhaps the confusion is the result of 
lack of readiness in one or more of the above elements. The teacher 
is wise, therefore, if he sees to it that his children gain the necessary 
first-hand experiences and acquire the necessary learnings if he ex- 
Pects them to solve word-problems with any degree of understanding. 

Certain types of word-problems can be made meaningful if children 
are allowed to dramatize the experiences described. For example, the 
Situation could involve a child going to the store with a 5-dollar bill 
and buying one article for a certain amount, a second article for 
another amount, and a third article for a certain amount. The ques- 
tion asked is, “How much change did the child take home?” Two 
children could work together on this problem and after reading it 


over decide who should be the store-keeper and who the customer. 


Following the presentation before the class of the dramatization, 
s they have had. Such a dis- 


the class can discuss similar experience range 
cussion can Jead to the decision that each child will keep a record of 


is own shopping experiences. In school he can write up the experi- 
ences for the other children to read. In this way the word-problems 
In the textbook can be used to focus the children’s attention on their 
Own arithmetical problems. , 

The alert teacher can have his children prepare written descriptions 
of a great variety of out-of-school experiences involving the solution 
of arithmetical problems. The children are thus learning to write 
Word-problems for others to read as well as read word-problems others 


ave written. 
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Tf children can learn to describe their own quantitative experiences 
in language that can be understood by their contemporaries, they are 
learning to recognize the quantitative aspects of concrete situations 
and to represent them with arithmetical symbols. 


FROM THE CONCRETE TO SYMBOLS 

An arithmetic symbol is different from a language symbol. An 
arithmetic symbol, although it can be spoken, is primarily a written 
symbol. A language symbol, although it can be written, is primarily 
a spoken symbol. 

The spoken symbol “chair,” for example, does not have to be 
written in order for it to be known that it is a word-symbol. On the 
other hand, the spoken symbol ‘four’ does have to be written in 
order for it to be known that it is a word-symbol (four) or an arith- 
metical symbol (4). 

Since arithmetical symbols are primarily written symbols, children 
should become thoroughly acquainted with their appearance. In other 
words, they should learn to read and write arithmetical symbols with 
facility. 

A symbol, by. definition, is a representation of a thing or relation- 
ship or idea. In order to understand a symbol, therefore, it is neces- 
sary to understand what it represents. First know and understand 
the thing, relationship, or idea and then learn the symbolism that 
represents it. 

Children, therefore, should not be introduced to an arithmetical 
symbol until they have first met in their own experiences the quantity 
or relationship represented by the symbol. 

The following are some specific examples: 


o) The number symbols—1, 2, 3, 4, 5, and so forth—should not 
þe introduced until the child has had experiences with these numbers 
of objects in a variety of situations. 

(2) Such symbolism as 4 + 3 = 7 should not be introduced until 
the child has had many opportunities to see and arrange 2 groups 
of objects. 

(3) Such symbolism as 4 X 8 = 32 should not be introduced until 
the child has had experience arranging objects in equal sized groups. 

(4) Such symbolism as 144 + 25 = 5y should not be introduced 
until the child has had an experience that required measuring and 
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determining how many times one amount or length is contained in 
another amount or length. 

(5) Such symbolism as 13.4 — 6.8 = 6.6 should not be introduced 
until the child has had experience measuring in tenths of a unit and 
needing to find the difference between two such measurements. 

In general the following procedure should be followed before any 
new symbol or new kind of symbolism is introduced: 

(1) The child meets in his everyday living a concrete quantitative 
situation. This situation may or may not require computation. 

Exampie A: A boy in the first grade wishes to count the chil- 
dren present to find out how many places he should set for the mid- 
morning lunch. 

Exampue B: A sixth grade girl is making cookies. The recipe calls 
for 14 cups of flour. Since she is preparing half of the number of 
cookies that the recipe calls for, she must find out how much flour 


to use. 


(2) To help the child understand better the number aspect of this 
kind of everyday situation the teacher provides practice materials to 
represent the objects in the original situation. 

Examrie A: To help the boy gain facility in counting children, 
plates, cups, chairs, napkins, and so forth, the teacher provides the 
child with small blocks, bottle caps, markers, or some other repre- 
Sentative materials to practice counting. 

Exampue B: A foot ruler could be used by the girl to mark off 1} 
inches to represent 1} cups. She could then find 4 of 1} inches. The 
girl could use the ruler to practice finding 3 of other amounts meas- 
ured in whole numbers and fractions. 


(3) Pictures, drawings, diagrams, and charts are used to represent 
the objects and relationships in the original situation. 


Examrrn A: The boy counts the number of people, balls, or other 
objects in pictures. 

Exampte B: The teacher and/or the girl can prepare fraction 
charts or drawings showing a line divided into units, halves, fourths, 
cighths, and so on. These drawings can be used for practicing finding 
2 of such amounts as 14, 23, 33, and so forth. 
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(4) As the child engages in the original activity and as he uses 
representative objects, pictures, drawings, and charts he represents 
the quantities and quantitative relationships with word-symbols. 


EXAMPLE A: The boy counts the objects or pictures aloud or to 
himself—one, two, three, four, five, six, and so forth, associating the 
words with the things. 

Exampie B: The girl says to herself, “One-half of one and one- 
fourth cups of flour is how many cups?” 


(5) The child next learns to read (and perhaps write) the orally 
expressed word-symbols. 


Examp.e A: The boy learns to read and write the number words— 
one, two, three, four, five, six, seven, eight, nine, ten, and so forth. 


Exampe B: The sixth grade girl writes her question: “One-half of 
one and one-fourth cups is how many cups?” 


(6) The child learns to read and write the arithmetical symbols 
that represent the word-symbols. The arithmetical symbol is presented 
to the child as a short-hand way of writing the word-symbol. 


Examp.e A: The boy learns to read and write the Arabic numerals 
and later the Roman numerals as occasion demands. 

Exampe B: The girl learns to read and write: 4 of 14 
4X1} = 

To summarize the sequence of events that the teacher can follow 
in trying to avoid confusing children with arithmetical symbolism: 


(1) The child meets a real situation, 


i (2) whenever feasible, practical, and desirable the real situation 
is represented by manipulative materials, 


8) sometimes the relationships, operations, and processes can be 
clarified by use of pictures, drawings, charts, 

(8) the child expresses the situation, relationship, and so forth, 
with words and language that he understands, 


(5) the child represents the quantitative situation with written 
language, and 


= and 


(6) the child learns the arithmetical expression as a short-hand 
way of writing words and sentences. 


One child differs from another in the amount of time he needs to 
spend on each of the above aspects of readiness. However, a safe rule 
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to follow for all children is: Provide many first-hand experiences with 
things and people and give ample opportunity for expressing quantitative 
relationships orally and in writing in complete sentences. Upon this firm 
foundation of experience and language arithmetical symbolism can 
be built. 


SHOULD EXPERIENCES BE MEANS OR ENDS? 

A second grade teacher once said, “We have a wonderful unit for 
teaching arithmetic. We have built a postoffice in our room and the 
children are selling and buying stamps. They are also learning to 
write letters and their reading has received added motivation.” 

A sixth grade teacher once said, “Many of my children do most of 
the family marketing. They are in the lower and middle income groups, 


ice lart iiia i 


Fig. 1. ". . . and soon we had the children bring to school all kinds of canned 
goods and sales advertisements. We learned to read labels on cans and packages 
and determine their contents. . . .” (Grade 6.) 
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so they must watch every penny. One of the children came to school 
one day with this question, ‘I noticed yesterday that pullets’ eggs 
are priced a few cents lower than medium sized eggs. Is this really a 
saving?’ 

“This question led to others and soon we had the children bring 
to school all kinds of canned goods and sales advertisements. We 
learned to read labels on cans and packages and determine their con- 
tents. We compared cost and content of one brand with cost and 
content of other brands. 

“Tn order to buy wisely the children realized that they had to 
know how to add, subtract, multiply, and divide whole numbers, 
fractions, and decimals. Almost all types of computation with all 
types of numbers were sooner or later required in figuring costs and 
savings.” 

The two teachers quoted above represent two points of view con- 
cerning means and ends. The second grade teacher looked upon the 
“unit,” or activity, or project, or center of interest, as a means to 
teaching arithmetic, reading, writing, spelling, and so forth. The sixth 
grade teacher, however, looked upon arithmetic, reading, writing, 
spelling, and so forth, as means to carrying out the “unit,” or activity, 
or project, or center of interest. 

Should knowing arithmetic be an end in itself, or should the solv- 
ing of one’s everyday problems of living be the major objective? 
Should knowing arithmetic be a means to solving everyday problems 
of living, or should the problems of living be a means to knowing 
arithmetic? 

Operating a make-believe postoffice, a make-believe store, or any 
make-believe adult enterprise by children in the classroom could be 
a very valuable experience. Relating school activities to the vital life 
of the community through dramatic play is sound educational experi- 
ence. But this type of school activity should be its own justification. 
It should be an educationally worthwhile experience in itself. Such a 
“unit” or project should not be planned, organized, and carried out 
for the purpose of teaching arithmetic. On the contrary, competences 
in reading, writing, spelling, speaking, listening, computing, and so 
forth, should be developed for the purpose of operating efficiently and 
effectively the postoffice, store, or other enterprise. 

The sixth grade teacher's attitude was excellent. She did not set 
up the children’s shopping problems as a “unit” or project in order 
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to teach arithmetic. The children realized that their teacher accepted 
their shopping and budgeting problems as being real and of vital 
importance to them. They also realized that in order for them to 
handle their problems intelligently they must continue to gain knowl- 
edge, understanding, and competence in many areas. 

GRADE PLACEMENT 

Many elementary school people are trying to get out of the habit 
of thinking in terms of grades and grade placement of subject matter. 
Rather, the tendency is to have children classified more or less ac- 
cording to their chronological age, social adjustment, and common- 
ality of interests. In such a group of children there is bound to be a 
wide range of native ability for acquiring various knowledges, skills, 
and understandings. Each child, then, would have his own potential 
to fulfill—there would be no mass standard to fail to meet, to be 
Successful in meeting, or to excel. 

Perhaps, then, we should not think in terms of a given experience, 
or an item of subject matter, or a degree of skill or understanding 
that is marked, for example, “Fourth Grade.” Rather, we might 
better recognize the extreme likelihood that a few children may be 
ready for the experience when they are 7 years old, some may be 
ready when they are 8, many may be ready at 9, some at 10, and a 
“ may not be ready until they are 11 or older. i 

Appendix A is a listing by grades of in- and out-of-school experi- 
ences that require quantitative thinking. It should be noted that the 
Uses of numbers in the everyday problems listed for one year are 
dependent largely upon the children’s uses of numbers in preceding 
years. In other words, one experience prepares for and leads to an- 
Other, 

The above list of graded activities was prepared by classroom 
teachers, They based their judgments upon their own experiences 
With the children in their own community—New Haven. Since chil- 
dren’s immediate interests and problems depend to a great extent 
Upon their own home and community problems, no one set of experi- 
ence sequences can serve for all schools. The arithmetical problems 
of the rural community differ from those of the mining town. Those 
of the slum areas of large cities differ from those of the suburbs on 
he outskirts of town. P 

Textbooks and workbooks of necessity place topics according to 
Srades. It is obvious, however, that no one third grade textbook can 
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reflect the needs and interests of all 8-year-olds throughout the coun- 
try. What teachers must do, then, is adapt the book to meet local 
interests and needs. 

It is obvious that much observation and experimentation are still 
needed to determine the kinds of real problems the children of various 
areas of city and country meet from day to day and year to year. 
The teachers in any community can do what the teachers of other 
communities have done: Make a study of the arithmetic needs of 
the local community and determine the kinds of experiences and prob- 
lems the children in the community meet from season to season and 
year to year. In this way each community will have its own “grade” 
placement of first-hand concrete experiences that its children gener- 
ally encounter. 


2 


Learning to Compute with 


Meaning and Efficiency 


WHAT DOES COMPUTING WITH MEANING MEAN? 


Learning to compute can in many ways be compared with learning 
to read. Not very many years ago reading was taught first by teach- 
ing the alphabet. The next step was teaching the sounds of individual 
letters. Letters were then combined and pronounced. Gradually the 
Pronunciation of syllables and then words was learned. A child was 
Considered to have learned to read in those days when he could pro- 
nounce words in sequence as they appeared on the printed page. 
Learning to read was thus primarily a matter of learning sounds and 
studying phonics. 

Learning to read for meaning has been a comparatively recent de- 
velopment. We now know that a person is not really reading unless 
he gains meaning from the words he sees. We now know that the 
ability merely to pronounce orally or silently the words seen does 
not guarantee the ability to read with meaning. We now know that 
children can learn to read words and phrases by looking at them 
without pronouncing them. 

The method of teaching computation that is similar to the alphabet- 
phonetic method of teaching reading begins by having the young child 
count by rote. After he memorizes the addition and subtraction com- 
binations and later the multiplication and division tables, he is taught 
certain processes by which he can add, subtract, multiply, and divide 
large numbers. 

Counting by rote is similar to saying the alphabet. Breaking down 

7032 
examples like — 4096 into such steps as 6 from 12 is 6, 9 from 12 is 
3, and so forth, is similar to pronouncing syllable after syllable and 
17 
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word after word while reading. Such methods of computing and read- 
ing do not emphasize meaning or understanding. The child, after 
pronouncing his way through sentence after sentence, often cannot 
tell you the meaning of what he has “read.” Likewise, the child, after 
he ‘‘divides—multiplies—subtracts—brings down—divides—multi- 
plies—subtracts—brings down,” often cannot tell you either the 
meaning of the arithmetical expression 38)6095 or whether the an- 
swer he obtains makes sense. 

In helping children learn to read with meaning and understanding, 
continual emphasis is placed upon providing them with many varied, 
interesting, and challenging first-hand experiences. At the same time 
vocabulary and language related to these experiences are developed. 
In this way images, concepts, and ideas of people, things, situations, 
and processes are built. Words are symbols for what has been experi- 
enced. Words learned and used in this manner have meaning because 
they call forth images, concepts, and ideas. Learning to read with 
meaning and understanding becomes a matter of recognizing the 
printed symbols as words and then having the words call forth ideas, 
concepts, and images. 

In helping children learn to compute with meaning and understand- 
ing the same pattern is followed. Frequent interesting and challenging 
experiences are provided in situations involving amounts, sizes» 
shapes, distances, costs, and quantitative relationships. Simultane- 
ously, appropriate vocabulary and terminology are learned so that 
images, ideas, and concepts of quantity, space, and relationships can 
be developed. In this way the language of arithmetic and mathe- 
matics becomes meaningful because it calls to mind images, concepts, 
and ideas. Learning to compute with meaning and understanding 
thus becomes a matter of recognizing the mathematical symbols as 
words that call forth concepts, images, and ideas. 

Numbers used in computation are adjectives and need nouns to modify; 


the operational signs, +, —, X, +, are verbs telling what is happening 
to the nouns. 


42 
In the symbolism + 56, for example, 42 and 56 are adjectives re- 
Tamay to some noun. The symbol “+” is the verb and means 
grouped with” or “combined with” or “arranged with,” and so forth. 
The line under the 56 is another verb that means some such expres- 
sion as “result in,” “make,” or “are.” The complete question, then, 
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could be, “Forty-two chairs combined with fifty-six chairs make how 
many chairs altogether?” 

When the child who has learned to compute with meaning is asked 
to add 2 such numbers as 42 and 56, he first visualizes about 40 
objects and then about 60 more objects. He then visualizes these 2 
groups combined into a large group of about 100 objects. The next 
thing he does is to add 42 and 56 to get the exact answer. Since 98 
is close to 100, this total makes sense. 

. 41 

When the child reads the symbolism X 25, he visualizes between 
20 and 30 groups of about 40 objects in each group. When he reads 


7032 
the symbolism — 4096 he visualizes about 4000 things being removed 


from about 7000 things. When he reads the symbolism 38)6095 he 
Visualizes about 6000 objects divided equally into about 40 groups. 

At this point the reader has a right to protest. “How,” it could 
be asked, “can we expect a child to visualize 6000 things arranged 
m 40 groups, or 4000 things removed from 7000, or 40 things taken 
30 times, or, yes, even 40 things combined with 60 things? A child 
may be able to visualize about 10 things or possibly about 20, but 
Certainly not much more than that.” 

The answer to the above question is many-pronged. (1) What a 
Person can visualize is dependent upon what he has actually seen 
and perceived and how often he has seen and perceived it. (2) News- 
Paper reporters can estimate large crowds at sports and other events 
quite accurately. (3) We do not yet know the potentials of children 
to visualize larger and larger groups of objects. (4) The limited experi- 
ence of the author indicates that children can estimate rather closely 
larger sized groups than was formerly suspected. (5) Much experi- 
mentation is still necessary to determine children’s abilities to visual- 
1ze sizes of groups. 


POINTS OF REFERENCE 

Tn the preceding chapter an attempt was made to explain how and 
why children can learn to represent quantities of objects and quan- 
titative relationships among objects with arithmetical symbolism. 

ompared with language expression, this phase of the arithmetical 
act corresponds to writing a composition describing an experience. 

Tn this chapter an attempt is made to explain how children can 
learn to add, subtract, multiply, and divide quantities represented 
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by arithmetical symbolism. Compared with language expression, this 
phase of the arithmetical act corresponds to reading a composition. 

If a person can write a composition, it is very likely that he can 
read with meaning a composition describing the same or a similar 
experience. Likewise, if a person can write an arithmetical expression 
describing a situation, it is very likely that he can read with meaning 
the same or a similar expression. 

To help children compute with meaning, then, if the above reason- 
ing is sound, they should not only have many first-hand experiences, 
but they should also express orally and in writing the quantitative 
relationships in their experiences. 

Helping children store up mental pictures of different quantities, 
sizes, amounts, distances, areas, capacities, heights, and so forth, 
should not be haphazard or accidental. Such help may, however, be 
incidental. If so, it should be planned incidental, not accidental inci- 
dental teaching. R 

In helping children build up mental images as they grow from year 
to year, the teacher should have some idea concerning their increas- 
ing capacities to visualize amounts. How many objects can a 5-year- 
old visualize? How many can a 6-year-old? a 7-year-old, and so 
forth? Or, how many (if any) inches, feet, yards, or miles can a 
6-year-old visualize? a 7-year-old? an 8-year-old, and so forth? 

Below is a proposed list of amounts that children might be expected 
to visualize at various ages. (See pages 28-29 for individual differ- 
ences in grade placement of items.) For example, by the age of 7 or 8 
many children should be able to visualize up to about 20 objects. 
That is, they would have a mental image of what approximately 20 
objects (people, books, chairs, and so forth) look like. When they 
hear or read the numbers 16, 17, 18, 19, 20, 21, 22, 23, and 24, there- 
fore, they can relate or refer these amounts to their mental image of 
20. We call 20, then, their point of reference for numbers from 16 to 24. 

An older child could have, for example, 100 as the point of reference 
for numbers between 50 and 150, and 5000 as the point of reference 
for numbers from about 3000 to 7000. 

_ The closer together a person’s points of reference are, the clearer 
is his mental image of a number. If a person can distinguish 50 objects 
from 60, 60 from 70, 70 from 80, 80 from 90, and 90 from 100, he can 
have a very clear image for each number from about 45 to 105. If, 
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however, he cannot distinguish any more closely than, say, 30 objects 
from 60 and 60 from 100, his images for numbers between 30 and 100 
cannot be very clear except those close to 30, 60, and 100. 

Most children certainly should have a clear picture for the number 
30. So many classrooms in the country have an enrollment of about 
30. If there are about 300 children enrolled in a school, each child of 
about 8 years of age and older should have looked at the entire school 
gaine assembly often enough to get a rather clear image of about 
300. 


Numerical Points of Reference 


Points of Suggested 


Reference Ages Comment 
1 5-6 Most kindergarten children can learn to distinguish 
2 at a glance, without counting, 2 objects from 3. 
3 
4 6-7 Most 6- or 7-year-olds can learn to recognize at a 
5 glance 4, 5, 6, or 7 objects. Some can learn to dis- 
6 tinguish up to 10, or at least not to be more than 
7 1 wrong in their guesses above 6 or A 
8 
9 
10 
15 7-8 Many 7- or S-year-olds can learn to tell at a glance 
20 whether a group of objects is closer to 10 or 15 
and whether a group is nearer to 15 or 20. 
30 8-10 Books on shelves, children on the playground or in 
50 the auditorium, people at church or at the movies 
100 are some of the groups that are usually numbered 
200 in the tens and hundreds. 
500 
1,000 
2,000 9-12 The children can take it as a challenge to find col- 
5,000 lections running into the thousands and tens of 
10,000 thousands. 
50,000 
100,000 


Estimating and verifying the number of books on the library 
Shelves, the number of people in different sized gatherings, the num- 


S.C.E eg ¢ 

CERT, w FFA T JESAN 

D: » West Be wa fA ANET 

o 23 nga lA. e- Fa Library "a 
l 


Asoessioned Wa-crblotunt 


22 Computing with Meaning and Efficiency 


ber of houses on a street, the number of trees in a section of the 
orchard, the number of sheep or cattle or cows grazing, the number 
of pages in a book, the number of marbles in a bag, the number of 
pencils in a package, are some of the experiences children can have 
in building number images. The actual objects viewed depend upon 
the section of the country in which the children live and the kinds 
of things about them. 

Once children and teacher begin estimating the numbers of objects 
they see in groups, they not only become more skilled in guessing 
closely, but also become more conscious of the quantitative nature 
of the things around them. 

There are amounts beyond which it is difficult or impossible for a 
person to gain a clear picture. Who can visualize a million miles, for 
example? Likewise, the same number of different kinds of objects 
offers entirely different kinds of pictures. 1000 beans in a jar cer- 
tainly looks different from 1000 people in a theater or 1000 books 
on the shelves. Children can become extremely interested in discuss- 
ing these and similar aspects of the task of developing points of 
reference. 

Numbers of objects in groups, however, should not be the only 
kind of points of reference that children should develop. They should 
also build mental images of lengths, distances, areas, volumes, and 
capacities. In addition they should acquire a feeling for different 
weights and concepts of different lengths of time. In the chapters on 
common-fractions and decimal-fractions, fractional parts of different 
sizes, especially 2; a b and $ 2, A, 5, 6, -8, and 1.0, are also sug- 
gested as possible points of reference. 

Depending upon their growing powers of observation and discrimi- 
nation and depending largely upon the section of the country and 
the type of community in which they live, children should become 
acquainted with the prevailing units of measure. 

In rural areas, for example, children should develop mental images 
of what 1 acre looks like, 5 acres, 50 acres, 100 acres, and so forth: 
Points of reference can be developed also in such units as quarts, 
pecks, bushels; pints, quarts, gallons; ounces, pounds, tons; inches, 
feet, yards, rods, miles; square miles. 


The teacher and children in the rural school can make a list of 
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the units of measure used in the area. The teacher can then make 
an age placement table of points of reference for each kind of meas- 
ure—length, area, capacity, weight, and time. 

The teacher and children in the city schools should do likewise. 
The city child, for example, should have mental images of such 
amounts as 40 feet (width of a city lot), 1 mile (20 city blocks), 300 


Fig. 2. “By measuring, weighing, and timing many things on many occasions chil- 
dren can build mental pictures of lengths, heights, distances, and capacities and 
concepts of weights and times which can serve as points of reference." (Grade 3.) 


feet high (a sky-scraper), 50 acres (city park), 5 miles (distance 
around a park), 3 acres (size of the playground), and so forth. 

By measuring, weighing, and timing many things on many occa- 
Sions children can build mental pictures of lengths, heights, distances, 
and capacities, and concepts of weights and times that can serve as 
Points of reference. 
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IS ACCURATE COMPUTING ALWAYS EFFICIENT COMPUTING? 

When we read we have a definite objective in mind. At one time 
we read a light novel for relaxation. We do not care whether or not 
we miss a few details or descriptions. We read rapidly, carried away 
by the story. At another time we read detailed instructions describ- 
ing how to play a card game new to us. Now we do not want to miss 
a single word. We may even reread passages several times. Accurate 
concentrated reading is required here. A third kind of reading is 
skimming, moving the eyes rapidly over the text to pick out main 
topics or specific references. 

The different purposes for reading require different techniques and 
skills. That is why we now teach children these different reading 
skills. No longer do we concentrate just on word-by-word reading 
or just on long eye-span reading. Efficient reading could be slow read- 
ing or fast reading; efficient reading could be reading for specific 
details or reading to gain the gist of the passage. The efficient reader 
is the person who knows how to read for the purpose at hand. 

Computing with efficiency can be compared to reading with effi- 
ciency. Learning to compute everything with accuracy and speed is 
similar to learning to read everything for specific details and with 
rapidity. Such a one-sided type of computation, like its counterpart 
in reading, is very inefficient. It does not recognize the different pur- 
poses of computing. 

Before we go shopping we compute mentally to see about how much 
money we shall need. Before making the automobile trip we estimate 
the amount of gasoline there is in the tank, the number of miles to 
be traveled, and the number of miles we get on a gallon to see whether 


we shall need more gasoline before we return. In these 2 examples 
the major purpose of the com 


: putation is to arrive at approximations 
rapidly. 


On the other hand, when the monthly bills are being paid and the 
balances in the checkbook are arrived at, exact amounts are neces- 
sary. Time, however, is not a major factor. The important considera- 
tion in such operations as balancing the checkbook or filling out 
income-tax forms is accuracy, not speed. Computations are repeated 
and repeated until we are sure we are exact to the nearest penny- 

Just as there are different techniques and skills to be learned in 
order to read for various Purposes, so there are different techniques 
and skills to be learned in order to compute for various purposes. 
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Sometimes we need to be accurate to the nearest million, at other 
times we need accuracy to the nearest thousand or hundred. On some 
occasions accuracy to the nearest tenth, hundredth, or thousandth 
is required. 

The efficient computor knows when an approximate answer will 
suffice and computes accordingly. The efficient computor knows when 
an exact answer is necessary and computes accordingly. The ineffi- 
cient computor is the one who knows only how to get exact answers 
and tries to compute cverything with accuracy and speed. 

Accurate computation is not only sometimes inefficient computa- 
tion, but the kind of teaching that makes accuracy a fetish often 
Produces in the learner such a fear of making mistakes that he hesi- 
tates to handle his everyday computational problems. 


HOW MANY WAYS TO GET AN ANSWER? 


Computing is manipulating arithmetical symbols instead of the 
things that the symbols represent. Whether the computation is addi- 
tion, subtraction, multiplication, division, raising to powers, or ex- 
tracting roots, the process is essentially one of combining groups or 
Separating groups. 

Instead of actually counting a group of nineteen chairs and a group 
of thirty-three chairs to find out how many there are in the two 
groups, all we need to do is to write the arithmetical symbols for 


nineteen and thirty-three and add the symbols. 
19 


There are several ways to add such symbols as + 33, however. 


(1) Add 19 and 33 mentally, saying, “19 and 33 are 52” just as 
you would say, “8 and 5 are 13.” 

(2) Think, 19 and 30 are 49 and 3 are 52, or, 30 and 19 are 49 
and 3 are 52, 

(3) Think, 10 and 30 are 40, 9 and 3 are 12, 40 and 12 are 52. 

(4) Think 9 and 3 are 12. Write 2. 1 and 1 are 2 and 3 are 5. 
Write 5,” 

(5) Make the appropriate number of marks for each digit and 
Count the marks. 

1 19 TITTI 
pen 4.33 T 
52 
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(6) Make the appropriate number of marks for each number and 
count the marks. This method is not much different from counting 
the chairs themselves. 

19 EVERI TITECENTITTI 
+ 33 PEPEDEP TEEPE EPP eee 
~ 82 

It can be seen that with each of the 6 techniques used above, the 
result obtained is always 52. Does it make any difference, then, which 
method one uses? 

Suppose a child is not capable of learning method 1. He may, how- 
ever, be able to learn method 2 with reasonable effort. 

If method 2 is too difficult to achieve, a child may be able to learn 
method 3. If method 3 is too difficult, he may be able to learn method. 
4. A few children can learn methods 5 and 6 who would not be able 
to learn method 4. 

It does make a difference, then, which method of adding 2-digit 
numbers a person uses. A person should use those computational tech- 
niques that he is capable of learning with a reasonable expenditure of 
time and effort. If a child is capable of learning method 1 or 2 but is 
taught and expected to use method 4, he is not being sufficiently 
challenged. On the other hand, if a child is capable of learning only 
method 4, 5, or 6, he should be expected to do so and not be forced 
into the position of failing to learn more difficult methods. 

Addition of 2-digit numbers is not the only type of computation 
that can be performed in several ways. There is more than one tech- 
nique of performing any computation, whether it is addition, sub- 
traction, multiplication, or division of whole numbers, common- 
fractions, or decimal-fractions. There is No ONE CORRECT technique 
of performing a calculation—but there is a BEsT technique for a particular 
person at a particular stage of his development. 

When a computation involves numbers of 2 or more digits, the 
numbers can be manipulated more easily if (1) they are broken dow? 
into parts, (2) calculations are made with the parts, and (3) the 
partial answers are then put together. 

; Since any number can be broken into parts in several ways, and 
since the parts can be manipulated in different orders, there woul 
be more than one way of obtaining the answer to a given computation- 
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Children should be encouraged to discover different techniques and 
ways of obtaining answers. They should be challenged to find short 
cuts and tricks of computation. They should be encouraged to experi- 
ment with numbers. 

Teachers are finding that, when children are released from the 
necessity of “working examples” only the way the textbook or the 
teacher says, many children are responding with eagerness to this 
Opportunity for creative thinking. A few cases will illustrate. 


(1) When children of a third grade were challenged to think up 
ways of finding exact answers to additions requiring “carrying,” one 
child said, 


z “To add + I say to myself, 20 and 33 are 53, so 19 and 33 must 
e 52,” 

(2) Children of a fifth grade were asked to discover different ways 

13 

of subtracting the following type of mixed numbers, — 34. The next 
day a girl told the teacher that she had found a way that she thought 
always worked. She subtracted the 2 in the fraction $ from the 4 in 
the fraction 4. This result, 2, she subtracted from the denominator, 5, 
and obtained 3. This 3 was the numerator of the fraction in the 
answer, making the fraction $. She then subtracted the integer 3 
from 1 Jess than the integer in the minuend, 6. The entire answer, 
then, was 32, 
_ (8) Children in a sixth grade were challenged to find a short cut 
M obtaining the answer to the same type of subtraction as in illus- 
tration 2. A boy reported that all he did was to add the numerator 


2 


$ 
and denominator of the fraction in the minuend. In the case of — 34, 
2 and 5 are 7. He then subtracted the 4 of the $ from the 7 to ob- 
tain 3 to make the fraction in the answer 3. He then subtracted 3 
from 6 making the answer 3$. 
SUMMARY OF MEANING AND EFFICIENCY 

Meaning and efficiency in computation can be summarized as 
ollows: 

(1) Think of a real situation that the arithmetical symbolism could 
Tepresent. 
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(2) Know all the basic combinations. 

(3) Round off the numbers to be computed to the nearest ten, 
hundred, thousand, and so forth, or, in the case of common-fractions 
and decimal-fractions to the nearest tenth, half, whole number, and 
so forth. 

(4) Estimate the answer by computing mentally with the rounded 
off numbers. 

(5) Find the exact answer, using the techniques and short cuts 
selected by or for the computor from those discovered or invented 
by the children in the class. 

(6) Compare the exact answer with the estimated answer. If they 
are not close, check original estimation and check detailed computa- 
tion. 


In Parts II and III of this volume practically every type of process 
involving addition, subtraction, multiplication, and division of whole 
numbers and fractions is treated from the point of view of helping 
children learn to compute in the manner just described. 


RANGES IN ABILITY TO COMPUTE 


Within the typical school, it should be borne in mind, children of 
the same grade or age vary in their abilities to learn to compute with 
meaning and efficiency. In some schools the mentally handicapped 
(L.Q.’s from about 45 to 75) are segregated for some or all of their 
school activities. Most of these children would be in the Few and 
Some categories at the lower end of the range in the scales below. 
It is quite likely, however, that some of these mentally retarded chil- 
dren are also in the Many category. 

The fact that the mentally handicapped are in a special room in 
the building does not mean that there are no slow learners of arith- 
metic in the “regular” rooms. On the contrary, even in these rooms 
there may be children with limited ability to learn to compute with 
meaning and efficiency. 

The following scales of ability to learn to compute are not much 
more than guesses. They are guesses, however, made by the author 
based on his experiences with children and teachers. They are included 
here for 2 reasons: (1) to place emphasis upon the very important 
fact that children vary in their abilities to understand and use arith- 
metic and (2) to indicate the need for further research into children’s 
arithmetical thinking. 
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A. INDIVIDUAL DIFFERENCES IN ABILITY TO RELATE 
ARITHMETICAL SYMBOLISM TO REAL SITUATIONS 

Few cannot read or remember arithmetical symbolism at all. 

Some become confused when trying to relate symbolism to things. 

M any can relate symbolism to perhaps only one situation or one 
kind of representative material. 

Some can relate symbolism to many different situations involving 
people and things. 

Few can relate the more complex symbolism of fractions, decimals, 


and large numbers to situations. 
B. INDIVIDUAL DIFFERENCES IN ABILITY TO 
ESTIMATE ANSWERS 
Few cannot round off 2-digit numbers or estimate any computation. 
g Some can round off only 2-digit numbers and estimate only addi- 
tion and subtraction. 

Many can round off 3- or 4-digit numbers and estimate addition, 
subtraction, multiplication, some division, and some fractions and 
decimals, 

Some can estimate closely addition, subtraction, multiplication, 
and division of large numbers and of most fractions and decimals. 

F ew can estimate closely addition, subtraction, multiplication, and 
division of very small numbers: Hundredths and thousandths. 
C. INDIVIDUAL DIFFERENCES IN ABILITY TO 
LEARN TECHNIQUES OF COMPUTATION 

Few cannot learn and remember from day to day any technique. 

Some can learn one technique but for only a brief period. 

Many can learn one or possibly two techniques. 

Some can be helped to recognize or discover different techniques 
and short cuts. 

ew can discover or invent new techniques and short cuts by them- 
Selves without Édlp: 
D. INDIVIDUAL DIFFERENCES IN ABILITY TO 
DEVELOP FACILITY IN COMPUTING 
Few cannot learn to perform the computation at all. 
ome must use marks, fingers, and objects to get answers. 
any must record partial answers and sometimes use “erutches.” 
fi ome can hold partial answers in their heads and record only the 
nal answer, 
Few can obtain the final answer practically at a glance. 


3 


Understanding the Number System 


History can be read as the story of man’s efforts and struggles to 
understand and control his physical and social world. A fascinating 
part of that story is his continual effort to improve his mental tools 
to deal with quantities and quantitative relationships. 

From the time of the earliest sheep-herder, man has found it neces- 
sary to count and record the result of his counting. At first, substitute 
objects may have been used in place of the original objects. As each 
sheep left for pasture, for example, the herder would place a pebble 
in a pile. When the sheep returned at night he would remove a pebble 
from the pile. If he had pebbles left over, he had sheep still out. 

It was a wise person who, instead of stones, used his fingers and, 
each time he used all of his fingers, placed a stone or made a mark. 
This undoubtedly is the reason why our number system came to be 
based upon 10’s: 10 ones, 10 tens, 10 hundreds, 10 thousands, and 
so forth. 

During the ancient civilizations of Babylonia, Egypt, Greece, and 
Rome the needs for calculation and record keeping increased. Record- 
ing such data as time, business transactions, land distribution, taxes, 
and astronomical observations required improved number systems 
and improved ways of computing. 

It was not until about the sixteenth century that the Hindu-Arabi¢ 
symbolism with the 0 really spread throughout Europe. Although 
introduced in Europe about 300 years earlier, it was not in common 
use until the needs of growing industry and increased exploration 
gave impetus to inventing and using quicker and more precise ways 
of computing than with the abacus. 

The ponderous Roman system of recording numbers and comput- 
ing continued to be in use for centuries after the more sensible and 
more easily managed symbolism came out of Arabia. Today this same 

30 
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Hindu-Arabic decimal system that is now in such universal use is 
being criticized in favor of the duo-decimal system. The duo-decimal 
number system is based upon 12 not 10: 12 units, 12 dozen, 12 gross, 
and so forth. If the duo-decimal number system, or any other num- 
ber system, proves to be superior to the decimal system, will it take 
man just as long to make this change as it did to make the change 
from the Roman to the Hindu-Arabic system? 

Since man invented and discarded number systems in response to 
changing economic, political, and social needs in the past, it seems 
reasonable to assume that we will continue to do so in the future. For 
this reason it would seem that the future progress of mankind would 
be aided if we looked at our present number system critically and 
Worked with it experimentally. 

INDUCTIVE VS. DEDUCTIVE METHOD OF TEACHING 

If the above thinking has any reason in it, it would seem desirable 
that our present number system be presented to children and youth 
as something that is not final, fixed, and sacrosanct. Rather, children 
and youth in our schools and colleges should be encouraged to experi- 
Ment with different ways of arriving at answers as suggested in the 
Preceding chapter. While experimenting with numbers and things, 
they can gain indirectly an understanding of the way numbers 
behave. 

The inductive approach to the teaching of numbers is the experi- 
mental approach. It permits the learner to make discoveries and 
encourages him to think creatively and scientifically. 

It is far better for the child to be permitted to discover for himself 
(1) that the number 222, for example, is composed of the numbers 
200, 20, and 2, (2) that the 2 is 2 ones, the 20 is 20 ones or 2 tens, 
and that the 200 is 200 ones, 20 tens, or 2 hundreds, and (3) that 
the 0 in one case means no ones and in the other no tens. If the child 
makes this discovery himself he is giving proof that he understands 
the basis of the number system. 

The deductive approach to the teaching of the number system is 
Quite different from the inductive. A rule, principle, or generalization 
1S presented to the learner by the teacher or textbook with or without 
explanation. The child is told that in the number 222, for example, 

© 2 on the right means 2 ones, the 2 in the middle means 2 tens, 
and the 2 on the left means 2 hundreds and that the 0 in the number 

02, for example, is what we call a “place holder.” With this method 
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it is the intention that the learner remember the rule, principle, or 
generalization and apply it when needed in specific computations. 

The inductive and deductive methods of teaching apply not only 
to arithmetic. They apply as well to the teaching of science, ge08- 
raphy, grammar, history, and so forth. On the one hand, the learner 
gathers, observes, studies, and experiments with data and is per- 
mitted, encouraged, and helped to discover laws, rules, generaliza- 
tions, and principles that he in turn applies to new data. On the 
other hand, the learner is presented with the laws, rules, generaliza- 
tions, and principles that others have discovered and formulated and 
that he now learns to apply. 

Memorizing rules in itself does not guarantee understanding them 
or knowing the reasons why they are true. Ifa child helps to formulate 
them, however, the probability is that he does gain some understand- 
ing of them. Furthermore, and this is of utmost importance, if he 
happens to forget one of these rules, there is reason to believe that 
he will be able to reformulate it. 

It makes little difference whether the inductive or deductive method 
is used with a child who has very limited ability for understanding 
the reasons why numbers behave as they do. The probability is that 
he would not understand the rule or principle in any event. A child 
with sufficient native ability to gain some understanding of the num- 
ber system and number relationships, however, could benefit more 
from the inductive method than the deductive. Although with either 
method of instruction this latter child could gain some understanding 
of the rule or principle, the deductive approach would deprive him 
of the adventure of experimentation and the thrill of discovery. lt 
would tend to deprive him of the opportunity of looking upon mathe- 


matics as man-made and therefore subject to change and improve- 
ment. 


WHEN IS A NUMBER ABSTRACT? 

Numbers are sometimes referred to as concrete, semi-concrete, or 
abstract. A concrete number is one that refers to a concrete object; 
for example, 3 balls. A semi-concrete number is one that refers to ® 
drawing or a diagram of a concrete object; for example, a representa- 
tion of 3 balls. 


000 
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An abstract number is said to be one that does not refer to anything 
at all; for example, 3. 
4 

Under the above interpretation, such an addition as +7 is con- 
sidered to be “abstract”? because the numbers 4 and 7 stand alone 
and do not refer to anything concrete or even semi-concrete. 

The position taken throughout this book is somewhat at variance 
with the above interpretation of abstract numbers. The present au- 
thor places emphasis upon the fact that a person does not become 
involved with numbers except when numbers are directly related to 
things (except, of course, a professional or amateur mathematician 
at work), All numbers, therefore, that a person uses in his everyday 
life are concrete numbers. 

Especially are the numbers concrete with which the pre- and early 
adolescent are concerned. The child is not capable yet of dealing with 
abstractions, Ask a child what justice is and he will not be able to 
tell you. Ask him, however, what a just or fair decision is in a baseball 


game and he will be able to tell you. 


“Justice” is an abstraction. 

A “just” or “fair” decision is concrete. 

Similarly, ask a child what fiveness means and he will not be able 
to tell you. Ask him what five people means and he will be able to 
tell you, 


co a 
Fiveness” is an abstraction. 


iTS ne 
Five” people is concrete. 
An abstract number is really one that is viewed, considered, and 
After the number is viewed, 


Studied apart from the concrete situation. 
Considered, and studied, however, it is concrete again. A number, 
en, is abstract only temporarily. It is abstract only as long as it is 
emg examined out of context. 
he real question concerning the study of numbers divorced from 
Concrete situations is whether children can benefit from such a study. 
the abstract in general has little meaning for children, an abstract 
number in particular has little meaning for them. To the extent that 
à study of the number system and number relationships is a study 
of numbers out of context, then, children would profit little from 
Studying the number system. To the extent, on the other hand, that. 
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a study of numbers can be made by studying concrete numbers, chil- 
dren would profit from such a study. 
23 
Consider the addition, + 46. Children can learn either inductively 
or deductively that their sum can be obtained by adding ones to ones 
and tens to tens. The reasons for this rule can be established by view- 
ing either abstract numbers or concrete numbers. 


(1) By considering abstract numbers we find 

(a) that since the number 23 = 20+ 3 and 46 = 40 + 6, 
because of the nature of the number system, 23 + 46 = (20 + 3) 
+ (40 + 6); 

(b) that (20+ 3) + (40+ 6) = 20 + 3 + 40 + 6, since, 
according to the Law of Association in addition, when 3 or more 
numbers are to be added any 1 can be combined with the sum of 
any of the others; 

(c) that 20+ 3 + 40 + 6 = 3+ 6 + 20 + 40, since, accord- 
ing to the Law of Commutation, when 2 or more numbers are added 
it makes no difference in which order they are added; 

(d) that 3+ 6 + 20 + 40 = (3 + 6) + (20 + 40), again ac- 
cording to the Law of Association; 

(e) that (3 + 6) + (20 + 40) = 9 + 60; and 

(f) that 9 + 60 = 69. 

Therefore, to find the sum of 23 and 46 add 3 ones and 6 ones 
(3 + 6) and 2 tens and 4 tens (20 + 40). 

(2) By considering concrete numbers (23 books + 46 books, for 
example) we find 

(a) that the 23 books can be placed in two piles—20 in one 
and 3 in the other—and that the 46 books can also be separated 
into two piles—40 in one and 6 in the other. 

(b) that by previous experience we know that 3 books and 6 
books are 9 books, that 20 books and 40 books are 60 books and 


that 9 books and 60 books are 69 books 3+6=9, 20+ 40 
= 60, 9 + 60 = 69). 


Therefore, to find the sum of 23 objects and 46 objects add 3 ones 
and 6 ones (3 + 6) and 2 tens and 4 tens (20 + 40). 
Undoubtedly the child can gain a better understanding of the num- 


ber system and number relations through working with numbers that 
are related to things than with numbers in the abstract. 
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Most teachers and textbook authors recognize the necessity of re- 
lating numbers to things when teaching children the decimal notation 
of our number system. Frequently coins are used as concrete objects, 
especially pennies and dimes. For example, 15 cents is composed of 
1 dime and 5 pennies; the number 15 is composed of 1 ten and 
5 ones. 

“Carrying” in addition is taught with such an example as: 

23 cents = 2 dimes 3 pennies 
+ 38 cents = 3 dimes 8 pennies 
5 dimes 11 pennies 
or 
6 dimes 1 penny 


There are several reasons for believing that using our monetary 
system to teach the nature of the number system is not altogether 
desirable. 


i (1) Money itself is a symbol. It has meaning only in that for which 
lt can be exchanged. To relate a symbol to a symbol is questionable. 

(2) The dime is 10 times the penny only by definition. It takes the 
child some time before he finally realizes that a small coin can repre- 
Sent so much more than a larger one. How can the dime be equal to 
10 Pennies when the nickel, so much larger than the dime (and some- 
times shinier), is equal to only 5 pennies? 

(3) Our monetary system is really based upon 100 cents to the 
dollar. For convenience of size and amount coins are minted to rep- 
resent viy, v5, zy, 2, and 4 of a dollar. 38 cents, therefore, is not 
necessarily 3 dimes and 8 pennies. In fact, if the child had his way 
he might prefer to have his 38 cents all in pennies for his penny bank. 

r he might wish to have 7 nickels and 3 pennies, or 1 quarter, 1 dime, 
and 3 pennies. Calling 38 cents 3 dimes and 8 pennies could be to the 
child rather arbitrary. 

_(4) Perhaps the strongest justification for questioning the use of 
dimes and pennies to teach number notation is that it is a deductive 
Method not an inductive. There is no opportunity for a child to make 
the discovery of ones, tens, and hundreds himself. He is told that 
numbers are so and pennies and dimes are used for the purpose of 
Making the number notation understandable. Moreover, the impor- 
tant relationship between our monetary system and our number sys- 
tem is entirely reversed by this procedure. Our number system was 
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not based upon the monetary system—our monetary system was 
based upon the number system. 


WHY TEACH THE SCIENCE OF NUMBERS AT ALL? 

Ask almost any adult to perform a computation in addition, sub- 
traction, multiplication, or division. Then ask him: (1) Can you 
explain why the correct answer can be obtained by using your 
method? (2) Did you ever know why your method works? Although, 
when he first learned how to perform the operation, the reasons for 
the method might have been explained to him, the probability is that 
he remembers the method but has forgotten the reasons. 

Children can learn the mechanics of adding, subtracting, multiply- 
ing, and dividing without understanding the reasons for the mechan- 
ics. Moreover, if a child continues to have opportunity to add, sub- 
tract, multiply, and divide often enough and purposively enough he 
will continue to remember the mechanics. 

If a child can Jearn a computational technique but cannot under- 
stand why the technique works, should he be taught the technique 
nevertheless? The position taken here has been that the particular 
type of computation that a child learns at any given time depends 
upon his needing that type of computation in his everyday experi- 
ences and his familiarity with the types of computation upon which 
the new one is based. 

Children learn the language of their land by hearing it spoken and 
by speaking it themselves. They do not learn their language by first 
studying the grammatical laws of syntax and etymology. If a person 
is to benefit from the scientific study of language he must wait until 
he (1) has used the language himself to a considerable extent and 
(2) is mature enough mentally to think about language symbolism. 
A person does not usually satisfy these conditions until late adol- 
escence. 

Learning arithmetic language through a study of the scientific laws 
of number is comparable to learning spoken and written language 
through a study of the laws of grammar. 

As children concern themselves more and more with quantities and 
quantitative relationships in the world about them, as they increase 
their effectiveness in recognizing and solving their own everyday 
quantitative problems, and as they experiment with and gain facility 
in manipulating numbers, it is inevitable that some children occasion- 
ally will make significant discoveries concerning the nature of the 
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number system. Since, however, the pre-adolescent child is primarily 
aware of and concerned with the specific, not with the general, and 
with the concrete, not with the abstract, the study of the laws, prin- 
ciples, and generalizations of numbers and the number system should 
be made by youth, not children. A systematic study of arithmetic as 
a number system should be made, therefore, in the secondary school 
and college, not in the elementary school. 

Those comparatively few children who in later life may become 
professional mathematicians on the staffs of colleges and universities 
may, however, show occasional insight into the nature of numbers. 
Those children should be recognized and their talents respected. 

Consider the case of a little girl in the third grade, for example. 
The teacher was working with a small group studying the 100 number- 
chart. The teacher was helping the children learn to round off 2-digit 
numbers. (See Step 18, p. 88.) By looking at the chart the children 
could see that 27 is nearer 30 than 20, 34 is nearer 30 than 40, 82 is 
nearer 80 than 90, and so forth. 

Suddenly one of the girls in the group said, “I just discovered some- 
thing. I don’t have to look at the chart any more. I just think of the 
number on the right. If it is more than 5 I make the number on 
the left 1 more. If it is less than 5 I keep the number on the left 
the same.” 

There was a pause while the other children thought this over, then 
one of the boys exclaimed, “Why, that’s a miracle.” The others 
joined in with, “Yes, that’s a miracle,” and for the rest of the year 
that little girl was referred to by her classmates as “the miracle 
girl,” 

RANGES IN ABILITY TO UNDERSTAND THE NUMBER SYSTEM 

If children are permitted to discover and formulate laws, rules, 
Principles, and generalizations themselves, there is no way to state 
im advance at what age these laws, rules, and so forth should be dis- 
Covered. The age will vary with the person. Since many children are 
Capable of learning to manipulate numbers in computation but not 
capable of understanding and explaining why numbers can be so 
manipulated, there is little justification for establishing age levels at 
Which different laws or principles should be learned. Age placement is 
Possible only when a major objective of the arithmetic program 1s 

e memorization of rules of computation whether or not the rules 
or the reasons for the rules are understood. 
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An attempt is made below to indicate roughly the differences among 
children in the ability to understand arithmetical principles, general- 
izations, and relationships. These differences are based solely upon 
the author’s impressions and require verification and modification 
after considerable observation and experimentation. 


E. INDIVIDUAL DIFFERENCES IN THE ABILITY TO UNDERSTAND 
THE NATURE OF THE NUMBER SYSTEM 

Few cannot discover, formulate, understand, or remember any rela- 
tionship or principle at all. i 

Some can remember only a few of the simplest relationships and 
principles for a short period of time, but not discover or understand 
them. 

Many can discover, understand, and remember only a few of the 
simple relationships and principles concerning whole numbers, and 
perhaps a few of the simplest concerning fractions and decimals. 
Much help is needed from the teacher. 

Some can discover, understand, and remember some of the simple 
relationships and principles concerning whole numbers, and some of 
the simpler ones concerning fractions and decimals. Some help from 
the teacher is needed. 

Few can discover, understand, and remember most of the simple 
relationships and principles concerning whole numbers, fractions, 
and decimals. Little or no help is necessary from the teacher. 


4 
Evaluating Children’s Abilities 


One of the first things that a teacher does before he meets his 
children in the fall is to find out as much about them as possible. 
Age, sex, health status, general mental ability, social-emotional ma- 
turity, physical development, and special talents and disabilities are 
some of the general characteristics worth knowing. Relative to arith- 
metic, it would be desirable to have information concerning the kinds 
of number experiences each child has had in the past and also the 
arithmetical knowledges and understandings he has already acquired. 
_ If the existing records are inadequate the teacher should, as early 
in the school year as possible, find out as much as he can about each 
child’s arithmetic abilities. Specifically, he should know something 
about each child’s ability 


f 
a to represent concrete qu 
1th arithmetical symbols, 
(2) to compute with meaning and efficiency, and 
(3) to understand the nature of the number system and the reasons 


` 
vhy numbers behave as they do. 


HOW WELL CAN EACH CHILD REPRESENT SITUATIONS 
WITH ARITHMETICAL SYMBOLS? 
niques to evaluate a child’s 


antities and quantitative relationships 


Da ingenuity. Evidence of ability in t 
a cannot as yet be fully obtaine 
Tr pencil-and-paper test. The teacher ] ; 
ion of children as they engage in their major undertakings. 
"rom the first day of school, however, a start can be made in 
8athering information concerning the children’s abilities to recognize 
39 
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and use numbers in their everyday affairs. If it is the teacher’s 
custom to have the children open the school year by having them 
exchange summer experiences, by timely and relevant questions the 
teacher can have them include in their accounts descriptions of the 
quantitative features of their experiences. Depending upon the ages 
of the children, of course, such questions as the following could be 
asked: 

“How many made the trip with you on your visit to your grand- 
parents?” 

“How many children and how many adults went along?” 

“How far did you go?” 

“How long did it take you to get there?” 

“About how many miles an hour did you travel?” 

“What is the population of the city you visited?” 

“Can you write that number on the board?” 

“How much bigger (or smaller) is that than our own town?” 

“What was the cost of gasoline in the city you visited?” 

“How many miles on a gallon did you average?” 

“What fractional part of the summer did you spend away from 
home?” 

The teacher discovers, as children respond to such questions as the 
above, that some children are more aware of the number aspects of 
their experiences than others. Of course, the teacher himself must 
have imagination to think of the appropriate questions to ask at the 
appropriate times. The more, however, that the teacher himself thinks 
in quantitative terms, the more his children will become conscious 0 
quantities and quantitative relationships. 

; Not only, therefore, does the teacher early in his acquaintance with 
his children gather evidence concerning their abilities to represent the 
concrete with arithmetical symbols, he also very early impresses the 
children with the importance of thinking in terms of numbers derived 
from things. 

Older children who are able to describe their experiences in writing 
can be asked to write about experiences they have had that involved 
numbers and that possibly required some kinds of computation- 
Many children can express themselves better in writing than they 
can orally before an audience. 

There are tests published that are designed to measure a child’s 
ability to solve “practical” arithmetical problems. They are called 
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tests of arithmetical reasoning and consist of word-problems or word- 
descriptions of situations that usually require computation to solve. 

Results on word-problem and word-description tests reveal at best 
a child’s ability to read and visualize the described situation and to 
perform the necessary computations. (See pages 8 and 9.) Ability to 
solve these word-problems in the comparative quiet and protection 
of a cloistered classroom, however, does not necessarily indicate abil- 
ity to solve one’s own problems when they arise in life. Likewise, 
inability to solve word-problems does not necessarily indicate inability 
to solve one’s own everyday problems. Arithmetic tests involving the 
ability to read should be used, therefore, with their limitations in 
mind, if they are used at all. 


HOW WELL CAN EACH CHILD COMPUTE? 

Whether or not a child can add 48 and 36 is much easier to deter- 
mine than whether or not he knows that in a certain situation 48 
and 36 are the numbers that should be added. Hence, many methods 
of testing computational ability have been developed. A few of these 
methods will be analyzed here. 

(1) Standardized tests. There are several pencil-and-paper tests 
published that are designed to diagnose computational abilities or to 
Measure computational achievement. The items on these tests are 
usually a mixture of additions, subtractions, multiplications, and divi- 
sions of whole numbers, common-fractions, and decimal-fractions 
arranged in order of increasing difficulty. By noting the types of 
computation a child performs correctly or incorrectly the teacher can 
gain some knowledge of the child’s ability to obtain “exact” answers 
to isolated and unrelated computations under timed test conditions. 

One of the major faults of standard tests is that the children who 
take them are confronted with computations that both test-makers 
and teachers know in advance are too difficult for them to perform. 
In fact, no child is expected to get every item correct. Every child is 
expected to get some answer's wrong and not to be able to do other 
Computations at all. 

(2) Examples on the chalk-board. If the teacher does not use a com- 
Mercial test, he may make one up himself and put the examples on 
the board. As he passes out the paper he says, “Since I don’t know 
where each of you stands in arithmetic I want you to do the examples 
On the board. I want to see where your weaknesses are and what we 
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have to work on to bring you up to grade. Be sure to copy the exam- 
ples correctly.” 

(3) Duplicated materials. Instead of having the children copy ex- 
amples from the board, which usually results in many mistakes in 
copying, the teacher may distribute the examples in duplicated form. 
By having children write the answers directly on the paper, mistakes 
due to wrong copying are avoided. 

(4) Textbook tests. Diagnostic or inventory tests in textbooks or 
workbooks may also be used. A collection of mixed examples on a 
certain page may be assigned. 

Whether the teacher uses a commercial standardized test to diag- 
nose his children’s computational needs, however, or whether he uses 
a test from a textbook or workbook, or whether he makes up his own 
test he is in each case doing essentially the same thing. He is requiring 
every child to perform the same computations. The teacher should 
know that he is asking many, if not all, of his children to perform 
tasks of which they are not capable. In fact, he is actually waiting 
to see what each child fails to accomplish. 

Now, it is essential for the mental health and emotional security 
of a child that he knows that he is respected and wanted. It is essen- 
tial that his achievements and accomplishments are considered im- 
portant and that they are recognized and accepted. 

Instead of trying to find out what a child does not know in arith- 

metic (or in any other area of learning, for that matter) it is much 
more desirable for the teacher to find out what a child does know- 
Somehow techniques of diagnosis should be sought that will empha- 
size successful achievement, not failure of achievement. The teacher; 
when first becoming acquainted with his children, should not know- 
ingly ask a child to perform a task that the child cannot perform 
satisfactorily. A child’s initial responses should be successful and satis- 
fying responses. 
1 (5) The “browsing” technique. The following technique of diagnos- 
ing children’s computational abilities emphasizes successful achieve- 
ments. This method will be referred to as the “browsing” technique- 
It is so named because of its similarity to the browsing technique of 
diagnosing children’s reading abilities. 

The teacher at the beginning of the school year can get a fairly 
good idea of each child’s reading ability without making the childre? 
aware that their reading abilities are being tested. The teacher bas 
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secured several library books through which the children can browse. 
They range widely in reading difficulty. The teacher observes which 
book or books each child reads and in a few days he can begin to 
make discoveries concerning reading interests and abilities. 

, With the browsing method of diagnosing reading ability, the child 
is selecting his own material. If he tries to read something too diffi- 
cult he does not feel embarrassed, since it was not the teacher or some- 
One else who asked him to read that particular book. 

The “browsing” technique of diagnosing ability to compute follows 
Somewhat the above pattern. Unfortunately, however, arithmetic 
textbooks and workbooks usually are labeled the way readers are— 
with grade designations. A library book may be equivalent to a third 
grade reader in difficulty and a fifth grade boy with third grade read- 
ing ability would read it if it is interesting. Put a “Grade 3” label 
on the book, however, and the probability is that he would shy away 
from it, 

The arithmetic books used for “browsing” can be any that are 
available. If, for example, there are copies of only one book of one 
Series, these books must suffice. Individual differences among the 
children can be met more satisfactorily, however, if there are avail- 
able different collections of exercise and practice materials, as well as 
Copies of textbooks and workbooks from several series and on differ- 


ent grade levels. 
The teacher asks each child to copy and get the answers for as 
hes from the book that 


Many different kinds of examples that he wis! 
© has selected and examined. After a few days the teacher can 


observe which types of computation each child chooses and how 
accurately he performs his calculations. The children who cannot 
multiply or divide will naturally select only additions and subtrac- 
lons to perform. Those who can do the “hard” ones probably will 
Select them. 

(6) Making up 
emphasizes what children can 


their own examples. Another testing technique that 
do rather than what they can not do 
Consists of haying each child make up his own examples. This is an 
excellent method of determining some of the kinds of computation a 
child can perform provided the child has had experience in the past 
m making up his own examples. If he has not had this kind of experi- 
ence he may have difficulty thinking of what to write down. In order 
Not to ask a child to do something that he is unable to do, it may be 


44 Evaluating Children’s Abilities 


best for the teacher to combine this method with the “browsing” 
technique. He could suggest to the children that, if they cared to, 
they could make up some of their examples themselves as well as 
copy them from the book. 

All of the above methods of testing children’s computational ability 
have one grave shortcoming in common. They show only whether or 
not a child has obtained correct “exact” answers. An analysis of a 
child’s responses on any of the above types of tests of computational 
ability cannot reveal such important aspects of computation as the 
child’s understanding of the meaning of each computation as it re- 
lates to a concrete situation, the child’s ability to estimate each 
answer, and the child’s techniques, tricks, and short cuts in making 
the computation. How these aspects can be tested will be considered 
next. 


TESTING FOR MEANING AND EFFICIENCY IN COMPUTING 

(1) Relating numbers to concrete situations. If the children in their 
past experiences were not expected to be able to describe a concrete 
situation that a given computation could represent, they should not 
be tested on this ability at the beginning of the new school year. If, 
however, they have had such experience the teacher could devise 4 
simple test. 

The children could be asked to write a short statement describing 
a situation that is suggested by such computations as the following: 

(a) 23 (b 513 c 554 
$39 2 aS (d) 4)24 
No child should be asked.to describe a situation for a computation 
that he cannot perform. Moreover, those children who find it t00 
difficult to express themselves in writing could be asked to describe 
the situations to the teacher orally. 

Typical responses to such computations as the above are: 

(a) We want to find out how many chairs are needed for all of 
the children in our room and Miss Smith’s room. There are 23 chil 
dren in our room and 29 in hers. 

(b) Yesterday, because of the storm, the total attendance in the 
school was 394. How many children were absent? There are 513 2 
the school altogether. 


(c) Each box has 8 crayons in it. How many crayons are in 6 of 
the boxes? 
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(d) How many relay teams can we have in our room of 24 children 
if we have 4 people on a team? 

(2) Estimating the number of objects in a group at a glance. Children 
should not be tested on estimating sizes of groups unless they have 
had considerable previous experience doing this. If they have esti- 
mated group sizes with previous teachers, perhaps the sizes of the 
groups followed some such age-placement pattern as presented on 
page 21. 

Since there is no “right” or “wrong” answer when guessing amounts, 
no child should feel embarrassed if his guesses are not very close. 

Perhaps the teacher should not attempt to conduct a group test 
unless he somehow can arrange to expose to the view of the entire 
group for brief moments collections of different kinds of objects. 
There could be, for example, 10 collections of objects with different 
amounts in each collection. After each number from 1 to 10 on a 
piece of paper the child would write the number of objects he thinks 
is in that group. The first group of objects that the teacher could 
show to the class for a brief moment (not long enough to count them) 
might be 12 pencils held up fan-wise. 

The second group of objects the teacher could display for a quick 
glance might be a pile of 28 books of a set. Another group might be 
40 books of a different set. 

A more satisfactory method of finding out how the children can 
estimate the numbers of objects in groups is by testing them indi- 
vidually. This can be done at different times throughout the day. 
The teacher would inform the children that he intends to ask each 
one some time during the next few days to estimate the number of 
objects there are in certain groups that he will show them. He would 
have suitably arranged in desk drawers, on book shelves, in cup- 
boards, and on desks or tables all kinds of familiar objects. They 
could be such items as pads of paper, boxes of crayons, loose crayons, 
pencils, books, paper-clips, paint-brushes, and sheets of drawing 
paper. 

The responses of each child should be recorded, and later perform- 
ance can be compared with them. 

(3) Estimating answers. Answers to computations can be estimated 
by mentally rounding off multi-digit numbers and performing the 
indicated operation with the rounded off numbers. If the children 

ave already learned to estimate answers they can be asked to write 
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and circle them in the following manner (all estimated numbers are 
indicated in this book by brackets): 


(a) 9234 ` (b) 493 
— 4962 [4000] X 72 [35000] 

(4) Knowing different computational techniques. Although children’s 
abilities to relate numbers to situations, to estimate the number of 
objects in groups, and to estimate answers can be tested with indi- 
vidual or group pencil-and-paper tests, the ability to use different 
techniques to obtain the answer to a particular computation should 
be tested with an individual oral test. 

It would be quite difficult for a child to explain in writing the dif- 
ferent ways he can obtain the answer to various computations, for 
example. He could, however, demonstrate to the teacher in an indi- 
vidual conference the different methods of computing that he knows. 

By meeting each child for a few minutes alone the teacher can 
learn not only which techniques of computation each child knows, 
but also which one he customarily uses. At the same time the teacher 
can discover the degree of facility with which each child computes. 
Records can be kept for comparison with future performance. 


HOW WELL CAN EACH CHILD UNDERSTAND THE NUMBER SYSTEM? 

On pages 37 and 38 of the preceding chapter the point was made 
that if laws, rules, generalizations, and principles were learned induc- 
tively it would be difficult, if not impossible, to set up the age at 
which any specific law, rule, and so on, should be discovered. The 
best way, perhaps, for a teacher to determine a child’s understanding 
of number behavior is through individual and small group discussions: 


THE TOTAL PROGRAM OF EVALUATION 

Determining what children’s abilities, knowledges, understandings, 
and attitudes are at the beginning of the school year should be just 
one part of the total evaluation program. In guiding children’s learn- 
ing experiences at any time during the year the teacher should know 
(1) where the children were, (2) where they are, and (3) where they 
are going. In addition, the expert teacher is one who helps the learner 
evaluate his own status and thus helps him to direct his own learning: 

Many of the evaluational and testing techniques described above 
for use at the beginning of the year can be used throughout the ye” 
Moreover, these techniques can be learned and applied by the chil- 
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dren themselves. Self-evaluation, self-testing, and self-direction on 
the part of the learner should be among the major goals of the guid- 
ance program. In other words, a major aim of every teacher should 
be to have the learner less dependent upon the teacher at the end of 
the school year than he was at the beginning. 

Testing and evaluating should be performed in order to help teach- 
ing and learning. Since teaching and learning are constantly taking 
place, evaluation by teacher and learner can be a continuous process. 
Periodic pencil-and-paper tests, if they are part of the total program 
of evaluation at all, should be only a very small part of it. Much 
more important, valid and reliable information can be obtained from 
daily observations of children actively engaged in using numbers in 
real concrete situations, solving real problems, discussing arithmetical 
questions, experimenting with different computational techniques, 
and practicing for computational facility. 

One of the major accomplishments of any teacher is to conduct 
his testing and evaluating program in such a way that his pupils 
realize that testing is for the purpose of learning—and that learning 


is not for the purpose of taking tests. 


5 


Organizing the Class for Learning 


INDIVIDUAL, GROUP, AND CLASS INSTRUCTION 

There are times when teaching and learning can take place best 
when the class meets as a whole. There are other times when the 
children should be organized into small groups for instruction. T here 
are still other times when individual instruction should take place. 

Whether children should work individually, in small groups, or aS 
a class, depends upon the ages of the children, the differences in their 
abilities, and the nature of the activity. Kinds of groupings suitable 
for different types of arithmetic experiences might follow such a pat- 
tern as the following. 

(1) Those experiences, either first-hand or vicarious, that are con- 
cerned with numbers in concrete situations should be class, group, OF 
individual experiences. 

ExampLes: Counting boys and girls present, finding the number 
of children absent, setting places for morning lunch, describing shop- 
ping experiences, discussing “numbers in the news,” discussing arith- 
metical aspects of topics arising in social studies or science, measuring 
for construction, following recipes for cooking. 

(2) Those experiences that are concerned with computing with 
meaning and efficiency should be either group or individual expe™ 
ences. 

Examrres: Recognizing or estimating the number of objects in a 
group at a glance (see page 69), discussing or expressing in writing 
the meaning of certain computations, experimenting with and com- 
paring different techniques and short cuts of computation, practicing 
computing for approximate and exact answers orally or in writing, 
making up computations for other children to perform (see page 51). 

(3) Those experiences that are concerned with understanding the 
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nature of the number system should be either group or individual 
experiences. 

ExamrLEs: Considering the meaning of zero, discussing “carrying,” 
considering reasons why decimal points can be moved when dividing 
by decimals. 

It is pointed out at the conclusion of this chapter that with large 
classes it is difficult to provide for the learning needs of every child. 
As much individual and group instruction in arithmetic should be 
attempted, however, as the growing teaching ability and experience 
of the teacher permit. 

If the teacher is really going to try to develop in each child the 
3 types of arithmetical thinking, he will organize the total instruc- 
tional program in such a way that he will meet each child for about 
15 to 30 minutes at least 2 or 3 times a week either alone or in 
a small group. In this way he can become acquainted with the think- 
ing processes of each child and thus be able to guide him in his various 
types of arithmetic experiences. 

When they are not occupied with individual, group, and class con- 
ferences and discussions, the children should be able to work inde- 
pendently. They should be able to engage in individual activities or 
they should be able to work together in small cooperative groups. 


How Children Learn to Work Independently 
Children do not learn to work independent of the teacher’s immedi- 
ate supervision, however, except as a result of a great deal of prepara- 


tion on the part of the teacher. There are certain prerequisites for a 


successfully conducted program of worth-while independent activities. 


(1) There must be established in the classroom-group an attitude 
of mutual trust and respect. 

(2) The children’s purposes, in general, for studying, learning, play- 
ing, constructing, making, and so forth, must be worth while to them. 

(3) The children must have clearly in mind and be interested in 
fulfilling the immediate objectives of the independent activity. 
_ (4) The children must have clearly in mind the procedure for carry- 
Ing out the activity. 

(5) The children must have convenient access to the books or other 
Materials necessary to pursue the independent activity. 

(6) The children must know which materials to use and how to 
use them. 

The first grade children shown in the picture on page 50 are engag- 
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ing in an independent activity. The teacher is elsewhere in the room 
meeting with another group of children, possibly guiding them in 
another type of arithmetic experience. 

On a previous day the teacher had met with the pictured group 
and showed them how one child can take a stack of cards, each with 
a numerical symbol from 1 to 20 on it. Child A would show Child B 


“Child A would sh 


Fig. 3. ow Child B one i il unt 
card at a time. Child B would co 

t . t 

agree i which the symbol on each card represented.” (Independen 


one card at a time. C 
that the symbol on ea 
the blocks to see if h 


ake the cards. 


After the teacher was certain that each child understood the P¥°” 
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cedure, he showed the children where the cards and blocks were kept. 
Before the group disbanded they decided who the partners were going 
to be on the following day when they would work with the cards and 
blocks without the teacher. 

Since a child cannot work independently unless he understands 
what he is doing, it follows that the greater the number of things the 
teacher can help the child do with understanding, the greater the num- 
ber of things the child will be able to do independently. 

If a child really understands a certain type of computation, for 
example, the addition of two 2-digit numbers not requiring “carrying” 
(see Addition Step 19, page 89), he should be able not only to get 
the answers to a series of such additions that are presented to him, 
he should also be able to make up additions of this type himself. 

When the teacher is working with a group of children on such 

2 

additions as + a he sees that each child learns how to make up 
this kind of addition. If a child happens to suggest adding such num- 
bers as 48 and 69 at this point, he should recognize that this is a 
different type of addition from the one being considered. Thus, while 
learning to make up additions of the present type, he discovers, is 
led to discover, or is told (depending upon the teacher’s judgment) 
that the sum of the one’s digits cannot be more than 9. 

Each child in the group is now ready for the following independent 
activities: Getting answers to additions copied from the textbook, 
Workbook, or from other exercise material; writing a description of 
a situation that each addition could represent; making up additions 
and getting the answers ; making up additions, keeping a record of 
the answers, giving the additions to Classmate B to compute, and 
comparing Classmate B’s answers with his own; and computing the 
additions that Classmate B made up for him and comparing his 
answers with Classmate B’s. 

When children thus make up computations for each other to per- 
form they reveal that they have an understanding of the computa- 
tional processes involved; they provide themselves with their own 
Practice material, thus relieving the teacher of part of this responsi- 
bility; they “correct” each other’s papers, thus giving themselves 
additional practice and at the same time relieving the teacher of much 
routine paper-correcting ; and they acquire practice in self-evaluation, 
Self-testing, and self-direction. 
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PURPOSEFUL PRACTICE , 

With interesting situations and experiences occurring in the chil- 
dren’s everyday lives that require the use and manipulation of num- 
bers, the children have a genuine purpose for gaining facility in 
computing. When the class is organized to provide for independent 
activities and for individual and small group instruction, conditions 
are at the same time established that foster purposeful practice to 
gain facility in computing. 

A child meets situations in his everyday life that require facility in 
computing. To meet these situations adequately as they arise, he 
practices computing between times. The real problem-situation gives 
motive and reason and point for practice and practice assures better 
control over problem-situations. Practice and handling real situations 
thus are 2 interrelated and interdependent parts of the same total act. 
One is not complete without the other. 

If a child computed often enough in real situations to assure ade- 
quate facility of computation, he would not have to practice comput- 
ing outside of the real problem-situation. Rarely, however, does the 
problem-situation provide enough opportunity for performance SO 
that outside practice is not desirable. 

Tf a child has not himself met a real problem-situation that: requires 
computing, or if he knows that he has very little if any chance of 
meeting such a problem-situation while he is in this class, but is told 
that he may some time in the future, somewhere, meet such a situa- 
tion, the probability is strong that he would not practice at all. 
However, if he were required to practice under these circumstances; 
that is, if he were required to practice computing just for the sake 
of practicing to compute, the probability is that: (1) The facility to 
compute would not be very highly developed, (2) the facility to com- 
pute would not be retained very long after the practicing stopped, 
and (3) the child would develop an aversion to computing in particu- 
lar and arithmetical problems in general. 

The managing of one’s computational problems is helped when 
conditions for practicing computing are at times made to resemble 
real problem-situations; for example, dramatizing shopping activities 
or planning an imaginary trip across the country. There are other 
times, however, when the computer should concentrate only on cer- 
tain specific aspects of his total performance. He then practices these 
specifics out of the context of the total situation. Out-of-context prat- 
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tice in computing is intended to fix certain responses so firmly that 
they automatically Will be made when needed in the complex context 
of real problem-situations. 


Practicing Computations Out of Context 

Out-of-context practice (sometimes referred to as “‘drill”) can be- 
come quite boring, purposeless, and meaningless. It is important, 
therefore, that the teacher be alert to this danger. The out-of-context 
practice program can be made interesting, purposeful, and meaning- 
ful, however, if the following general principles governing practice 
are understood, accepted, and applied. 

(1) Practice should be a means, not an end in itself. The importance 
of relating practice to performance has already been emphasized in 
the preceding section. Practicing computing isolated and unrelated 
additions, subtractions, multiplications, and divisions out of context 
should not be done for the purpose of being able to compute isolated 
and unrelated additions, subtractions, multiplications, and divisions 
out of context on tests. Rather, the test of the value of such practicing 
should be the performance of the child while engaged in solving genu- 
Ine concrete problems. 

(2) Practice should be performed only on combinations that are under- 
stood. Children should not be required to practice on addition, sub- 
traction, multiplication, or division combinations that they do not 
comprehend. Mere repetition does not result in understanding. Prac- 
tice in computing, therefore, should be reserved for those combina- 
tions and operations that are already understood. Concepts and mean- 
ings are built first. Practice is intended to aid recall of already 
understood combinations and to increase facility of computation. — 

(3) Practice should be adjusted to meet the needs, interests, and abili- 
ties of the child. The amount of a child’s practice, the length of his 
Practice periods, and the spacing of his practice periods should be 
determined by his own needs, interests, and abilities. Some children 
need more practice and need practice more frequently than others 
on the addition, subtraction, multiplication, and division combina- 
tions. Moreover, any given child may require more practice to gain 
facility with some combinations than with others. To require, there- 
fore, the same kinds and amounts of practice for all children on all 
Combinations and types of computations is inefficient teaching and 
Mefficient learning. 

(4) Practice should be oral on computations that are to be performed 
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mentally. Computations such as 4 + 8, 9 — 3,8 X 7,42 + 6, 27 + 8, 
2+ 4, 30 + 20, + of 16, and 80 — 50 can be performed mentally. 
It is not necessary to write them or see them written in order to get 
the answers. Ask a person how much 3 20’s are and the probability 
is that the response, 60, will be given without benefit of pencil and 
paper. 

People vary in their abilities to perform arithmetical operations 
mentally. However, almost any individual can improve with practice. 
Efficiency in computation can be increased by practicing orally com- 
putations that should actually be performed orally or mentally. Con- 
versely, facility in computing mentally is not aided very much by 
practicing only with pencil and paper. 

Practice on the basic addition, subtraction, multiplication, and 
division combinations should be oral, not written. Having the child 
write answers instead of say them slows up the mental processes and 
interferes with fluidity of thought. The mechanics of penmanship 
should not be allowed to slow down and hamper thinking. Only those 
combinations that the child has demonstrated he can recall readily 
should be used for occasional written practice. 

Most children can gain facility in computing mentally such com- 

40 80 60 
binations as + 30, — 70, X 50, 50)250, and 4 + 3 if they are given 
the opportunity to practice these types of computation orally. Some 


23 
children can learn to compute mentally such combinations as + 45, 
94 82 


= 32, X 3, 6)246, and 3+ 4. Few children may be able to learn to 
compute tall h t the foll 39 98 i, 
} mentally such types as the fo owing: + 39, — 28, X 

TEKAD and 3 + $. It would not be efficient teaching or learning if 
those children who are able to learn to perform a certain type of 


computation mentally are not given the opportunity to practice that 
type orally. 


Summary of Principles Governing Practice 
(1) The total curriculum 
enough, varied enough 
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(2) The atmosphere and organization of the class should be con- 
ducive to fostering independent purposeful activities. 

(3) Practice and performance in real situations should be inter- 
related. 

(4) Sometimes practice conditions should be made to resemble 
genuine life situations. f 

(5) Sometimes practice should be concentrated on specific types of 
computation under conditions outside of the context of real or simu- 
lated situations. 

(6) Practice should be a means, not an end, and scores on tests 
should not be the end. 

(7) Practice should be performed only on combinations that are 


understood. 
(8) Kinds and amounts of practice should be suited to the in- 


dividual. 

(9) Practice should be done orally on computations that are to be 
performed mentally; likewise, computations that require writing 
should have written practice. 

(10) Children should learn to compose their own examples or exer- 
cises for oral and written practice. 

MATERIALS OF INSTRUCTION 

An educational program cannot be carried out without an adequate 
supply of appropriate materials of instruction. Some of these mate- 
rials, such as pencils, paper, chalk, crayon, and oak-tag can be used 
for several areas of the curriculum, including arithmetic. There are 
other kinds of materials, however, that are suitable primarily for 
arithmetic. The following are some of the materials that are necessary 
for a well rounded program of quantitative experiences. 


Instruments of Measurement 
Children from all classrooms should have ready access to all kinds 


of measuring instruments when their needs, interests, and abilities 


warrant. s 
(1) Instruments to measure distance: Yardstick, meter stick, cloth 


tape measure, 72-inch folding measure, steel tape measure, pedom- 
eter, speedometer, micrometer, and so forth. 

Each child from the first grade up should have a foot ruler with 
the inch divided as follows (individual differences should, of course, 
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be considered): Grade 1, 1 inch div aston Grade 2, 4 inch eras 
Grade 3, 4 inch divisions; Grade 4, 4 inch divisions; Grade 5, $ inch 
divisions; Grade 6, xy inch divisions. 

(2) Instruments to measure area: Quarter-inch and zy of an inch 
cross-section paper. 

(3) Instruments to measure capacity: Measuring spoons, measuring 
cups, graduates; 3-pint, pint, quart, gallon, 2-gallon, 5-gallon, 10-gal- 
lon containers; quart, peck, bushel containers; l-ounce, 2-ounce, 
4-ounce, 6-ounce bottles; and so forth. 

There should be containers of different shapes for each capacity so 
that a quart, for example, will not always be visualized as a quart of 
milk. 

(4) Instruments to measure time: Stop-watch, pendulum clock, elec- 
tric clock, spring alarm clock, hour-glass, 2-minute-egg-glass, sun-dial, 
calendars. 

(5) Instruments to measure weight: Apothecary’s scale, balancing 
scales with different weights, scales to stand on, and so forth. 

(6) Instruments to measure angles: Compass, small protractor, 
chalk-board protractor. 

(7) Weather instruments: Thermometer, barometer, anemometer. 

(8) Household meters: Gas, water, electricity meters. 


Calculating Machines 

The ancient abacus and the modern calculating machine should 
be available for those children who have already acquired an under- 
standing of the place-value aspect of the number system. These ma- 
chines should not be used for the purpose of “teaching” the number 
system. (See Chapter 3.) Rather, they should be used for the purpose 
of illustrating other ways of computing besides the method of com- 
mitting to memory the different number combinations and knowing 
techniques of computation. 


Representative Materials 

To develop certain quantitative concepts it is desirable to augment 
experiences with objects in real situations, with experiences with ob- 
jects, pictures, charts, and so forth, that represent real situations. 
Specific uses of this type of inatractional material will be discussed in 
Parts II and III. 

Many of these representative materials are readily obtainable or 
made by teacher and children: 
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Markers used for counting and study of groups (small blocks, 
checkers, dried lima beans, horse chestnuts, bottle tops, and so forth), 
yardstick, twine, strips of cardboard, and so forth. 

Pictures of groups of people and objects for counting, adding, and 
so forth; 100 number-chart, charts representing various fractional 
parts, and so forth. 


General Equipment and Supplies 

It is desirable, according to the ages and interests of the children, 
to have an arithmetic “corner” or table or bulletin board for displays 
of current interest. 


TATAN 
‘Date 


Fig. 4. “It is desirable, according to the ages and interests of the children, to have 
an arithmetic ‘comer’ or table or bulletin board for displays of current interest.” 
(Grade 2. The children change the ‘feature number" every day.) 


At least in the fourth, fifth, and sixth grades there should be large 
chalk-board rulers and compasses as well as small individual com- 


Passes and rulers for the children. 
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Books and Other Printed Materials 

Many elementary schools are moving away from the practice of 
having books and the library serve as the major source for school 
problems and for the knowledge necessary for their solution. The 
trend is in the direction of having the community and its problems 
the focus of attention and the major source of knowledge. Books are 
being relegated to the position of supplementing first-hand experiences. 

The arithmetic program described in this volume is founded upon 
the children’s and community’s everyday problems and concerns. The 
skillful teacher guides children in broad, challenging, interesting, 
meaningful, and effective arithmetic experiences by (1) centering 
attention on the children’s everyday experiences, problems, and inves- 
tigations; (2) utilizing such materials of instruction as those listed 
above; and (3) providing appropriate computational exercise and 
practice material. 

The skillful teacher does not need a textbook or workbook to 
organize topics in proper sequence or to supply the explanations for 
the various techniques of computation. 


(1) Textbooks and workbooks. Some school systems have state-wide 
adoptions of textbooks. Others have county-wide or city-wide adop- 
tions. There are still other systems that permit the individual school, 
or even the individual teacher, to make textbook selections. 

The newer textbooks and workbooks have many fine features. In 
general, the topics are related to children’s activities and interests 
and the numbers used for computation are usually not too complex 
or unreasonable. The sequence of topics is usually planned to give 
variety to the program and reviews are scattered throughout to help 
children maintain computational facility. Practice material and tests 
are also usually included. With many of the newer series profusely 
illustrated with colorful pictures and graphic charts, these books look 
very attractive. 

It is not necessary that the textbook, no matter what the area, 
determine all of the topics to be studied or the sequence of study- 
So it is with arithmetic. The teacher and children should use the 
textbook or workbook to supplement the arithmetic program, not to 
dominate it. In fact, there should be more than one textbook in use- 
There should be copies of arithmetic books of several series and 0? 
different grade levels (see page 43) for reference and comparison. 

How can textbooks and workbooks be used for the purpose of sup- 
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plementing the kinds of arithmetic experiences proposed in this 
volume? 

(a) How can textbooks and workbooks help in the development of 
children’s ability to represent concrete situations with arithmetical 
symbols? 

The situations and problems described in textbooks can suggest 
to the teacher the kinds of first-hand situations and problems his 
own children might have. The teacher might be able to arrange for 
his children to have similar experiences in school or he might help 
the children plan to have such experiences out of school. 

It already has been suggested (see pages 7-9) that the book 
can be used to help children in their own problem-solving by drama- 
tizing the situations described and by keeping account of and report- 
ing to the class similar first-hand experiences they have had. 

Textbooks and workbooks often contain pictures, drawings, dia- 
grams, and charts that help to clarify quantitative relationships which 
the children have met in their own first-hand experiences. 

(b) How can textbooks and workbooks help in the development 
of children’s ability to compute with meaning and efficiency? 

After the children have experimented with and discovered different 
techniques and short cuts for a certain type of computation they can 
consult different books to see which techniques are recommended by 
the different textbook authors. When the children are ready to prac- 
tice a certain computational technique, they can use the appropriate 
material in books. 

The test and review material also can be used when needed. 

(c) How can textbooks and workbooks help in the development of 
children’s ability to understand the theory or science of arithmetic? 

Since books develop the reasons for rules, principles, and general- 
izations of the number system very quickly and briefly, if at all, their 
method of teaching is more like the deductive than the inductive. 
Rules of computation, the mathematical meaning of zero, the decimal 
system of notation, and so forth, as they are explained and pro- 
pounded in the book, should not be referred to by children until they 
have discovered and formulated these generalizations themselves. 
They could refer to the various authors then to see how they formu- 
late the same principles. 

It is seen from this brief consideration of the textbook and work- 
book that their use in the total arithmetic program should be limited. 
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The actual guiding of children’s experiences should be performed by 
the teacher. The children should consult the textbooks only after they 
have had the first-hand experience themselves, after they have gained 
an understanding of the computational technique, and after they have 
gained an understanding of the rule or principle. 

(2) Books on the history of numbers. Some teachers like to read 
stories on the origin and development of numbers to their children, 
or have the children read such stories themselves. It is very doubtful 
that young children gain much from stories of long ago. Even for 
fifth and sixth graders, it is doubtful that a serious study of the past 
holds much meaning. 

Since elementary school children have not yet developed a sense of 
chronology as it applies to historical time and since they are not 
mature enough yet to see cause and effect relationships in events in 
history, it would seem that consideration of how people computed in 
the past would not have much meaning to them. As stories, the use 
of numbers in the past might be amusing; as historical fact, such use 
is of little significance to the pre-adolescent. 

(3) Books of number tricks and puzzles. Some children in the upper 
elementary school years who have developed a high degree of facility 
in computation and who have a good understanding of numbers and 
why they behave as they do, find a great deal of enjoyment in solving 
number tricks and puzzles. Books containing arithmetic tricks and 
puzzles should be on the shelves available for children’s recreation. 

(4) Exercise and practice material. Materials for practice in com- 
putation can be obtained in booklet form, in pads, on loose sheets, 
on large cards, on small cards, and so forth. Whatever form the exer- 
cise material is in, the important considerations are: (a) The mate- 
rial should be clearly indexed and organized so that a child can find 
readily the type of computational technique he wishes to practice 
and (b) the child can verify conveniently or check or otherwise de- 
termine the correctness of his calculations. 


PLANNING A NEW ARITHMETIC PROGRAM 
It is often said by beginning teachers, “I know that I should pro- 
vide for the individual needs, interests, and abilities of my children. 
I know that I should teach each child to read, to spell, to write, to 
sing, to paint, and to do all sorts of things according to his own abili- 
ties. And I know that I should teach him arithmetic in the same way. 
I also know that all of the children in my room are not ready for the 
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same arithmetic experience at the same time. But what am I to do? 
I have 35 children in my room. How can I provide for the individual 
differences of all 35 of them in all of their learnings? It is all I can 
do now to keep up with 6 reading groups.” 

It is true that, when a teacher has many more than 20 children 
under his guidance for all or most of their learning experiences, he 
cannot know and provide very well for every child in every area of 
learning. When a class is large, most of the instruction must of neces- 
sity be given to large groups or even to the entire class. Such mass 
instruction, it is obvious, does not always reach every individual in 
the mass. 

Yet a class enrollment of about 20 does not in itself guarantee an 
educational program that challenges the potentialities of each of the 
20. Classes smaller than 20 can be taught just as rigidly and just as 
uninspiringly as classes of 40 or 50. 

On the other hand, there are teachers of large classes who, by skill- 
ful and artistie organization and leadership, often do provide a sur- 
prising variety of challenging experiences and opportunities for 
individual and group development. 

The quality of any educational program is dependent upon many 
things—building, equipment, supplies, books, salaries, parental inter- 
est and understanding, citizens’ attitudes, the profession’s knowledge 
of how children and youth learn and develop, class size, and so forth. 
The improvement of any educational program, therefore, depends 
upon the improvement of any or all of these elements. 

Even when a class is too large, there are some things a teacher can 
do within these limits to improve arithmetic instruction. Even when 
the equipment, books, and instructional supplies are meager, there 
are some things a teacher can do within these limits to improve the 
arithmetic program. 

The first thing, perhaps, that should be done in a school is for the 
teachers to come to some understanding among themselves concern- 
ing the over-all purpose and nature of the arithmetic program. If the 
school system has already adopted a certain textbook series, the deci- 
sion to be made is: Should the textbook determine the nature of the 
program, or should the program determine how the textbook is to be 
used? 

The teachers of a school should come to some understanding con- 
cerning such matters as using numbers in everyday problems and 
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experiences, developing numerical and other kinds of “points of refer- 
ence,” estimating answers, experimenting to find different techniques 
and short-cuts for getting answers, and learning rules inductively or 
deductively. Children progressing from teacher to teacher through 
school have a right to a certain consistency in what is expected of 
them in such basic aspects of learning as those just listed. 

If the arithmetic program in a school has consisted largely of mem- 
orization of rules and techniques of computation and pencil-and- 
paper drill, any change to a broader program, such as described in 
this book, should be made slowly. To avoid confusion, the teachers 
should agree upon the kinds of transitional changes that are to be 
made each year on each grade level. In general, the lower the grade 
the greater the number of changes should be. In addition, the lower 
the grade the more fundamental the nature of the changes can be. 

It has been found, for example, that in the fourth, fifth, and sixth 
grades some children become confused when they are introduced to 
the notion that there is more than one correct way of getting an 
answer. This is a natural reaction, because up to this point the teacher 
and the textbook had shown them one method and they were told to 
use only that method or their “examples” would be marked “wrong.” 

It has also been found that some children in the fourth, fifth, and 
sixth grades become confused when they are introduced to the idea 
that the numbers that appear in “examples” can represent real situa- 
tions. It is especially difficult for them to visualize situations involving 
division of whole numbers or any type of computation involving frac- 
tions. This is also a natural reaction, since these children had spent 
so little time in handling numbers that were related to things in real 
situations. 

Of course, middle and upper grade children, who have grown up 
on a restricted and thin arithmetic diet, could digest a richer fare 
provided they took the new portions in small amounts and spent a 
good deal of time masticating. The decision to be made is: (1) Should 
we follow our usual arithmetic course in the upper grades this year 
and make no changes until next year when the teachers, parents, and 
children may be more ready for new approaches; or (2) should we 
introduce a few aspects of the new program this year in the upper 
grades, provided the children are not confused by the new challenges 
and provided additional time is not required for the arithmetic pro- 
gram; or (3) should we introduce many changes in the upper grade 
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program even though it would require a lengthening of the time in 
the weekly schedule for arithmetic? 

No matter what major change is contemplated for the school cur- 
riculum, if it is to be effective and successful, everyone involved in 
the change must be ready for it. 

The teaching staff must be ready. They must understand thor- 
oughly and accept the change and agree upon the methods of putting 
the change into effect. 

The administrative and supervisory staff must be ready. They must 
understand the change and give the teachers all necessary support. ` 

The Board of Education must be ready. They must accept the 
change, understand it as much as possible, and support it financially 


and otherwise. 
The children must be ready. Their accustomed school routines and 


ways of learning should not be altered too drastically or too rapidly. 

The parents must be ready. They must accept the change, try to 
understand it, be interested in its progress, and cooperate with the 
children and teachers in carrying it out. 

When parents went to school they were taught that certain tech- 
niques of computation were the “correct” ones. They remember that 
if they did not use the teacher’s method the answer was marked 
“wrong.” What is more natural, then, than to pass on-to their chil- 
dren the “correct”? way of adding, subtracting, multiplying, and 
dividing? 

Since the school told the parents in the past (when they were chil- 
dren) that arithmetic should be taught a certain way, it is the respon- 
sibility of the school to tell the parents now (when they are parents) 
that the teaching profession has discovered better ways of teaching 
than those used 20, 30, 40, and 50 years ago. 

It has been found that when parents have been informed of the 
nature of the new approach to teaching numbers and when their chil- 
dren show them how they can arrive at approximate and sometimes 
exact answers rapidly mentally, they become convinced that the new 
way of teaching is sound. Discussing and studying proposed changes 
in the arithmetic program by parent-teacher groups have proved to 
be excellent not only for parent and teacher education, but also for 
genuine home and school cooperation. 


Part Il 
LEARNING TO COMPUTE WITH 


WHOLE NUMBERS 


Computing is a quick way of counting. To be sure, not much time 
is saved by adding 2 and 2 rather than by counting 1, 2, 3, 4. How- 
ever, much time is saved by adding 268 and 352 rather than by 
counting by 1’s up to 620. The same is true when subtracting, mul- 
tiplying, or dividing small numbers and large numbers. 

There are many intermediary steps to be learned between counting 
objects by 1’s to adding numbers in the thousands. Likewise, there 
are many steps to be learned between 2 — 1 and 9000 — 3094, be- 
tween 1 X 1 and 389 X 4976, and between 2)4 and 946)30975. 

In this part of the book an attempt is made to guide the learner 
from the simplest type of addition of whole numbers to the most 
complex, from the simplest subtraction to the most complex, and 
similarly with multiplication and division. 

The fact that each of the 4 operations is treated separately does 
not mean that the child should learn them separately. On the con- 
trary, one of the important discoveries a child can make is the rela- 
tionship among the 4 fundamental operations by learning 2 or more 
simultaneously. 

The sequence of steps in each of the 4 processes is so organized in 
this volume that, as far as possible, 

(1) each step is closely related to the next, and 

(2) the difficulties and complexities of computation are introduced 
gradually. 

From the evidence obtained by the author, it has been found that 
by following these steps children can be helped in recognizing rela- 
tionships; discovering and formulating rules, principles, and general- 
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izations; applying and relating techniques and principles; and think- 
ing of “original” techniques, tricks, and short cuts of computation. 

It is obvious that not all children in a class need to spend the same 
amount of time on every step. Those children who readily recognize 
relationships can skip certain steps entirely, spend not more than a 
few minutes on other steps, and telescope or combine two or more 
steps into one. For these children the steps might even follow a differ- 
ent order. At the other extreme, there are children who acquire 
computational understanding very slowly, if at all. These children 
may find it necessary to concentrate on each step before they are 
ready for the next and to follow the steps in well ordered sequence. 
They may also find it necessary to retrace steps (review) more fre- 
quently than the other children. These are the children who may be 
able to learn to compute mechanically but may not be able to under- 
stand number relationships. 

It has also been found that the sequences of steps can be used for 
“remedial” instruction with older children who still have difficulty 
in computing and in understanding numbers. These children have 
found that the early steps in addition, for example, can be interesting, 
challenging, and rewarding. 

While guiding children’s arithmetic experiences the three major 
purposes of the arithmetic program should be constantly held in mind. 


(1) To help each child develop to the fullest his ability to represent 
with mathematical symbolism the quantitative aspects of concrete 
situations, 

(a) each new type of computation in the sequence should be 
met first in a real concrete situation; 

(b) representative materials often can be used for clarifying 
and fixing the quantitative relationships met in real situations; 

(c) drawings, charts, pictures, diagrams are frequently essen- 
tial for clarifying or demonstrating relationships; 

(d) the appropriate vocabulary should be learned so that quan- 
titative meanings can be expressed with oral or written language 
symbols; and 

(e) the appropriate arithmetical symbolism should then be in- 
troduced as a shorthand expression of the language symbols. 

(2) To help each child develop to the fullest his ability to compute, 


(a) he should be encouraged to visualize a concrete situation 
represented by the symbolism; 
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(b) he should be encouraged to think through for himself how 
each new type of computation should be performed; 

(c) he should be encouraged to discover computational short 
cuts; 

(d) he should be encouraged to perform computations mentally 
as often as possible; 

(e) he should learn, according to his capacity, to make up for 
himself and his classmates computational exercises for out-of-context 
practice; 

(f) he should gain facility in estimating answers; and 

(g) he should gain facility in obtaining exact answers. 

(3) To help the child develop to the fullest his ability to under- 
stand the theory or science of mathematics, 

(a) he should be encouraged to discover for himself the reasons 
why the numbers behave as they do in each new type of computation 
and to formulate generalizations and rules of “number behavior”; 

(b) if he is not able to discover them for himself, he should 
have such generalizations, relationships, and principles pointed out 
and explained to him; and 

(c) if he still cannot understand the nature of this aspect of 
the number system he should be encouraged to learn to perform the 


computation mechanically. 

If the teacher is guided by the above objectives he will use the 
sequences of steps as general directives, not specific blueprints. He 
will avoid interpreting the steps as isolated skills to be mastered 
separately and in the same rigid order for all children. He will try 
to adjust the material to meet the needs of the child, not the child 


to meet the “logic” of the material. 
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STEPS IN THE ADDITION OF SMALL NUMBERS 

Step 1. Counting the number of objects in a group. 

Children enter school, whether kindergarten or grade one, with 
different knowledges and understandings of quantity, size, shape, 
and distance. The teacher of these young children, therefore, should 
not take for granted the fact that all of the children know how to 
count. Some children may not know how to count at all. Some may 
have learned at home to count only by rote. Others may have learned 
how to count their fingers. Still others may be able to say, “Two and 
two are four,” or “Five and five are ten.” 

The ability to count by rote is merely the ability to repeat from 
memory one syllable after another in proper sequence. Understanding 
of what the words mean is not a requisite for counting by rote. There- 
fore, children who know only how to count by rote should learn to 
count things. 

But just counting things in itself is not enough to insure proper 
meaning. For example, when a child counts the boys in the room he 
points to one after another while he says, “One, two, three, four, five, 
six, seven, eight, nine, ten, eleven.” To be sure, the first child pointed 
to is “one,” but the second child pointed to is not “two,” and the 
third child is not “three.” On the contrary, each child is “one.” 

To avoid the dangers of misunderstanding the meaning of “two,” 
“three,” “four,” and so forth, each child should have many oppor- 
tunities of counting and seeing two objects, three objects, four objects, 
and so forth, in groups. After the eleven boys have been counted, the 
child should look at the whole group of eleven to see what eleven boys 
look like, and not just look from boy to boy and, after saying “eleven,” 
forget the whole matter. In other words, the emphasis should be 
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placed upon determining the number of objects in a group by counting 
and then seeing what that number of objects looks like. 

In addition to the ability to count objects for the purpose of seeing 
how many there are in a group, there is the ability to count in order 
to see which position each object in the group holds. In serving milk 
to the 6 tables in the room, for example, one table is served first, 
another second, another third, and so on to the sixth. 

The teacher does not rely upon the accidental use of incidental 
experiences to provide opportunity for the children to count objects. 
On the contrary, the teacher plans to utilize incidental experiences 
for such purposes. Quantitative concepts of concrete situations are 
best developed during the minute-to-minute and hour-to-hour living 
in the school and community. They are best developed, however, 
through the conscious purposeful efforts of both teacher and children. 


Step 2. Recognizing the number of objects in a group at a glance, 
without counting. 

After the child has learned to determine the number of objects in 
a group or a collection by counting, he is now ready for the next step: 
Learning to determine the number of objects in a group at a glance 
without counting. This ability requires practice just as learning to 
count objects required practice. 

There are many occasions during the day when children encounter 
two things, three things, or four or more things grouped together. 
The teacher takes advantage of such situations and asks such ques- 
tions as: “Without counting, how many pictures are on that bulletin 
board?” or, “How many boys are at that table?” or, “How many 
legs are on that chair?” It becomes a challenge to the children to 
see how close they can come to the exact number of objects in a 
group just from a quick glance. 

To supplement these experiences with objects in the environment, 
the teacher can provide special practice opportunities for small groups 
of children. By working with a group of about five or six children at 
a time, the teacher can become acquainted more easily with the types 
of mathematical thinking in which each child engages. Records can 
be kept of each child’s responses and development. 

The special practice materials are simple and easily obtainable. 
All that is needed is one manila folder of standard file size and twelve 
small objects of uniform size, shape, and color. These objects could 
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be 1-inch cube blocks, dried lima beans, horse chestnuts, milk bottle 
caps, checkers, or some other available article. 

Seated at one side of a table with five or six children opposite, the 
teacher places the manila folder between the children and himself. 
The folder stands on edge, folded at an angle with the folded edge 
toward the children’s side of the table. Between the sides of the par- 
tially opened folder, the teacher arranges the objects. Let us say they 


Fig. 5. “The children take turns guessing how many blocks are there without count- 
ing." (Grade 1.) 


are blocks. The folder shields the blocks from view from the front and 
also from the sides. 

The teacher tells the children that there are some blocks on the 
table behind the folder. He then raises and lowers the folder revealing 
the blocks only for an instant. The children take turns guessing how 
many blocks are there without counting. After each child guesses he 
counts the blocks to verify his guess. Beginning with two blocks, 8° 
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that the child’s first attempt may be successful, the teacher increases 
the number of blocks for each child according to his ability and 
progress. 

Some 6-year-olds soon learn to differentiate unfailingly up to five 
blocks. Others may even go beyond seven before guessing wrong. On 
the other hand, some children find it difficult to be sure of more than 
three. Practice, of course, improves performance. 

Within 4 or 5 minutes, one group of children can engage in a con- 
siderable amount of practice. The teacher and children can arrange 
the week’s schedule of activities in such a way that each child can 
have 2 or 3 such brief practice periods with the teacher each week. 
As the children become familiar with the teacher’s technique of shield- 
ing the blocks, arranging them, and exposing them to view, they can 
work together in pairs and take turns being the teacher. In this way 
the children can help each other gain facility in determining the num- 
ber of objects in a group at a glance. $ 

In conducting these activities with blocks or other objects certain 
practices should be avoided. The objects should not be arranged in 
any particular pattern. In fact, when a given number of objects are 
presented to a child more than once in the same sitting, they should 
be arranged in a different pattern each time. Moreover, the objects 
only rarely should be arranged in regular designs such as those based 
on the square or on parallel lines as found on dominoes. What must 
be avoided is having the child learn to associate a number only with 
a certain pattern or design. Rather, the child should learn to associate 
a number with the actual quantity of objects seen. 

Another practice to be avoided is that of allowing the child to count 
the objects in the mental image he retains after seeing the briefly 
exposed group. This child must be encouraged to guess quickly even 
though he may be wrong. 

A third practice to be avoided at this stage of the child’s progress 
is that of arranging the objects in such a way that two smaller groups 
can easily be detected within the larger group. For example, five 
blocks should not be arranged so that there are obvious groups of 
three and two or four and one. At this stage, five objects should be 
recognized as five, not as three and two or four and one. Six objects 
should be recognized as six and not a combination of two or more 
smaller groups. In other words, a major purpose for having the kind 
of practice advocated here is to help the child recognize as large a 


72 Learning to Add Whole Numbers 


number of objects as possible at a glance without counting and without 
combining smaller groups. Later the ability to combine groups within 
a larger group will be developed. 


Step 3. With 2 groups of objects present, recognizing the number 
of objects in 1 group and counting the number in the second group to 
get the total. 


Step 4. With 2 groups of objects present, recognizing the number 
of objects in 1 group, recognizing the number of objects in the second 
group, and combining to get the total. 


Step 5. With 1 group of objects present, recognizing the number 
of objects in the group at a glance and recognizing that this number 
is the total of the numbers of objects in 2 smaller groups within 
the group. 


There are individual differences among children in their ability to 
count objects. There are also differences in their ability to recognize 
the number of objects in a group at a glance. We now see differences 
in children’s ability to determine the total number of objects in 2 
groups. 

There are several ways, depending on the skill possessed, of finding 
out how many blocks there are altogether when we have a group of 
four and a group of three. 

The child with little skill will count the blocks—one, two, three, 
four, five, six, seven. The child with somewhat more ability will recog- 
nize the three group at a glance and then count four, five, si, seven- 
The next degree of ability is possessed by the child who recognizes 
the four group at a glance and counts five, six, seven. The child with 
still greater skill will recognize four and recognize three and then 
combine them to make seven. The highest degree of ability is revealet 
by the child who recognizes at a glance that the total is seven ane 
that this total group is composed of a group of four and a group o! 
three blocks. 

The amount of practice necessary to acquire each of these skills, 
from counting the objects to recognizing the number in the tota 
group and the numbers in the 2 smaller groups, varies with each child. 
In fact, some children can skip over a step or two while others may 
spend a good deal of time on one skill before they are ready for pee 
next. The teacher working with small groups will be able to discover 
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these differences in ability and have each child acquire a skill at the 
time he is ready for it. 

In providing practice in determining the total number of objects 
there are in 2 groups, the teacher continues to use blocks or other 
objects. The blocks are purposely arranged now so that within the 
total group 2 distinct groups can be observed. The number of blocks 
used in the total group, however, is not greater than that which the 
child has already learned to recognize at a glance. 

The child who can recognize the number of objects in groups not 
larger than four in a group can learn these six addition combinations 
just from objects: 

(1) Two blocks are made up of (composed of, or consist of) one 
block and one block, 

(2) three blocks can be made up of one block and two blocks, 

(3) three blocks can be made up of two blocks and one block, 

(4) four blocks can be made up of one block and three blocks, 

(5) four blocks can be made up of two blocks and two blocks, 

(6) four blocks can be made up of three blocks and one block. 


The child who can recognize up to five objects at a glance can 
learn four more combinations from objects. Five blocks can be made 
up of 


(1) one block and four blocks, 
(2) two blocks and three blocks, 
(3) three blocks and two blocks, 
(4) four blocks and one block. 


The child who can recognize up to seven objects can learn 21 com- 
binations. The child who can recognize up to eight objects can learn 
28 combinations, and so on. 

So far, this practice has been directed toward increasing the child’s 
proficiency in recognizing & total group of objects at a glance and 
learning the various ways in which a total group can be divided into 
two smaller groups. But there comes a point when the child is not 
sure of the number of objects in the total group. It is here that the 
child combines the two smaller recognizable groups within the total 
group and memorizes the total through practice. For example, the 
total group of nine objects is not recognized at a glance, but the 
groups of five and four are. The child, then, after discovering by 
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counting that there are nine objects altogether, learns through re- 
peated contacts that five blocks and four blocks are nine blocks. 

By combining the two recognizable groups into the unrecognizable 
number of the larger total group, the child who can recognize up to 
eight at a glance, for example, can learn the combinations up to eight 
blocks and eight blocks are sixteen blocks. Previously we discovered 
that the child could learn 28 addition combinations. These are the 
combinations whose sums do not exceed eight. By combining groups 
not exceeding eight in each, 36 more combinations can be learned. 
This brings the total number of addition combinations which many 
6- and 7-year-olds can learn just through manipulating objects up 
to 64. 

The following is an interesting activity in which children can engage 
at about this stage of their development: 

The teacher places a number of objects, for example, twelve blocks, 
before the group and asks them to tell the various ways a person can 
find out how many blocks are there. After the various ways are men- 
tioned, the teacher can ask the children to list the ways according to 


Fig. 6. ". . . Look at the blocks and see twelve all at once; . . .” (But some a 
not sure that there are exactly twelve. Grade 1.) 
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the length of time it takes to find out that there are twelve blocks 
altogether. The list could be something like this: 


(1) Look at the blocks and see twelve all at once; 

(2) look at the blocks and see six and six are twelve; 

(3) look at the blocks and see five, ten, twelve; 

(4) look at the blocks and see four, eight, twelve; 

(5) look at the blocks and see three, six, nine, twelve; 

(6) look at the blocks and see two, four, six, eight, ten, twelve; 

(7) look at the blocks and see one, two, three, four, five, six, seven, 
eight, nine, ten, eleven, twelve. 


The children can practice with each other in pairs to increase their 
facility in determining the number of objects in large groups by 
recognizing and combining larger and larger groups within the total 
group (see page 25). 

Step 6. Representing the combining of 2 groups of objects with 
arithmetical symbols. 


Thus far the child has learned some of the addition combinations 
directly from objects and groups of objects. He has not yet, however, 
used arithmetical symbols to represent these combinations. 

Up to this point the child’s need for knowing the Arabic or Roman 
numerals has been in connection with reading and writing, Reading 
page numbers, the calendar, thermometer, addresses, telephone num- 
bers, the time, and other such everyday matter is learned as the need 
arises. Learning to write Arabic and Roman numerals is incidental 
to writing needs—letter writing, record keeping, keeping score, and 
so forth. Learning to read and write numbers is a problem of learning 
to read and write—it is not a problem of learning to compute. 

The child has been learning how to read and write number symbols 
during the time he has been learning addition combinations through 
the use of objects. He is now ready to learn to use arithmetical sym- 
bols to represent these addition combinations. 

Continuing to work with small groups of children as they are ready, 
the teacher asks them to arrange the blocks (or other objects) into 
two groups, such as three and two. The teacher writes on the board 
what the resulting addition combination is: Three blocks and two 
blocks are five blocks. 

The teacher asks the children if they know what “shorthand” is. 
Perhaps a brother, sister, mother, or aunt writes shorthand. At any 
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rate, the teacher explains its meaning and says that the statement 
that he has written on the board can be written in “shorthand.” Since 
the children have already learned that the shorthand sign for three 
is 8; the shorthand sign for two is 2; and the shorthand sign for 
five is 5; they may be able to suggest this shorthand method of writing 
the sentence: 3 blocks and 2 blocks are 5 blocks. 

To write the sentence in a still more shortened form, the teacher 
can explain that + means and and = means are. The sentence thus 
can be written: 3 blocks + 2 blocks = 5 blocks, but should still be 
read, “Three blocks and two blocks are five blocks.” 

Since the children have seen in their experience that 3 of any 
object and 2 more of that object are 5 altogether, they can under- 
stand that the addition combination can be written in its very short- 
est form: 3 + 2 = 5. In this case the 3 and 2 and 5 can represent 
any kind of object a person may wish to designate. 

The children might well write several addition combinations in this 
manner: 

Two pencils and one pencil are three pencils. 
2 pencils and 1 pencil are 3 pencils. 

2 pencils + 1 pencil = 3 pencils. 
2+1=3., 


Writing such a series of sentences for different combinations is 
aimed at helping to fix the fact that such statements as 38 + 2 = 4 
and 2 + 1 = 3 are merely shorthand forms of complete sentences. 

It is the custom of the English-speaking people to read and write 
from left to right. Not all peoples, however, read and write in that 
direction. Some people write from right to left, others from the top 
down. A discussion of the ways in which different peoples read and 
write helps children to understand the 2 ways in which many arith- 
metical statements can be written—vertically and horizontally. 


3 balls 

3 balls + 2 balls = 5 balls, for example, can also be written + 2 balls. 
5 balls 

3 1 

3 + 2 = 5 can also be written +2. 


9 
Although up to this stage of the child’s development all of the 
addition combinations have not yet been learned, the foundations 


have been laid for meaningful computation. That foundation, as it 
has just been developed, consists of: 
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Fig. 9. 


Fig. 10. 
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Fig. 11. 


. Four blocks and three blocks are seven blocks 
. 4 blocks and 3 blocks are 7 blocks 

. 4 blocks +3 blocks = 7 blocks 

. 443=7 


. #blocks 
+3 blocks 
7 blocks 


(Ape 
3 


Fig. 12. 
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(1) Counting objects in a group (see Fig. 7); 

(2) recognizing the number of objects in a group at a glance with- 
out counting (see Fig. 8); 

(3) with 2 groups of objects present, recognizing the number of 
objects in one group and counting the number in the second group 
to get the total (sce Fig. 9); 

(4) with 2 groups of objects present, recognizing the number of 
objects in one group, recognizing the number of objects in the second 
group, and combining to get the total (see Fig. 10); ; 

(5) with 1 group of objects present, recognizing the number of 
objects in the group at a glance, and recognizing that this number 
is the total of the numbers of objects in 2 smaller groups within 
the group (see Fig. 11); 

(6) expressing the combining of the numbers of objects in 2 groups 
in the following sequence (see Fig. 12): 

(a) Four blocks and three blocks are seven blocks, 
(b) 4 blocks and 3 blocks are 7 blocks, 
(c) 4 blocks + 3 blocks = 7 blocks, 
(d)44+3=7, 
(e) 4 blocks 

+ 3 blocks, 

7 blocks 

(f) 4 

t3., 

= 

Step 7. Listing the combinations that have been derived from 
groups of objects. 

Deriving every addition combination by means of objects would be 
an unnecessarily slow process for most children. It would be a very 
inefficient way of discovering and learning all combinations. After 
the child has derived and learned a certain number of addition com- 
binations from objects in the manner described in the preceding steps» 
he is ready for other methods. 

The child is given 20 objects of uniform color, shape, and size- 
He is asked to make a record on paper of as many different addition 
combinations as he can from memory. He may write them vertically 
or horizontally, since he has already learned to write them both ways: 

After the child has written down all the combinations that he can 
remember he uses the objects to help him with the rest. There are 
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100 addition combinations that the child should know from 1 + 1 = 2 
to 10 + 10 = 20. It is recommended here that the combinations con- 
taining zero not be included, since, to the child, they have no meaning. 
“Why,” the child asks, “add nothing to something?” (See page 93.) 

It is important at this time for the teacher to observe carefully 
the order in which each child records the addition combinations. It 
may be recalled that the child learned his combinations originally 
through objects, in no particular sequence. The teacher had purposely 
avoided presenting the groups of objects in any logical order, such as, 
1+1=224+1=3,3+1=4, and so forth, or 4+ 1 = 5,3 + 
2= 5, 2 +3 = 5, 1 + 4 = 5. The child, who himself without hint or 
suggestion readily discovers an order in recording the addition com- 
binations, is revealing at an early age a high degree of ability in un- 
derstanding the science or theory of mathematics. 

In recording combinations, some children may write them at ran- 
dom, such as, 2+ 2= 4,3 +3 = 6,2 +1 = 3,5 +5 = 10,4 + 
1 = 5, and so forth. Others may write them in some such partial 
order as: 


3+2=5 3+7=10 


1+4=5 5+5= 10 
4+1=5 or 4+6=10 
24+3=5 2+8=10 
7+3= 10 
8+2=10 


and so forth. 


Each child should be given ample (for him) opportunity to dis- 
cover a system or order in recording the combinations. In other 
words, each child should be so guided that he will think up an addi- 
tion table. This table can be used for reference when the child needs 
to refer to a particular combination. The addition table thus serves 
as a dictionary of addition combinations. The order of the combina- 
tions is so systematized by the child that he can find readily any 
combination when he needs it. When the child builds his own table 
the probability is that he is beginning to gain a knowledge and 
understanding of the number system. 

There are some children who may take a very long time to hit 
upon the idea of organizing the combinations into a systematic order. 
To such children, as well as to all others, it is the responsibility of 
the teacher to decide when and how much to suggest. Those who are 
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able to devise their own tables should be helped to do so. Those who 
are not able to do so must be given tables already prepared. 


Step 8. Deriving the rest of the addition combinations from tables. 


Once the child has discovered or invented a system of recording 
combinations, he is no longer in need of objects to derive new com- 
binations. For example, the child may build up the following system 
for recording the combinations he already knows: 


1+1=2 1+2=3 14+3=4 1+4 
2+1=3 2+2=4 2+3 

3+1=4 3+2 

4+1 


From this method of organization the child can discover (with or 
without suggestion from the teacher) that with the totals constant 
the numbers on the left increase by 1 and those on the right decrease 
by 1 as we go from combination to combination. He can discover also 
that, in the first combination the first number on the left, and, in the 
last combination the last number on the right, are 1. He can see, iN 
addition, that in the first combination the second number is 1 less 
than the total. 

After arriving at these 3 generalizations, the child can now, without 
benefit of objects, take any total and record all of the combinations 
that make that total. For example, the total may be 14. The table 
thus becomes: 


| 
or or et 


1+13 = 14 64+8=14 11 +3 = 14 
2 +12 = 14 7+7=14 12+2=14 
3 +11 = 14 8+6 = 14 13 + 1 = 14 
4 +10 = 14 9+5= 14 
5+ 9=14 10 + 4 = 14 


The question arises: When this type of table is used, which of thes? 
combinations should the child be expected to remember? The pos 
tion taken here is that the 7 combinations from 4 + 10 = T A 
10 + 4 = 14 should be learned, and, if the remaining 6 combinations 
1718 = 14 2F 12 = 148-4 11 = 14, 143 = 14, 124+2= 1 
and 13 + 1 = 14, can be learned rather readily by a child, he shou 
learn them also. The larger the number of combinations learned, 
greater is the efficiency in computation (see page 84). 


the 
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Some children may organize the combinations in this kind of table: 


1 1 1 1 1 1 yf 1 1 1 
1 ie E ee E a 9 10 
2 3 4 5 6 fe Vo 9 0 i 
2 2 2 
TE 10 
3 4 12 
10 10 10 
ae 10 
ll 12 20 
Or the following may be the table organized by some children: 
1 2 10 
ie cal 
2 3 11 
1 2 10 
10 10 ; : ‘ A ‘ z > 10 
11 12 20 


Tf either of these 2 tables is used, it must be understood by chil- 
dren and teacher how many combinations should be included. A child 
could easily extend his first row beyond 1 and 10 are 11 and his first 
column beyond 10 and 1 are 11. It is advocated here that most chil- 
dren can understand and use profitably a table including only the 
100 combinations from 1 and 1 to 10 and 10. A few children, however, 
may wish to go beyond these and learn more than 100. 

In building such tables as the two immediately preceding, the child 
is in no need of objects. He can build his rows or columns according 
to the system he has chosen. 

Step 9. Adding the 28 combinations whose sums do not exceed 8. 
(See Step 1 of Subtraction.) 

Children are ready to practice telling the answers to these com- 
binations and those that follow after they have (1) derived them 
from objects and (2) learned that the symbolism 2+4= , for 
example, is a shorthand method of asking, “How many objects are 
there altogether when two of them are combined with four more?” 
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Step 10. Adding the 21 combinations whose sums are 9, 10, and 11 
and whose addends are not more than 8. (Step 2. Subt.) 


Step 11. Adding the 23 combinations whose sums are 10, 11, 12, 
and 13, and whose addends are not more than 10. (Step 3. Subt.) 


Step 12. Adding the 28 combinations whose sums are 14, 15, 16, 
17, 18, 19, and 20, and whose addends are not more than 10. (Step 4. 
Subt.) 


These additions conclude the 100 basic combinations from 1 + 1 
to 10 + 10. They are grouped in the above 4 divisions as a result 
of the following considerations: 

(1) In general, they follow the order in which they were derived 
by the children; 

(2) those that were derived from objects precede those that were 
derived from tables; 

(3) in general, the smaller and more easily visualized combinations 
precede the larger and less easily visualized combinations. 


Step 18. Adding the 100 basic combinations written vertically as 
well as horizontally. (Step 5. Subt.) 


After the children have learned a few combinations at a time until 
they have learned all of them, occasional practice may be required 
on the entire 100 mixed up in various orders. This practice should 


be oral and the children should become familiar with the vertical 
symbolism as well as the horizontal. 


STEPS IN THE ADDITION OF LARGE NUMBERS 


Step 14. Adding those 90 combinations, not included in the basic 


100, whose sums range from 12 to 20 and whose addends range from 
1 to 19. (Step 6. Subt.) 


SAMPLES: 11 +4 
1 


when they experimented with addition 
i ions were not included in the basic 100. 
ing the “14 table” (see page 82) it was 


The children discovered 
tables that some combinati 
For example, when build: 


, by many children. They could profit, then, from 
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Even though a child develops facility in computing this type of 
addition mentally, he can profit from a discussion of how best to 
write the arithmetical symbolism. 


The teacher could ask the group to write4-+8= vertically. 
Then he could ask them to write 10 + 10 = vertically. Of course, 
4 
4+8= would be written + 8. But suppose for 10 + 10 = the 
following are suggested : 
G to (2) 10 (3) 10 
+10 +10 +10 


The children could discuss their relative merits. Invariably (2) is 
selected as preferable to the others. (2) “looks” nicer than (1) and 
(3); (2) is “straighter” than (1) and (3). 

Even if a child does not himself volunteer a preference for (2), the 
probability is that he will accept the teacher’s statement that the eyes 
travel more easily from side to side or up and down than slant-wise. 
It is the custom, then, to write “10 and 10 are 20” either horizontally, 


10 10 
10 + 10 = 20, or vertically, Ea m, and not diagonally, Ei 


Nothing is said by the teacher yet about ones added to ones and 
tens added to tens. The fact is the children know that “10 and 10 
are 20” no matter how it is written or whether it is written at all. 
Children do not need to be told the rule of placing ones under ones 
and tens under tens. They should be permitted to discover the rule 
and formulate it themselves. 

Now the children can be asked to write vertically such additions 
as the present ones: 11 + 1 = 12, 3 + 15 = 18, and so forth. Again, 
suppose such ways as the following are proposed: 


Gi at (2) 1 (3) 11 
El aad Joh 
12 12 12 


By using the straight up and down criterion, either (1) or (2) 
would answer. (3) would be eliminated because it is written on a 
slant and the eyes do not move in that direction as naturally as in 
the up and down direction. 

If a child thinks that (1) is as good as (2), the teacher might ask 
him to write 11+ 10= vertically, using his knowledge of how 
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10 u ll 
to write + 10. He would see that + 10 would be preferable to + 10 
11 11 
and therefore + 1 would be preferable to + 1 . If this does not 
convince him, the teacher could call his attention to the position of 
11 


the 2 in + L Which 1 in the 11 changes to 2 when 1 is added to 


11 
11? Then why not place the 1 under that 1 in the 11 like this, +h 


to show which 1 is going to be changed to 2? 

Children should practice reading and writing this type of addition 
to become familiar with the appearance of the symbolism. 

Included purposely in this group of combinations are those whose 
sums are 20. The children know 10 + 10 = 20 and they can build a 
“20 table.” 


1+ 19 = 20 6+ 14 = 20 11+ 9 = 20 16 + 4 = 20 
2+ 18 = 20 7+13 = 20 12+ 8 = 20 17+3 = 20 
3 +17 = 20 8+ 12 = 20 13 +7 = 20 18 + 2 = 20 
4+ 16 = 20 9+ 11 = 20 14+ 6 = 20 19 + 1 = 20 
5+15=20 10+10=20 15+ 5 = 20 


The children should be encouraged to examine this table carefully 
and try to discover a rule or generalization about numbers whose 
sum is 20. 

One child might say, “It is just like adding 2 numbers that equal 
10, except that you add 1 to 19 instead of to 9, and 2 to 18 instead 
of to 8.” 

Another child might say, “I don’t need a rule. I can just see that 
15 and 5 are 20, and 4 and 16 are 20. I don’t know how I just know 
these answers.” 

Another child might say, “For 8 + 12 I add 8 and 2 to get 10. 


I know the answer, then, will end in 0. Then I make the 1 in 12 
one more than it is, so the answer is 20.” į 


ll 


Step 15. Adding 3 numbers whose sum does not exceed 20. 
SAMPLES: 4+3+492 = 74+8+5= 6 


9 
+2 


Often children have occasion to combine more than 2 groups of 
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objects. In Step 5 (see page 75) they determined how many objects 
were in a large group by adding, “5, 10, 12.” The only new tech- 
niques to learn now are the reading and writing of 3 numbers hori- 
zontally and vertically, and the holding of the sum of 2 numbers in 
mind while adding it to the third number. 

The children should be allowed to make the discovery themselves 
that the answer should be the same whether one adds down or adds 
up or from the left or from the right. In fact, they can be led to the 
realization that one way to verify their answer is to add a second 
time in the opposite direction. 


$ 10 
Step 16. Adding the 100 higher decade combinations from + 10 
100 
to + 100. (Step 7. Subt.) 
SAMPLES: 30 + 20 = 80 


+70 


Before children are ready to practice giving the answers to these 
combinations orally they must first have had certain kinds of experi- 
ences. 

Up to this point the child has had many first-hand contacts with 
groups of objects up to 20 in a group. These experiences were the 
necessary foundation for understanding the meaning of the addition 
combinations whose sums do not exceed 20. As the child grows older 
and his experiences broaden and deepen, he becomes able to com- 
prehend and visualize groups of objects of greater and greater numeri- 
cal size. 

The teacher plans experiences and situations in which larger and 
larger numbers of objects are encountered by the children and that 
challenge their interest and curiosity. It is important that children 
frequently meet groups of approximately 20, 30, 40, 50, 60, 70, 80, 
90, and 100 objects. Groups of objects from 100 to 200 should also 
be seen frequently. 

l Children vary in their ability to approximate the numbers of ob- 
Jects in groups above 20, just as they did in working with groups 
below 20. Some children are able to learn to differentiate between 
100 objects and 150 objects, and between 150 and 200 objects. Others 
can learn to approximate, with an error of not more than 10, groups 
of objects from 20 to 100. Some children can learn to come within 20 
of being correct when they encounter groups of from 100 to 200 ob- 


jects (see page 21). 
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Both teacher and children are challenged to find in their everyday 
experiences opportunities for estimating, as closely as possible, the 
numbers of objects in large groups. The following are a few suggested 
groups of objects readily at hand for estimating purposes: Books on 
shelves; children in the classroom, auditorium, gymnasium, play- 
ground, movies, and so forth; crayons or chalk in the box; pages in 
a book; sheets of drawing paper in a pile; houses on the street. 

With this kind of background children can now visualize 20 books 
and 20 books, 40 people and 30 people. They are now ready to add 
with meaning the 100 higher decade combinations from 10 + 10 to 
100 + 100; that is, those combinations that correspond to the 100 
basic combinations from 1+ 1 to 10 + 10. Just as the child had 
learned that 3 and 2 are 5, he now learns that 30 and 20 are 50, 
70 and 60 are 130, and so forth. 


Step 17. Adding 2 numbers: One a multiple of 10 and the other a 
1-digit number. 


SAMPLES: 40+8= 


ou 


+3 


Oral and written practice in giving these answers helps the child 
to understand that a number like 48 is composed of 40 and 8. An 


understanding of the science of number notation is thus arrived at 
inductively. 


Step 18. Rounding off 2-digit numbers to the nearest multiple of 10. 
SAMPLES: 78 — 80 64 > 60 


Thus far all of the answers to computations have been exact an- 
swers. From now on much of the practice is for the purpose of gaining 
facility in estimating answers. 

Already the child has gained some facility in estimating the num- 
bers of objects in groups of varying sizes. Now he is going to gain 
facility in rounding off numbers isolated from concrete situations; 
that is, numbers out of context, 


The teacher and children discuss the numbers: 
20 21 22 238 2 2 2% 27 2 29 30: 


Which number is half-way between 20 and 30? 23 is nearer which 
number—20 or 30? 28 is nearer which number—20 or 30? After the 
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children understand how to round off numbers (for 67 say 70, for 
34 say 80, for 55 say 50 or 60) they are ready for practice. 

The major purpose of this practice is to have children think im- 
mediately and automatically of the rounded-off number whenever 
they encounter any 2-digit number. (Later they will practice rounding 
off 3- and 4-digit numbers.) 

The written symbol is: 38 — 40. 

Step 19. Adding two 2-digit numbers the sum of whose respective 
digits does not exceed 9. (Step 8. Subt.) 


SAMPLES: 30 23 
+ 62 + 42 


One of the reasons for learning the higher decade combinations 
(Step 16) is to help fix the habit of reading numbers from left to right 
when they appear in the form of computation. The child learned to 
add 50 + 40 as fifty and forty are ninety, not as zero and zero are zero 
(which is pretty meaningless to the child) and five and four are nine. 
Now the child is ready to learn to add other 2-digit numbers from 


30 
left to right, such as + 24 (thirty and twenty-four are fifty-four) and 
72 
* 28 (seventy-two and twenty-three are ninety-five.) 

But first the child learns to arrive at approximate answers. In such 
a computation as 34 + 22, for example, the child first rounds off each 
number (30 and 20). He then adds these rounded off numbers. The 
answer, then, is about 50. Is the exact answer more or less than 50? 
It is more than 50, because the original numbers are more than the 
Tounded off numbers. 

But what is the exact answer? The teacher does not tell the child 
how to find the exact answer. He leaves this question as a challenge. 
When the child thinks he knows, he tells the teacher in private. Dif- 
ferent children arrive at exact answers in different ways. The teacher 
encourages originality and creative thinking in methods of computa- 
tion. The teacher does not insist upon the use of one method only. One 
child may say, “30 and 20 are 50; 4 and 2 are 6; 56.” Another child 
May say, “30 and 22 are 52 and 4 are 56.” 

Each child, who is capable of working out a method of finding out 


34 
exactly how much + 22 are, should be allowed to do so. The teacher 


90 Learning to Add Whole Numbers 


should provide a method only for those children incapable of finding 
their own. 

Each child who is capable of obtaining the exact answer mentally 
should be encouraged to do so and not to use pencil and paper. Only 
the child who is incapable of mental calculation should use pencil. 

It is recommended that the method shown be used for those who 
need written practice. 


ai a The thinking here is: “30 and 20 are 50; 4 and 2 are 6; 
— 50 50 and 6 are 56.” 


6 Occasional small group practice on this and later types of 
~ 56 computation can include the following: 


(1) The children describe in their own words actual concrete situa- 
tions that the computations could represent, 

(2) they tell what the approximate answers are, 

(3) they find the exact answers, and 

(4) they compare the exact answers with the estimated answers. 


Finding exact answers often calls for written practice. This is per- 
formed by the children at their desks. It is important that in written 
practice the child write the approximate answer before he attempts 
to determine the exact answer. The estimated answer could be written 
at the side with a circle around it, appearing throughout the book 
as a bracket. The + sign after the 80 means that the exact answer 
is more than 80. 

24 The completed written computation would take the 


form shown. 
+ 63 [80 A x 
30 [0+] The child compares the exact answer, 87, with the 


7 estimated answer, 80+, and sees they are in agree- 
87 ment. If the child had obtained 77 for the exact an- 


swer, he could see that 77 is not more than 80. He 


would then review first his approximation, and, finding that correct, 
would check his written computation. 


It has been pointed out that some children can learn to add this 
kind of computation mentally. These children, then, should have oral 
practice in finding the exact answers. . 

Step 20. Adding two 2-digit numbers the sum of whose ones digits 
exceeds 9 but the sum of whose tens digits does not. (Step 11. Subt.) 
BAMPLES: 48 67 


+32 +25 
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Quite often during the course of school life a situation such as the 
following arises: Our class is inviting Miss Browne’s class to an enter- 
tainment and party. How many chairs do we need in our room to 
seat everyone? Well, there are 29 in our class and there are 33 in 
Miss Browne’s class. How many people are 29 and 33? A child is 
asked to write the symbols on the board to represent the situation. 

About how many chairs will be needed? 

About 60 chairs, since 30 and 30 are 60. 

How many will we need exactly? 

Each child is allowed to determine the exact answer in his own 
way. Some children might think it through this way: “I added 1 to 
29 to make 30 and took 3 away from 33 to make 30. That means 
that my estimation of 60 is 2 less than the exact answer. The exact 
number of chairs needed, therefore, is 62.” Others might combine 
the numbers in this fashion: “29 and 30 are 59 and 3 are 62.” Most 
children, however, might follow the pattern already learned in the 
Preceding type of computation. 


29 Those children who are able to profit from oral prac- 
+ 33 [60] tice in finding the exact answers to these exercises should 
50 be given adequate opportunity to practice orally. How- 
a ever, all children should know how to write out the 
62 computation in full in the accompanying form. 


After the children have had ample practice in adding these exer- 
cises from left to right, the teacher can introduce the possibility of 
adding from right to left. Some children would have already discov- 


ered that for + A for example, one can think: “4 and 8 are 12; 
20 and 60 are 80; 12 and 80 are 92”; just as well as, “20 and 60 
are 80; 4 and 8 are 12; 80 and 12 are 92.” 
When this concept is understood the child is ready for oral and/or 
Written drill as shown. 
Sooner or later (sooner for some, later for others) chil- 
24 dren will discover for themselves, or be ready for the 
+ 68 [90] suggestion, that there is a way to arrive at the exact 
12 answers with less writing. Why not perform the intermedi- 


—80 ate steps mentally and write down only the final answer? 
92 This is the way it would go: 4 and 8 are 12, but just 


write down the 2; hold the 10 in your head. 20 and 60 
are 80 and 10 are 90. 90 and 2 are 92, so write 9 before the 2. 
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Having gained an understanding of this process and a facility in 
computing in this manner, the child can be led to discover or accept 
another method: 4 and 8 are 12, write 2; 1 and 2 are 3 and 6 are 9, 
write 9. 

It would be a mistake to believe, however, that this last method 
is really the shortest or best way to add two 2-digit numbers. In fact, 
it is about the poorest way. The quickest and best way, of course, 
is to think, “24 and 68 are 92,” immediately. Those children who 
can learn to add entire numbers in this fashion should be encouraged 
to gain such facility. (The counterpart of this ability in reading is to 
be able to tell what is in a paragraph at a glance. We would like 
children to be able to read that well. Why not want them to compute 
that well?) 

The next quickest way to add such 2-digit numbers is to think, 
“20 and 60 are 80 and 12 are 92.” (In reading, this ability is similar, 
perhaps, to reading a sentence or two at a glance.) Those who are 
able to learn to compute in this fashion should be encouraged to do so. 

Thinking in such terms as “24 and 68 are 92,” or “20 and 60 are 80 
and 12 are 92” is computing in thought units just as reading whole 
paragraphs or sentences at a glance is reading in thought units. 

Adding columns beginning with the right-hand column is not com- 
puting in thought units. Adding 24 and 68 by thinking: “4 and 8 
are 12, write 2; 1 and 2 are 3 and 6 are 9, write 9,” is tantamount 
to reading a series of syllables. The answer, 92, remains meaningless 
unless the computer sees it and recognizes it, not as the numbers 
2 and 9, which are the actual numbers he wrote, but as ninety-two. 

The introduction of column addition at this point is not, therefore, 
' for the purpose of helping the child add two 2-digit numbers. Rather, 
it is for the purpose of providing him with a technique for computing 
all multiple-column additions, no matter how many numbers there 
may be or how many digits the numbers may have. 

By having right-to-left column addition evolve naturally out of 
left-to-right addition, the former can be recognized as a technique 
not inconsistent with meaningful and efficient computation. Further- 
more, by having the child gain the habits of (1) visualizing actual 
situations that the computations could represent, (2) estimating the 
answers, and (3) comparing the exact answers with the estimated 
answers, the specific techniques by which the exact answers are de- 
termined are not allowed to assume undue significance. 
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i It is while the children are learning the technique of column addi- 
tion that the question of the addition of 0 arises. By adding from 
left to right the children know that 43 and 20 are 63. When adding 
43 and 20 by columns, the 6 in 63 can be obtained by adding 4 and 2, 
and the 3 can be obtained by adding 3 and 0. 

If special practice in adding zeros is necessary, the child can make 
67 30 
Up a series of additions like + 40 and + 82. Since the only time 0 
1s added to a number is when the 0 is one of the digits of a number, 
there is no necessity for children to practice adding such expressions 
4 0 
as + 0 and + 8. 
Step 21. Adding a 1-digitand a 2-digit number whose sum exceeds 20. 
SAMPLES: 19+3= 77 
+5 

_ When adding 3 numbers, such as 8 and 5 and 9, there ate 2 addi- 
tions that must be performed mentally—8 and 5, and 13 and 9. At 
this stage of the child’s progress he has learned to perform all the 
first kind of combinations with facility, but not all the second. 
Practice on Steps 14 and 15 gave the child facility in adding 2-digit 
and 1-digit numbers whose sums do not exceed 20. He is now ready 
to learn to add mentally 2-digit and 1-digit numbers whose sums do 


exceed 20. 
The children are encouraged to discover for themselves what the 


answers are to such combinations as 14 + 8 and + 5. One child 

Might use objects, another might count: 14, 15, 16, 17, 18, 19, 20, 

21, 22. Some children might use an addition table. Some might take 
19 

a cue from previous experience and, for + 5, for example, think: 

“10 and 14 are 24”; or “14 and 10 are 24”; or “9 and 5 are 14, 

and 1 are 2.” 

No matter what method the child uses to discover the answers, he 
Should be encouraged to work out a short-cut approach to save time. 
He should, with sufficient practice, be able to give the answers to this 
type of computation with considerable facility. 


Step 22. Adding three or four 1-digit numbers whose sum exceeds 
20. 
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SAMPLES: 


NOG 
iw) 


19 
When children are encouraged to think of short cuts in obtaining 
answers to long column additions, some think of the trick of combin- 
6 


ə 


4 
ing pairs of numbers that make 10. In adding + 8, for example, 
think, “10 and 13 are 23” (6 + 4 and 5 + 8). Another trick is to 
combine 2 numbers at a time in sequence and add their totals. For 
example, think, “11 and 12 are 23” (6 + 5 and 4 + 8). 


Step 28. Adding 3 numbers: One a multiple of 100, one a multiple 
of 10, and one a 1-digit number. 


SAMPLEs: 100 + 20+ 4 = 200 
60 
+ 9 


This step is similar to Step 17 and is included to help children 
recognize by themselves that a 3-digit number is composed of a num- 
ber of hundreds, a number of tens, and a number of ones. By having 
children read and write these computations both horizontally and 


vertically they soon discover that a number like 745, for example, is 
the same as 700 and 40 and 5. 


Step 24. Adding 2 numbers: One a multiple of 100 and the other 
a 1-digit number or a 2-digit number. 


SAMPLEs: 100+ 5 = 400 
+16 


The child may have no difficulty telling what the answer to 100 
and 5 are. The difficulty is found in the symbolism. Practice in read- 
ing and writing this type of computation should give the child further 
insight into the nature of our system of number notation. 

Sooner or later some children will begin to formulate rules con- 
cerning ones, tens, and hundreds places. 


Step 25. Adding 2 numbers: One a 3-digit number with 0 in the 
ones place and the other a 1-digit or 2-digit number. 


Learning to Add Whole Numbers 95 


SaMpLEs: 120 + 8 = 640 
+10 
There are some additions of 2-digit numbers that require such 
intermediary additions as 120 + 8 and 140 + 12. Some children are 
saved from confusion if they acquire facility with this type of addi- 
tion, then, before attempting certain types of 2-digit addition. 


53 
Adding + 75 from left to right, the child adds 50 and 70 to get 
120, then 3 and 5 to get 8. 120 and 8 are 128. 


87 
Likewise, with + 65, 80 and 60 are 140, and 7 and 5 are 12. 
140 and 12 are 152. 
In Steps 19 and 20 the types of 2-digit numbers that the children 
learned to add were restricted. Now they can add any 2-digit number. 
Of course, computing from left to right in the above manner would 
not be helpful to the child who is capable of learning to add only 
mechanically ones to ones and tens to tens. 


Step 26. Adding three or four 2-digit numbers. 


SAMPLES: 23 85 
87 47 
+65 6 


The quickest and best way to add several 2-digit numbers is to add 
entire number with entire number, not to break the numbers up and 
add parts of them at a time. For example, 28 + 36 + 42 + 75 + 93 
Would be best added like this: 28, 64, 106, 181, 274. With practice, 
Some children might be capable of acquiring facility in adding whole 
numbers in this manner. However, most children would fail to see 
that the acquisition of this facility is worth the necessary practice, 
even if they were capable of acquiring such facility. The technique 
column addition should be learned by these children, as indeed 

y all. 

Before computing to find the exact answers, as usual the children 
Should estimate the answers. When estimating 43 + 78 the child 
thinks, “40 and 80 are 120.” Using this same technique, estimating 

43 


78 
59 
+22 would go like this: “40 and 80 are 120 and 60 are 180 and 
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20 are 200.” Adding mentally 4 higher decade combinations may 
prove too difficult for most children. Through discussion, the teacher 
can lead some of the children to discover for themselves an easier 
way to arrive at the estimated answer of 200. Other children will 
have to be shown. An easier method that children can understand 
is this: Add the left-hand column in this manner: 4 and 8 are 12 
and 6 are 18 and 2 are 20. Place a 0 for the right-hand column and 
the estimated answer is 200. 


Step 27. Rounding off 3-digit numbers to the nearest hundred. 
SAMPLES: 139 — 100 287 — 300 


Opportunities for observing objects numbering in the hundreds do 
not occur very frequently within the classroom. However, if the school 
has an enrollment of about 500 and the auditorium can accommodate 
the entire school, then each child can have frequent contacts with 
objects numbering 500. Moreover, teacher and children together can 


Fig. 13. ". . . if the school has an enrollment of about 500 and the auditorium 


can accommodate the entire school, then each child can have frequent contacts wit 
objects numbering 500.” 
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be on the alert to discover groupings of different objects numbering 
in the hundreds. Each child should have, for example, mental images 
of 100, 200, 500, and 1000 objects. Of course, some children will gain 
clearer concepts of, say, 700 things than will others. Some children 
may readily learn to differentiate between 800 and 1000 objects, 
while other children may find difficulty in differentiating between 
500 and 1000. 

In the same way that the rounding off of 2-digit numbers was 
learned and practiced, 3-digit numbers will now be rounded off. 

Is 139 nearer 100 or 200? Is 664 nearer 600 or 700? After the 
children understand how to call the number to the nearest hundred 
they are ready for practice. Sufficient practice should be provided 
so that the child will think automatically of the nearest hundred 
when he encounters a 3-digit number. 

Many children will be able to learn quickly and gain satisfaction 
from rounding off 3-digit numbers to the nearest ten. For example, 
148 becomes 150, 508 becomes 510, 584 becomes 580. Such facility 
18 especially necessary if the child is to be able to compute rapidly 
3-digit additions to the nearest ten. 


Step 28. Adding two or more 3-digit numbers. (Step 12. Subt.) 


Samptus;: 943 527 
2S 


The technique used in estimating the answers to the addition of 
2-digit numbers can be used in estimating the answers to the addi- 


tion of 3-digit numbers. 


311 Adding the rounded off numbers we haye: 3 and 8 
795 are 11 and 4 are 15 and 5 are 20 and 5 are 25. The 
He answer is about 2500. 

rid Tf we wish to estimate the answer to tens, we add 


E547 [2500] the second column rounded off and then add the 
left-hand column: 1 and 9 are 10 and 8 are 18 and 4 are 22 and 5 
are 27, Carrying the 2, we have 2 and 3 are 5 and 7 are 12 and 3 
are 15 and 5 are 20 and 5 are 25. The estimated answer is 2570. 
Perhaps it should be pointed out here that there is a difference 
etween estimating the answer to hundreds (or tens) and finding the 
Answer to the nearest hundred (or ten). In the above addition the 
estimated answers are: To hundreds—2500, to tens—2570. The an- 
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swer computed to the nearest hundred is 2600, to the nearest ten 
is 2570. 

Some children could profit from a discussion of the distinction 
between the 2 types of results. The estimated answer is arrived at 
from computing rounded off numbers. On the other hand, to arrive 
at the answer to the nearest hundred the computation must be exact 
to the nearest ten. The result is then rounded off to the nearest 
hundred. If the answer is desired to the nearest ten, the computation 
must be exact to the nearest one. The result is then rounded off to 
the nearest ten. 

After the child compares the exact answer, 2567, with the estimated 
answer, 2500, he sees that an approximate answer of 2600 would have 
been nearer to the exact answer than 2500. He might ask himself (or 
the teacher in a group discussion might raise the question), Why was 
my estimation 2500 instead of 2600? An examination of the original 
numbers reveals that 3 numbers were rounded off to less than they 
are and 2 were rounded off to more. Also, 2 of the 3 that were reduced 
by rounding off-are nearer to 550 than 500, and were therefore re- 
duced considerably. 

By becoming more and more aware of how much each number is 
increased or decreased by rounding off, the child gains greater effi- 
ciency in arriving at close approximations. For example, estimating 

423 

335 

647 
+ 319 in the literal manner, we add 4 and 3 and 6 and 3, giv- 
ing us 1600. But here every number is reduced, so 1600 must be 
too low. Perhaps, in this case, since we reduce two—4 and 3—We 
should increase at least one of the other two—7 and 3—giving us 
1700 instead of 1600. 


461 

363 

420 | 

Another example, + 582, is a different type. The literal method iS 

to add 5 and 4 and 4 and 6 to get 1900. However, the alert computor 
notices that by increasing both 461 and 363 the estimated answer iS 
increased by about 80, which increase is not offset by changing 420 
to 400 and 582 to 600. Therefore, since 461 is made 500, 363 should 
be made 300. The approximated answer then becomes 1800 instead 
of 1900, which is nearer to the exact answer of 1826. 
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Children can find satisfaction in arriving at estimated answers that 
are close to the exact answers. In fact, they can make up additions 
for each other, using numbers that, when rounded off in the literal 
fashion, produce estimated answers not very close to the exact an- 
swers. By challenging each other this way, they are increasing their 
understanding of the number system and are gaining greater facility 
in computing with meaning and efficiency. 

The easiest way to arrive at the exact answers in multiple-column 
addition is, as has been pointed out earlier, to start with the right 
hand column and move leftward column by column, “carrying” when 
necessary. Most children possess a degree of ability required to learn 
this method. The best and quickest, though more difficult, way to 
arrive at exact answers, however, is by adding the numbers whole. 
Not many children, however, are able to learn to do this. 

Step 29. Rounding off dollars and cents (less than $10) to the 
nearest dollar. 

SAMPLES: $9.43 — $9.00 $8.75 — $9.00 


Many occasions in everyday life call for a quick estimate in round 
figures of costs, incomes, expenditures, and so forth. Children could 
profit from practice in rounding off dollars and cents to the nearest 
dollar. 

Step 30. Addition of dollars and cents; each amount under $10. 
(Step 13. Subt.) 


SamrLEsS: $4.98 $4.23 
3.48 ‘98 

5.09 

+ 7.20 


The children can practice estimating these answers orally by add- 
ing mentally each amount rounded off to the nearest dollar. 

The cents points are kept in a straight vertical line to help the eyes. 
Move up and down when the columns are being added. 


Step 31. Rounding off 4-digit numbers to the nearest thousand. 
Sampues: 6093 — 6000 8903 — 9000 


It is difficult to gain clear concepts of quantities in the thousands. 
It is true that people who frequent sports events can acquire facility 
in estimating the number of spectators in attendance. The Yale Bowl, 
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for example, seats about 70,000 spectators. If the Bow] is about half 
full, one can easily estimate the attendance at about 35,000. Those 
35,000 people, however, may not look like the same number as the 
35,000 people that fill Columbia’s Baker Field. 

It is a challenge to both teacher and children to explore the environ- 
ment for objects grouped in the thousands. 

Many children can profit from practice in rounding off 4-digit 
numbers to thousands, hundreds, and tens. 6093 thus is rounded off 
to 6000, 6100, 6090. 8539 is rounded off: 9000, 8500, 8540. 

While rounding off numbers the children’s attention is focused upon 
reading numbers from left to right. They also are led to discover that 
the most significant digit of a number is the one farthest to the left. 
The next significant digit is the second from the left. The least signifi- 
cant is the one on the extreme right. 

Rounding off numbers helps many children to discover the place 
value of our number notation. 


Step 82. Addition of 4-digit numbers. (Step 12. Subt.) 


SAMPLES: 4948 5594 
+ 5689 6872 

2034 

+ 758 


In estimating such computations, an approximate answer can be 
obtained to thousands, hundreds, or tens, depending upon how exact 
the answer should be for the computor’s purposes. 

Not all children should be expected to gain facility in estimating 
these additions to tens or hundreds. Most children can, however, 
learn to estimate them to thousands. 

Discussions should be held occasionally concerning errors in com- 
putation. An interesting aspect of the question of errors that might 
be discovered by some children is this: Some errors are relatively 
important while others are relatively unimportant. The exact answer 
to an addition, for example, may be 28,624. One child obtains 28,623 
as the answer and another obtains 38,624. In each case there is a 
mistake in only 1 digit. The important question, however, in this 
case, as well as in others, is, Which digit is incorrect? Is the answer 
wrong by 10,000, 1,000, 100, 10, or 1? 


Step 33. Rounding off dollars and cents (less than $100) to the 
nearest tens of dollars. 
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SAMPLES: $81.08 — $80.00 $37.75 — $40.00 

In addition to rounding off these amounts to the nearest multiple - 
of 10, some children might profit from practicing rounding them off 
to the nearest dollar. 

Step 34. Addition of dollars and cents; each amount under $100. 
(Step 13. Subt.) 


Sampius: $27.02 $75.49 
+ 32.45 10.63 
+ 16.58 


Reading and writing the symbolism for dollars and cents in the 
lower grades not only help the child with his own monetary problems 
and interests, but they familiarize him with the decimal point. 


7 


Learning to Subtract Whole 
Numbers 


WHAT IS SUBTRACTION? 

“T had 6 cookies and gave 2 away. How many do I have left?” 

“T have 16¢. The price of the tickets is 25¢. How much money 
must I earn so that I can go to the show?” 

“Our team scored 7 runs. Our opponents scored 9. We lost by 
how much?” 

“I weigh 90 pounds. My younger sister weighs 78. How much more 
do I weigh than she?” 

“I am 8 years, 3 months old, and my brother is 6 years, 4 months 
old. What is the difference in our ages?” 

“The temperature yesterday was 16°. Today it is 12°. How many 
degrees did the temperature drop?” 

These are situations, conditions, and questions that arise in the 
lives of 7- or 8-year-olds. They are questions, moreover, that the 
7- or 8-year-old can answer without having to perform the arith- 
metical operation of subtraction. The child can count, either forward 
or backward, and his questions are answered. Why learn subtraction, 
then, if counting will suffice? Just as addition is a short cut, a tele- 
scoped version of counting, so is subtraction. As we learned addition 
combinations for the purpose of saving time, so now we learn sub- 
traction combinations in order to save time. 

An examination of the above situations reveals that the mathe- 
matical operation of subtraction can apply to different kinds © 
conditions and answer different kinds of questions. How many are 
left, how much more do I need, by how much did we lose, how much 
heavier am I, what is the difference in our ages, and what is the 
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decrease in temperature, are the questions asked. They can all be 
reduced, however, to 3 fundamentally different mathematical con- 
cepts: 


(1) How much is left when I take one number from another?- 


(8-—6=2) 
(2) How much must I add to one number to make another number? 
6 +?=8) 


(3) How much must I take away from one number to make another? 
8 —? = 6) 


There is disagreement as to the method of subtraction that children 
should be taught first. Some teachers advocate the take away method, 
Whereas others advocate the Austrian or additive method. The posi- 
tion taken here, to be consistent, must be that no one method be 
taught. The actual situation determines the nature of the subtraction. 
To have meaning, the child must visualize what is happening. I am 
taking 6 crayons out of a box of 8, leaving 2; or, I have 6 crayons 
and want 8, so I will need 2 more; or, I have 8 crayons and want 
only 6, so I can put 2 back. 

The teacher and children become alert to the many situations 
throughout the day that require one or another of the 3 types of 
Subtraction. To supplement actual everyday situations the teacher 
Provides practice with blocks or other objects. The materials used 
for recognizing the number of objects in a group and in building 
addition combinations are used in developing the subtraction com- 
binations, 

Many children can acquire subtra 
that they are acquiring concepts of a 
three blocks and two blocks are five blocks, 
the concept, three blocks and how many 
also be acquired. Some children, on the 
Wait until the addition combinations are pretty well learned before 


being introduced to systematic instruction in subtraction. The teacher 


is alert to discover when each child is ready to develop subtraction 


Concepts. 

By the use of the objects the children practice getting answers to 
Such questions as, “How many blocks are left when I take three away 
from five?” “How many blocks must I remove from these five in 


ction concepts at the same time 
ddition. While the combination, 
is being learned, for example, 
blocks are five blocks? can 
other hand, may have to 


, 
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order to have three left?” “I have three blocks and want five, so 
how many more do I need?” 

Having gained an understanding of the meaning of subtraction 
through many everyday experiences and through the use of objects, 
and having learned some of the subtraction combinations in the 
process, the child is ready to learn how to write subtraction combina- 
tions using arithmetical symbols. 

The following sentence is written on the board expressing a sub- 
traction transaction: From seven blocks take away three blocks leaving 
four blocks. 

In the same way that the addition sentences were written with 
shorthand symbols (see pages 75-76), the subtraction sentence 1s 
written in the following shorthand forms: 

From 7 blocks take away 3 blocks leaving 4 blocks. 

7 blocks — 3 blocks = 4 blocks. 

7 — 8 = 4. (This is read, “From seven take away three leaving 
four.”) 


The 7 — 3 = 4 shorthand statement might also be derived in the 
following way: 

Seven blocks take away three blocks are four blocks. 

7 blocks — 8 blocks = 4 blocks. 

7 — 8 = 4. (This is read, “Seven take away three are four.’’) 

The “take away” type of subtraction is used in introducing the 
writing of subtraction combinations because the symbols can be read 
from left to right. However, the children should learn sooner or later 
that this horizontal form, 7 — 3 = 4, could mean not only, “Take 
three objects from seven objects and you have four objects left.” It 
could mean also, “I want seven objects and have three objects, 8° I 
need four objects more,” and “I have seven objects and wish to keeP 


three objects, so I must get rid of four objects.” 4 


Just as the children learned that 4 + 3 = 7 can be written +3 


a 
now they learn that 7 — 3 = 4 can be written — 3. 


4 : 
As can be seen, laying the foundation for subtracting with meaning 
and efficiency follows the same general pattern used for laying the 
foundation for adding with meaning and efficiency. 
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Just as the children devised their own addition tables they now 
are ready to make up their own subtraction tables. 
Two such tables are: 


2 3 11 
= Ei =H 
1 2 ~ 10 
3 4 12 
=2 =2 : ee 
1 2 10 
11 12 20 
= 10 — 10 — 10 
and i 2 ag 
2=—1=1 Z3-1=2 4-1=3 
3-—2=1 4-2=2 
4—-3=1 
and so on. 


sed in the same way as, and 
his addition table has been 
iscussions concerning which 


eae child’s subtraction table can be u 
r purposes similar to, those for which 
used. Teacher and children can hold d 

subtraction combinations should be included in the tables and which 
should be memorized. This question might be answered by having 
each child compare his subtraction table with his addition table. It 
1S recommended here that the combinations included in the subtrac- 
pon table should correspond with those in the addition table and that 
he subtraction combinations memorized should correspond with the 


pear only one kind of situation. That 
i hings with 5 things. The child has n 
ransaction. 

An out-of-context subtraction combination, on the other hand, 
offers complications. 7 — 5 = 3 for example, can represent any one 
g 3 kinds of situations. Which kind of situation will the child visual- 
ize? In other words, will the child think: “7 take away 5 are what?” 
a “5 and what are 7?” or, “Take what from 7 to leave 5?” Some 
ater find it easier to visualize and think in terms of the first 

ituation. Others find it easier to visualize and think in terms of the 


o difficulty in visualizing this 
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second. Only a very few children would think in terms of the third 
kind of situation because it occurs in their lives much less frequently 
than the first 2. 

The teacher should not insist that all children think in the same 
way. On the contrary, the teacher should help each child decide 
whether it is easier to think in terms of “taking away” or “adding 
to,” when he practices out-of-context subtraction. 


STEPS IN THE SUBTRACTION OF WHOLE NUMBERS 
(The reader is referred to pages 65-67 for a discussion of the 
interpretation and use of the following sequence of computational 
steps.) 


Step 1. Subtracting the 28 combinations whose minuends do not 
exceed 8. (See Step 9 of Addition, page 83.) 


Step 2. Subtracting the 21 combinations whose minuends are 9, 10, 
and 11 and whose subtrahends and differences do not exceed 8. (Step 
10. Add.) 


Step 8. Subtracting the 23 combinations not included in Step 2 
whose minuends are 10, 11, 12, and 13 and whose subtrahends and 
differences do not exceed 10. (Step 11. Add.) 


Step 4. Subtracting the 28 combinations whose minuends are 14, 
15, 16, 17, 18, 19, and 20 and whose subtrahends and differences do 
not exceed 10. (Step 12. Add.) 

The subtraction combinations in each of the above groups can be 
derived, learned, and practiced in connection with their correspond- 
ing addition combinations. / 

Step 5. Subtracting the 100 basic combinations. (Step 13. Add.) 

Some children may profit from occasional oral practice giving the 
answers to the subtraction combinations arranged in random order. 


Step 6. Subtracting the 90 combinations whose minuends range 
from 10 to 20 and whose subtrahends range from 1 to 19 with answers 
no larger than 10. (Step 14. Add.) 

SAMPLES: 18 — 16 = 20 
= 12 


Oral practice is for those children who are capable of gaining facility 
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in subtracting larger numbers mentally. Only those children who have 
already learned the addition combinations in Addition, Step 14, 
should be expected to learn these subtraction combinations. 
x ae 7. Subtracting the higher decade combinations. (Step 16. 
d.) 
SAMPLES: 80 — 30 = 180 
— 90 

i After the child has learned the basic addition and subtraction com- 
binations and the higher decade addition combinations (40 + 30, 
70 + 80, and so forth), he is ready to learn the higher decade sub- 
traction combinations. Whether in his practice he thinks, “10 from 
30 are 20,” or “10 and 20 are 30,” he practices orally on these sub- 
traction combinations. 

Step 8. Subtracting 2-digit numbers with the digits in the subtra- 
pend not larger than the respective digits in the minuend. (Step 19. 

dd.) ? 


Samptus: 42 88 
— 30 — 12 


Learning to estimate the answers of 2-digit subtractions comes after 
the child has learned to estimate the answers of two 2-digit additions. 
In the subtraction, 87 — 20, for example, the child thinks: “20 from 
90. The answer is about 70.” For 53 — 31, he thinks: “30 from 50. 
The answer is about 20.” 

While engaged in telling the approximate answers to these sub- 
tractions, some children discover a technique for telling the exact 
answers as readily as, or more readily than, the approximate answers. 
These children should be encouraged to gain facility in getting the 
exact answers mentally to this type of subtraction. 

The teacher does not tell the children how to obtain the exact 
answers. Each child is cncouraged to work out his own method. For 
the child who might have difficulty in thinking up a method by 


himself, the teacher could suggest these: For 87 — 20, think “20 
53 


and 60 are 80; 80 and 7 are 87. The answer is 67.” For — 31, think, 
31 and 20 are 51; 51 and 2 are 53; 20 and 2 are 22.7 
After this procedure is understood and the child has gained some 
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facility with this technique, the teacher may suggest another; that is, 
if the child has not already discovered it for himself. “30 and 20 
are 50; 1 and 2 are 3; 22.” Or, “30 from 50 are 20; 1 from 3 are 2; 22.” 
Then, beginning at the right: “1 from 3 are 2; 30 from 50 are 20; 22.” 
and, again from the right: “1 from 3 are 2; 3 from 5 are 2; 22.” 

It must be kept in mind that the meaningful computation here, as 
well as in addition, is from left to right. The right-to-left. technique 
might be considered a “trick” that makes it easier for the child with 
little computational ability to perform two-column subtractions. The 
more capable computors should be introduced to this “trick,” how- 
ever, because they may wish to use it in multiple-digit subtractions. 
But, for this type of 2-digit subtraction, they do not need to use the 


right-to-left technique. They can and should learn to subtract whole 
number from whole number. 


Step 9. Subtracting a 1-digit number from a smaller number. 

SAMPLES: 2 4 
=e —9 

There are many situations in which it is necessary to take a big 
number from a little number. It is not being realistic, then, to teach 
children that this cannot be done. 

Instructing a small group the teacher can begin by saying, “Here 
we have 4 pencils and we want each of you 7 children to have one. 
So we must take 7 from 4.” The reaction, of course, is that we cannot 
take all 7 from 4. We can take only 4 and then be short 3. Similar 
situations can be discussed, such as, “We have 5 books for 7 people. 
By taking 7 from 5 we will be short 2 books.” 

If this step is being considered during the w 
be occasions when in some parts of the country temperatures are low 
and are dropping. For example, the temperature in a northern city 


on one day may be 2°. During the night the temperature may drop 
5 degrees. What is the new temperature? 


Other kinds of situations can 


inter season, there will 


i ! be discussed, such as certain games 
in which the score involves “going in the hole,” being penalized by 
haying points deducted, getting “minus” scores, and so forth. 

Once such concepts as being short a certain amount, below zero 
temperatures, and “minus” scores are understood, the children can 
express these kinds of situations with arithmetical symbols. 
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4 pencils 2° 6 points 
— 7 pencils =o — 8 points 
— 3 pencils -3° — 2 points 
(short 3 pencils) (3 below zero) (2 points in the hole, 
or a score of minus 2) 
4 2 6 
Without the nouns these expressions appear: =, = 5, =. 


After the children can read, write, and understand such out-of- 
context expressions as the above, they are ready to practice to gain 
facility in giving answers. 

Step 10. Subtracting a 1-digit number from a multiple of 10. 
SAMPLES: 30 40 

—4 =1 

Most children can discover by themselves a technique of arriving 
at answers to this type of subtraction. For those who need help, 
building the following kind of “tables” can lead to an understanding 
of the process and a quick method of arriving at answers. 


10 20 90 
el cael . =i 
9 19 89 

10 20 90 

8 18 88 

10 20 90 
= = . . . ee 
6 16 86 


a 2-digit number with the number of ones in 


Step 11. Subtracting l í 
number of ones in the minuend. 


the subtrahend larger than the 
(Step 20. Add.) 


SAMPLES: 92 60 


— 38 — 48 

“The children need 92 chairs altogether for themselves and their 
guests. They already have 43, How many more must they get?” 
They estimate that they need about 50. As on other occasions, each 
child is encouraged to find the exact amount in his own way. 
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92 One child might reason: “I estimated that we need 50 
= 48 [50] more chairs. 43 and 50 are 93. That is 1 too many, so 
we shall need 49 more.” Another child might reason in this manner: 
“43 and 40 are 83; 83 and 9 are 92. 40 and 9 are 49.” 

Many children will use the left-to-right technique that they learned 
in Step 8. “40 from 90 are 50; 3 from 2 is —1; 50 minus 1 is 49.” 


92 If a child cannot hold all of these numbers in his head, 
z= 43 [50] he can use the written form shown. 

50 In Step 8 the children learned a right-to-left technique 
T of subtracting certain kinds of 2-digit numbers. Now 

49 they can be challenged to discover a right-to-left method 


of subtracting this new kind. If a child cannot by himself arrive at 
either the “borrowing” or “carrying” technique the teacher can intro- 
duce them to the child somewhat as follows: 


(1) The “carrying” technique. Begin by discussing the relationship 
between addition and subtraction. It can be recalled that, to verify 
the answer to a subtraction, you can add the answer to the number 
taken away to get the original number (difference + subtrahend 
= minuend). 

60 

To verify 9 — 5 = 4, think, “5 and 4 are 9.” To verify — 20, 

4 40 


87 
think, “20 and 40 are 60.” To verify — 34, think, “4 and 3 are 7; 
53 
3 and 5 are 8.” 
After thus reviewing how answers to subtractions can be verified, 
the children are asked to perform the accompanying subtraction in 
the left-to-right manner that they know. 


To verify the answer, 58 and 34 are to be added to 


92 get 92. If necessary, these numbers can be written as an 
= 58 [30] 58 

D addition: + 34. The children add: “8 and 4 are 12; 
Bea 92 

34 92 


6 and 3 are 9.” The subtraction is then written — 3, and the chil- 


dren again add: “8 and 4 are 12; 6 and 3 are 9.” 
Adding the subtrahend and difference right to left in the above 
manner can be repeated until the children are thoroughly familiar 
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84 
with it. For = = they say, “8 and 6 are 14; 7 and 1 are 8.” 
Next, the teacher covers the answer to a subtraction so that the 
children cannot see it. He then asks them to determine what the 
concealed answer is by supplying the number that must be added 


to the subtrahend to make the minuend. For — 5 the children say, 
87 
“5 and 4 are 9.” For — 34 they say, “4 and 3 are 7; 3 and 4 are 8.” 
Bt 80 

For — 68 they say, “8 and 6 are 14; 7 and 1 are 8.” For — 34 they 
say, “4 and 6 are 10; 4 and 4 are 8.” 

Although many third-graders can learn the “additive-carrying” 
right-to-left technique in the above manner quite readily, the follow- 


ing reasoning appeals to only a few: 


8 
In the subtraction, — 2, add 10 to the 8 and 10 to the 2 and the 


18 we AA 
answer to — 12 is the same as the answer to — 2. Likewise, if you 
add 10, or any number, to both numbers of any subtraction, the 


answer remains the same. 


84 s4+10=9= 804+ 14 
— 38 38 + 10 = 48 = — 40 — 8 
46 40+ 6 


Some children can be helped to 
“borrowing” technique. They 
onships among the numbers 


(2) The “borrowing” technique. 
make the discovery themselves of the : 
are asked to examine closely the relati 
in such subtractions as the following. 


84 53 
— 46 = 27 
38 26 
‘After some thought the children might make this discovery: In 


84 
— 46 one way that the 8 in the answer can be 


the computation 
the 4 as 14, because 6 from 14 are 8. Also, 


explained is to think of ise € 
cake the be explained by thinking of the 4 in 46 as 5, 


the 3 in the answer can 
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or the 8 in 84 as 7. Since the numbers in all such subtractions are 
found to behave in the same way, the children have made a signifi- 
cant discovery. 

If a child cannot arrive at the above generalization he can be intro- 
duced to the following sequence. Each step in this sequence should 
be understood and then practiced. Suppose the out-of-context sub- 


86 

traction is — 39. 

(a) 86 
— 39 [50] Think: “40 from 90 are 50.” 

(b) 86= 70and 16 Think: “86 is made up of 70 and 16; 
— 39 = —30and —9 39 is made up of 30 and 9.” 

(c) 86 = 70and 16 Think: “30 from 70 are 40; 9 from 16 
— 89 = —30and —9 are 7347.2 


47 40 7 


(d) 86= i6and 70 Think: “9 from 16 are 7; 30 from 70 
=39= —9and — 30 are 40; 47.” 
47 7 40 
(e) 86 Think: “9 from 16; write 7; 3 from 7; 
= ao write 4; 47.” 
7 


The right-to-left “take away-borrowing” technique of subtraction 
is thus evolved from the left-to-right method. It should be observed 
that in developing this subtraction technique nothing has been said 
about ones or tens, or about “borrowing.” Also, the faulty practice 
of having children say, “9 from 6 I cannot take, so I go to my next- 
door neighbor and borrow,” and so forth, does not have to be re- 
sorted to. In fact, the children know that they can take 9 from 6. 
The answer is —3. 

Some children immediately understand the “take away-borrowing”’ 
method, others find the “additive-carrying” method more meaningful. 
The particular technique or “trick” used is not of paramount impor- 
tance, except that it should be the best for the individual. The teacher, 
therefore, should help each child find the technique that is best for 
him. It must be remembered, however, that the quickest and best 
method, although the most difficult, is to glance at the subtraction 


and know the answer by subtracting entire number from entire 
number. 
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Step 12. Subtracting 3- or 4-digit numbers. (Steps 28 and 32. Add.) 


SAMPLES: 900 4010 
— 309 — 1034 


Only after the child has learned to round off and add 3-digit num- 
bers and round off and add 4-digit numbers is he ready to estimate 


the answers to 3- or 4-digit subtractions. 
4011 


aises different kinds of questions. For — 1583, 

m 4000? Thinking 1500 from 4000 would be 

686 

better if we can do it. For — 348, 
5403 

400 from 700? For — 2694 should we say 3000 from 5000, 2000 from 

ll group discussions of such questions 


5000, or 3000 from 6000? Sma 
should prove profitable for many children in about the fourth or fifth 


grade. 

Many children who use the “borrowing” technique in arriving at 
exact answers to 3- or more digit subtractions sometimes find diffi- 
culty when there are 0’s in the minuend. On the other hand, those 


children who use the “carrying” technique very seldom are bothered 
by these 0’s. 


The right-to-left “borrowing 
numbers was introduced in the following manner: 


Estimating answers r: 
should we say 2000 fro 


should we say 300 from 700 or 


» technique for subtracting 2-digit 


50 = 40 and 10 

So p= and —3 

oT = 20 and 7 
Applying this same procedure to 3-digit numbers we have: 
500 = 400 and 90 and 10 
— 234 = — 200 and — 30 and —4 
266 = 200 and 60 and 6 


With 4-digit numbers the procedure is as follows: 


and 900 and 90 and 10 


5000 = 4000 
— 2345 = — 2000 and — 300 and — 40 and: . =) 
2655 = 2000 and 600 and 50 and 5 


A short-cut way of computing with this technique is: 


114 Learning to Subtract Whole Numbers 


4 9 9 10 
5 9 g ø 
z? 3 4 5 
2 6 5 5 


When the right-to-left “carrying” technique is used for the above, 
the thinking processes follow this pattern: 5 and 5 are 10; 5 and 5 
are 10; 4 and 6 are 10; 3 and 2 are 5. 


Step 13. Subtracting dollars and cents. (Steps 30 and 34. Add.) 


SAMPLES: $7.25 $52.30 
— 98 — 41.65 


Just as facility was acquired in obtaining approximate and exact 
answers to dollar-and-cent additions, facility should now be acquired 
in obtaining approximate and exact answers to dollar-and-cent sub- 
tractions. : 


8 


Learning to Multiply Whole 
Numbers 


WHAT IS MULTIPLICATION? 

“Six children will be at the party and each will be given 2 cookies. 
How many cookies will be needed altogether?” 

“Since there are 9 people on a baseball team, how many people 
are needed if 2 full teams are to play?” 

“Tn each box there are 8 crayons. How many crayons are in the 
30 boxes in the cupboard?” 

“Rach of the 25 children in the room agreed to contribute 15 cents 
for a gift. What was the total amount contributed?” 

“We need 8 pieces of unbleached muslin each ł yard long. How 
much muslin should we buy?” 

Children frequently find themselves in situations where questions 
similar to those above occur. Moreover, they can answer these ques- 
tions, provided they know how to add. If 6 people have 2 cookies 
each, the child can add 2 + 2 + 24+2+2-+ 2. If 2 full baseball 
teams are playing, the child can add 9 + 9. Although it may be a 
tedious process, the child could determine how many crayons are in 
30 boxes by adding 8 + 8+ 8 and so forth, using 30 8’s. Likewise, 
15 cents can be written 25 times and added, and the amount of 
muslin needed could be determined by adding 2+34+4+24+ 


3444 24 3, However, children can be led to discover that there 
is a quicker way to combine equal groups or equal amounts than 
by addition. 

It has been learned already that adding is a quicker way than 
counting to determine the total number of objects in groups. Now it 
can be learned that certain kinds of addition can be accomplished 
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much more quickly by using the process called multiplication. When 
the groups to be combined are of the same size or contain the same 
number of items, multiplication can be used instead of addition. It 
is true that remembering that 7 objects combined with 6 objects are 
13 objects (7 + 6 = 13) takes much less time than counting the 13 
objects. It is also true that remembering that 7 groups of 6 objects 
in a group amounts to 42 objects altogether (7 X 6 = 42) requires a 
great deal less time than adding 6 +6 +6+6+6+6 + 6. 

The notion that multiplication consists only of combining equal 
groups or equal amounts is sufficient for the early elementary school 
child. As he grows older, however, he should become aware of another 
use of multiplication. Whereas taking 3 yard of cloth 8 times (8 X 3) 
is one concept, taking 3 of 8 yards of cloth is still another. Certainly, 
this second procedure is not “the combining of equal groups or equal 
amounts.” Yet, the process of multiplication is used when obtaining 
the result of 3 of 8 (2 X 8). This, then, is the new use of the multi- 
plication process that in time should be learned. 


DEVELOPING THE BASIC MULTIPLICATION COMBINATIONS 

Since multiplication is closely related to addition, the multiplica- 
tion process can first be introduced to the child as he is developing 
the basic addition combinations. (Step 1. See page 124.) When the 
child says, “2 boys and 2 boys are 4 boys,” the teacher can say, 
“Yes, two 2’s are 4.” When the child says, “3 blocks and 3 blocks 
are 6 blocks,” the teacher can say, “Yes, two 3’s are 6.” In this way 
the child can learn that 


two l’s are2 two 3’sare6 two 5’s are 10 two 7’s are 14 two 9’s are 18 
two 2’sare4 two 4’sare8 two 6’s are 12 two 8’s are 16 two 10’s are 20 


as he learns that 


landlare2 3and3are6 5and5are10 7and7arel4 Qand 9are18 
2and2are4 4and4are8 6and 6 are 12 8and 8are 16 10 and 10 are 20. 

An activity very closely related to that of combining two equal 
groups is the counting of objects by 2’s. Not only can time be saved 
by counting objects by 2’s, but the child gains great satisfaction from 
the mastery of another technique. 

It is generally accepted that the 81 combinations from 1 X 1 = 1 
to 9 X 9 = 81 are the “basic” ones. If the 19 combinations contain- 
ing 0 are included, there are 100 multiplication combinations. As with 
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the 100 basic addition combinations, however, it is recommended 
here that the 19 multiplication combinations containing 10 be sub- 
stituted for those containing 0. It is difficult for a child to visualize 
that taking 0 four times results in 0, or taking 4 no times ends with 
0. Taking 4 objects 10 times, or taking 10 objects 4 times, however, 
is readily understandable and easily learned. 

What is the best way for children to learn the 100 basic multiplica- 
tion combinations from 1 X 1 = 1 to 10 X 10 = 100? Formerly, it 
was believed that mere memorization of the multiplication tables was 
the best way. Memorizing, in order, the 1 table, then the 2, 3, 4, 
and so forth, did result in computing. It was, however, computing 
by rote. It did not necessarily result in computing with meaning. 
Meaning involves visualizing objects, relationships, and processes. 
Multiplying with meaning, then, involves visualizing a certain num- 
ber of objects (or a certain size, distance, or amount) repeated a 
certain number of times. Learning to multiply with meaning can 
follow the same general pattern as learning to add with meaning. 

Meaningful multiplication is based upon frequent contacts in every- 
day experience with pertinent concrete situations. The teacher and 
children become alert in recognizing situations where equal groupings 
are present. According to the maturity of the child and his develop- 
ing interests and abilities he becomes aware of objects grouped in 
2’s, 3's, 4’s, 5’s, 20’s, 50’s, 80’s, and so forth. This first-hand contact 
with real everyday conditions is supplemented by practice and experi- 
mentation with blocks, markers, or other representative materials. 

The children have already used blocks or other objects in building 
addition combinations and the related multiplication combinations 
involving the adding of 2 equal groups. These materials now are used 
systematically to develop multiplication combinations involving the 
combining of 3 or more equal groups. (Step 2. See page 124.) The 
teacher can use a procedure such as the following: 

(1) Give each child in the instructional group a collection of sev- 
eral blocks, or other representative objects. 

(2) Ask each child to take 2 of them and to divide them into equal 
groups. Some children may say they can make two groups with one 
in each group. The teacher can accept this response by saying, “Yes, 
there are two 1’s in 2.” However, some child might recognize that 
you cannot have a group with only 1 object in it, since, by definition, 
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a group is a collection of more than 1 thing. Instead of saying group, 
the word part can be used. When the equal “group” consists of 1 
object, the teacher might ask, “Can you divide the blocks into equal 
groups or parts?” 

(3) Next, the children take 3 blocks and see that the only way to 
divide this number of objects into equal groups or parts is to make 
3 parts with 1 block in each part. Three 1’s are 3. 

(4) With 4 blocks the children can make 4 1’s and also 2 2’s 
(2 groups with 2 in each group). 

(5) With 5 blocks 5 1’s can be made. 

(6) With 6 blocks the children discover that they can make, not 
only 6 1’s, but also 2 3’s and 3 2’s. 

(7) 7 1’s can be made with 7 blocks. 

(8) With 8 blocks 8 1’s, 4 Xs, and 2 4’s can be made. 

(9) 9 1’s and 3 3’s can be made with 9 blocks. 

(10) 10 1’s, 5 2’s, and 2 5’s can be made with 10 blocks. 

(11) 11 1’s can be made with 11 blocks. 

(12) With 12 blocks 12 1’s, 6 2’s, 4 3’s, 3 4’s, and 2 6’s can be 
made. 

Perhaps at this stage in the discovery of the multiplication com- 
binations the children might pause to consider how these combina- 
tions can be written so a record can be made of them. (Step 3. See 
page 124.) The teacher can first review with the children how the 
expression 4 + 3 = 7 was derived. (See page 80.) 

A discussion can follow concerning ways of expressing a multipli- 
cation combination in a complete sentence. Possibilities are: 

“Four blocks taken three times are twelve blocks.” 

“Three groups with four blocks in each group are twelve blocks.” 

“Twelve blocks can be put in three groups with four in a group.” 

Perhaps the following is as simple a sentence as any: 

“Three groups of four blocks are twelve blocks.” 


After it has been written on the board, the children can discuss a 
shorthand way of writing it, such as: 


“3 groups of 4 blocks are 12 blocks.” 


Since any kind of object can be grouped in this way, the name of 
the object can be omitted and supplied when needed. The expression 
then becomes: 
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“3 groups of 4 are 12.” 

This can be shortened to the expression already used by the teacher 
and children: 

“Three 4’s are 12,” or, “Three 4’s = 12.” 

The shortest way of all to write this sentence is: 

“3 X 4 = 12,” which is read, “Three 4’s are 12.” 

The children could with profit write several multiplication com- 
binations in this manner: 

Five groups of two pencils are ten pencils. 

5 groups of 2 pencils are 10 pencils. 

5 groups of 2 are 10. 

Five 2’s are 10. 

Five 2’s = 10. 

5X2= 10. 


2 
Since the vertical form of five 2’s (5 X 2) is X 5, the latter must 
be read from the bottom up. This may be confusing to some children, 
since they have been reading the addition combinations from the top 


down. If X 4 is to be read beginning at the top, the wording be- 
comes, “2 taken 5 times,” which means the same as “five 2’s.’’ 

At this stage of the child’s development the expressions, “5 times 
2,” or “2 multiplied by 5,” should not be used. They are technical 
terms and are not the kinds of words that call forth in the child’s 
mind things, relationships, and action. 

The child is now ready to record the multiplication combinations 
that he has learned from the manipulation of objects. (Step 4. See 
page 124.) Each child is asked to write on paper the combinations he 
remembers. If he wishes to use blocks to refresh his memory, he may 
do so. The teacher should observe the order in which each child 
records his combinations. Probably, at this stage, the children will 
use the organization that was followed when they developed the 
combinations with 12 objects. 
2x%1=2 3xX1=3 4X1=4 5X1=5 6xX1=6 

2X2=4 3X2=6 
2xX3=6 
and so on. 
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If the rest of the 2’s—2 X 7 = 14, 2 X 8 = 16, 2 X 9 = 18, and 
2 X 10 = 20—are added to the above and if 11 X1=11 and 
12 X 1 = 12 are deducted, there is a total of 25 multiplication com- 
binations already developed. (See Group A, page 122.) 

At this point the children can develop from objects the combina- 
tions whose products range from 13 to 24 (Step 5. See page 124), 
recording them as they proceed. (See Group B, page 123.) 


BUILDING THE TABLES 

A second method of developing the multiplication combinations 
with representative objects may now be learned. (Step 6. See page 
124.) Instead of starting with the total group, for example, 8 blocks, 
and separating them into smaller equal groups (8 1’s, 4 2’s, 2 4’s), 
the children now start with a small group of objects, such as 4 blocks, 
and combine this group of 4 with other groups of 4, building up 
different totals. The children record their findings in this manner: 


1xX4=4 
2X4=8 
3xX4= 12 
10 X 4 = 40 


In like manner, groups of 3 blocks can be combined, and also groups 
of 5 blocks, 6 blocks, 7 blocks, 8 blocks, 9 blocks, and 10 blocks. AS 
children work with the larger sized groups, however, they realize how 
awkward and impractical it is to manipulate large numbers of objects. 
Moreover, after building the 2, 3, and 4 tables from objects, some 
children may see the order and logic inherent in the tables and be 
able to develop the 5, 6, 7, 8, 9, and 10 tables without the use of 
objects and without instruction from the teacher. Some children, 
however, will need the skillful questioning and guidance of the teacher 
in order to discover some of the mathematical generalizations in- 
volved. 

The numbers in the first column of the table, telling how many 
groups there are, occur in sequence from 1 to 10. The numbers in 
the second column, indicating the number of objects in each group, 
remain constant. The numbers in the third column, giving the totals 
in the various groupings, begin with the number in the group and 
increase in sequence by that number. Being guided by these general- 
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izations the child can build, without the benefit of objects, any table. 

A third way to develop the multiplication combinations by means 
of objects could now be introduced. Instead of having the number of 
objects in each group remain constant with the number of groups 
varying, the number of groups can remain constant with the num- 
bers in each group varying. For example, the number of groups could 
be 3. First there could be 1 in each group—3 1’s; then there could 
be 2 in each group—3 2’s; then 3 3's; 3 4’s; and so forth. These com- 
binations the children would record as follows: 


3x1=3 
3xX2=6 
3xX3=9 
and so on. 


In the same manner that generalizations and relationships were 
discovered for the second type of table, they can be discovered for 
the third type. By applying these latter generalizations children can 
build, without using objects, other tables. 

By this time the children have had many first-hand contacts with 
equal sized groups of objects in their everyday experiences; they have 
developed from 3 different approaches many of the 100 basic multi- 
plication combinations by use of representative materials; they have 
learned to use mathematical symbols to represent multiplication 
combinations; they have discovered and/or learned many mathe- 
matical generalizations and relationships among multiplication com- 
binations; they have learned to record in systematic order (tables) 
all of the 100 basic combinations. 

As the children were acquiring the above learnings they were also 
remembering certain of the multiplication combinations in the proc- 
ess. Some children remember some combinations, and others remem- 
ber others, without out-of-context practice. Out-of-context practice 
to develop ready recall of the combinations is necessary, however, for 
most children. 

PRACTICE OUT OF CONTEXT 

Before the children began the systematic development of the mul- 
tiplication combinations they had already learned to count by 2’s. 
Now they will learn to count by 3’s after they have developed the 
3 table, by 4’s after they have developed the 4 table, and so on 
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through the 9 and 10 tables. The relationship between this kind of 
counting and the multiplication combinations should be discussed 
and understood. Facility in counting by 7’s contributes to facility in 
multiplying with 7. 

Although the multiplication combinations were developed in some- 
what systematic fashion with one combination related in some man- 
ner to the next, they should not be arranged in systematic order when 
practiced. Children should not practice the combinations from tables. 
The tables are to be used as a dictionary—the child looks up a certain 
combination when he is not sure of it. However, even for this purpose 
the table should be used only as a last resort. If the child is not sure 
of 5 X 8, for example, he surely knows that 5 X 10 = 50. From there 
he can go to 5 X 9 = 45 and then to 5 X 8 = 40. Or he might reason 
in this manner: 8 X 5 is the same as 5 X 8; 8 X 10 = 80 so 8 X 5 
is one half of 80, or 40. 

After a group of combinations has been developed by the manipu- 
lation of objects or by the construction of tables, they can be prac- 
ticed out of context. Strictly, the first group of combinations were 
the 2’s developed in connection with addition. However, there was 
no out-of-context practice upon these combinations at the time. The 
first group of combinations to be practiced out of context, then, are 
those whose products do not exceed 12. If we add to this group the 
remainder of the 2’s, we have a total of 25 of the 100 combinations. 
(Step 7. See page 124.) 


Group A 
2X1 7X1 2X5 
3x1 8x1 6X2 
4X1 4X2 4X3 
2x2 2x4 3x4 
5X1 eal 2X6 
BCL 3x3 2 
3x2 10X1 2X8 
2X3 5X2 2x9 


2 X 10 


The second group developed contained those 17 combinations 
whose products range from 13 through 24 (not including, of course, 
13 X 1, 14 X 1, and so forth, and combinations already contained 
in Group A). (Step 8. See page 124.) 
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Group B 
7X2 6X3 3X7 
5x8 “3X6 8x3 
3x5 10 X 2 6x4 
8x2 5x4 4X6 
4X4 4X5 3x8 
9x2 7X3 


The remainder of the 100 combinations were developed by building 
tables. Groups C and D contain those 58 combinations in the 1, 3, 
4, 5, 6, 7, 8, 9, and 10 tables that do not appear in Groups A and B. 
(Steps 9 and 10. See page 124.) 


Group C 
TOLL 3x9 5x8 
1x2 3 X10 5x9 
L3 4X7 5 xX 10 
1x4 4x8 6x5 
1x5 4x9 6x6 
1x6 4 X10 CKT 
Lx i 5X5 6x8 
1x8 5X6 6x9 
1x9 5X7 6 xX 10 
1x10 
Group D 

7x4 8X7 9x9 
7 X5 8x8 9x10 
7x6 8x9 10x 3 
Seg 8 xX 10 10x 4 
7X8 9x3 10x 5 
7x9 9x4 10 X 6 
7x10 9x5 10X7 
8x4 9x6 10 X 8 
8x5 9X7 10 x9 
8x6 9x8 10 X 10 


As the meaning of subtraction and the learning of the subtraction 
combinations accompanied addition, so the meaning of division and 


the learning of the division combinations should accompany multi- 


plication. (See Chapter 9.) 
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STEPS IN THE MULTIPLICATION OF WHOLE NUMBERS 

The following sequence of steps in multiplication is designed to 
help children arrive at techniques of computation that are meaningful 
to them. Although all children do not need to progress slowly from 
step to step, many children could profit from proceeding slowly from 
one type of computation to the next. 

The author realizes that the left-to-right technique recommended 
here has not yet been tried extensively enough to prove conclusively 
its superiority over the traditional right-to-left approach. Evidence 
thus far gathered, however, gives strong indications that children do 
gain from this new approach. 


Step 1. Developing the concept of multiplication: Multiplying by 
2. (See page 116.) 

Step 2. Developing the multiplication combinations whose prod- 
ucts do not exceed 12. (See page 117.) 


Step 3. Representing the grouping of objects with multiplication 
symbolism. (See page 118.) í 


Step 4. Recording combinations already learned from the use of 
objects. (See page 119.) 


Step 5. Developing with objects multiplication combinations whose 
products range from 13 to 24. (See page 120.) 


Step 6. Building the multiplication tables through the 10’s table. 
(See page 120.) 


Step 7. Multiplying 25 of the basic combinations that include the 
2 table and those whose products do not exceed 12. (Group A. See 
page 122.) (See Step 1 of Division.) 


Step 8. Multiplying the 17 basic combinations whose products 
range from 14 through 24 and not included in Group A. (Group B. 
See page 123.) (Step 2. Div.) 


Step 9. Multiplying the 28 basic combinations in 1, 3, 4, 5, and 6 
tables not included in Groups A and B. (Group C. See page 123.) 
(Step 3. Div.) - 


Step 10. Multiplying the 30 basic combinations in the 7, 8, 9, and 
10 tables not included in Groups A and B. (Group D. See page 123.) 
(Step 4. Div.) 
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Step 11. Multiplying the 100 basic combinations from 1 X 1 to 
10 X 10. (Step 5. Div.) 

After the children have practiced giving answers to the combina- 
tions, group by group, occasional practice may be desirable on all of 
the combinations arranged at random. 

Step 12. Multiplying multiples of 10 by 1-digit numbers. (Step 7. 
Div.) 

SAMPLES: 3X 20= 80 
x9 

After the child (1) has gained facility with the 100 basic multipli- 
(2) has had many first-hand experiences with 
e page 87), and (3) has learned to add 
dy to multiply large numbers. 


cation combinations, 
large numbers of objects (se 
large numbers, he is then rea 

30 children and 30 children are 60 children, so 2 30’s are 60. 

40 + 40 + 40 + 40 = 160, so 4 40’s are 160. 

Multiplication of higher decade numbers can thus be developed 


from the addition of higher decade numbers. 
The multiplication of the higher decade numbers can be developed 
1 10 
also from the multiplication of single digit numbers. xi and x3 : 


2 20 3 30 
X2 ong X2, X3 and xi can be analyzed and the relationship 


4 40 9 
between the combinations within each pair can be discovered. In 


order to determine how much 5 70’s are, the child now sees that he 
does not have to add 70 and 70 and 70 and 70 and 70 to obtain 350. 
He reasons that since five 7’s are 35, five 70’s are 35 with a 0 fol- 


lowing, or 350. 
Children can learn t 
about the same facility as they respo. 


o respond orally to these combinations with 

nd to the basic 100. At this stage 
70 

the child is not taught, when multiplying X 8, for example, that 

eight 0’s are 0, eight 7’s are 56. Rather, his immediate response 


is “560.” It is a left-to-right computation. 
Step 13. Multiplying a 9-digit number by a 1-digit number; the 
product of the ones not exceeding 9. (Step 8. Div.) 
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SAMPLEs: 31 84 
ME x2 


“There are exactly 24 children in each of the 2 divisions of the 
third grade. How many third graders are there altogether?” Just as 


24 
the child estimates that the answer to + 24 is 40 + (20 + 20 = 
24 
40), so nowhe estimates that the answerto X 2 is 40 + (2 X 20 = 40). 


52 
For X 3 he estimates the answer to be 150+. In the first case he 
knows that the exact answer is more than 40 because 24 is more 
than 20. In the second instance he knows the exact answer is more 
than 150 because 52 is more than 50. 

After the child has acquired an understanding of and some facility 
in estimating in this manner, the teacher asks him to determine by 
himself the exact answers. The child may take a clue from addition. ` 
Remembering that he can add 24 and 24 in the following manner: 


24 24 

+ 24 [40+] he multiplies 2 X 24 similarly: X 2 [40+]. 
40 40 

qua a, 
48 48 


He reasons thus: 2 20’s are 40; 2 4’s are 8; 40 and 8 are 48. Or, 
knowing that 2 25’s are 50, the child may reason that 2 24’s must 
then be 48. 

Regardless of whether the child can or cannot arrive at the exact 
answers orally, the following technique of computing this type of 
multiplication should be learned and understood. It is important that 
the child who engages in written practice writes the approximate 
answer before he attempts to determine the exact answer. 


31 
X 5 [150+] 
150 
oe 
155 


Step 14. Multiplying a 2-digit number by a 1-digit number; the 
product of the ones exceeding 9. (Step 11. Div.) 
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SAMPLES: 39 73 
KB | ee 
As the children were gradually introduced to the right-to-left tech- 
nique of adding 2-digit numbers so they are gradually introduced to 
the right-to-left technique of multiplying 2-digit numbers. 


39 

An approximate answer to X 5 is 200, but the exact answer is less 
than 200. 

Each child should be challenged to find the exact answer in his 
own way. Originality is encouraged. Only after the teacher is reason- 
ably sure that a child cannot find the exact answer unaided is he 
given help. 

The probability is the child will use the same left-to-right tech- 
nique that he already knows. 


39 After the child has gained an understanding of this 
X 5 [200—] method he is introduced to the possibility of starting 
150 at the right instead of the left, if he has not already 
45 thought of this possibility himself. When this principle 
195 is understood the child is ready for practice. 

39 The next technique to acquire is the writing of the 
X 5 [200—] answer only, performing mentally the intermediate 

45 steps. Think, 5 9’s are 45, but just write the 5 and 
150 hold the 40 in mind. 5 30’s are 150; 150 and 40 are 
195 190; 190 and 5 are 195, so write 19 in front of the 5. 


Next, the child can be led to discover or accept a simplified method 
of arriving at the answer. 5 9’s are 45; write 5; 5 3’s are 15 and 4 
are 19; write 19. 

It must be remembered that this last technique of multiplying is 
a “trick” of computation without which some children would have 
difficulty finding 8 68’s, 9 77’s, and so forth. The best and quickest 
way to compute Te of course, is to say immediately, “544.” The 
next best way is to think, “480 and 64 are 544.” If the child cannot 
learn to compute orally in these ways (and many children cannot), 
then he must rely on “8 8’s are 64; put down the 4 and carry the 6; 
8 6’s are 48; 48 and 6 are 54; put down the 54.” 


When comparing exact answers with estimated answers the child 


will often discover a considerable discrepancy between the two. The 
ful discussion. In a multiplication 


discovery could give rise to fruit 
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like 8 X 24, for example, the estimated answer is 160+. The exact 
answer is 192. Why is the difference as much as 32? Through dis- 
cussion the child can be led to see the relationship between the 
4 of 24 — 20 = 4 and the 32 of 192 — 160 = 32. The child should 
arrive at the generalization that the difference between the actual 
number and the rounded off number is multiplied in the answer, so 
the difference between the exact answer and the estimated answer is 
considerably larger than the difference between the rounded off num- 
ber and the actual number in the multiplicand. 

Some children can learn to make close approximations. For exam- 
ple, for 8 X 24, they can see that 24 is about half way between 20 
and 30, therefore the answer will be about half way between 160 and 
240 or about 200. 

Step 15. Multiplying a 1-digit number by a multiple of 10. (Step 
14. Div.) 


SAMPLES: 9 4 


The child knows that a group of 2 objects taken 10 times amounts 
to 20 objects, that 10 4’s are 40, 10 7’s are 70, and so forth. From 
this knowledge he can be led to discover (with or, perhaps, without 
objects) that 20 2’s are 40, 20 4’s are 80, 20 7’s are 140, and so forth. 
By having the child analyze the following computations the teacher 
can lead him to make some very important generalizations. He can 
then learn to build the 30 table, 40 table, 50 table or as many tables 
as needed. 


1 2 9 
x10 x10 , . : x10 
10 20 90 

1 2 9 

X 20 X 20 : ; P X 20 
20 40 ~ 180 


Some children will immediately see the relationship between 20 3’s 
and 3 20’s, 20 4’s and 4 20’s. For them the building of tables may 


T 80 
not be necessary. For X 80, they will think X 7. Or they will recog- 


. . 4 
nize without the teacher’s suggestion that for X 20, for example, we 
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8 

can say 2 4’s are 8, then place a 0 after the 8; for X 70, 7 8’s are 56, 
then place a 0 after the 56. 

If within a reasonable time the child himself does not arrive at 
the above generalizations, the teacher can point them out to him. 

Oral practice is for the purpose of developing facility in performing 
this type of computation mentally. The trick of thinking “0 X 8 = 0, 
7 X 8 = 56,” and the necessity of writing the answer piecemeal back- 
wards, that is, from right-to-left, therefore, do not have to be resorted 
to. 


Step 16. Multiplying a multiple of 10 by a multiple of 10. (Step 27. 
Div.) 


SAMPLES: 80 30 
x 70 x 20 


Beginning with the knowledge that there are 100 pencils altogether 
in 10 bundles when there are 10 pencils in each bundle, the child can 
discover that there are 200 pencils in 20 such bundles. Also he can 
discover that 10 bundles of 20 each amount to 200 pencils. From these 
beginnings it can be developed that 20 20’s are 400, 20,30’s are 600, 


and so forth. By analyzing 


10 20 90 
x10 X10 : P ‘ X10 
100 200 900 
10 20 90 

X 20 X 20 . . . X 20 
200 400 1800 


some children will immediately discover that in order to multiply 
80 X 70, for example, all one has to do is think, “8 7’s are 56,” and 
then follow the 56 with 2 0’s, one from the 80 and one from the 70. 
The answer, therefore, is fifty-six hundred or five thousand six hun- 
dred. If the child cannot arrive independently at this technique of 
affixing 0’s, the teacher can explain it to him. 

The children could review the following types of multiplication in 
order to establish firmly the principle of affixing 0’s. 

w a 


x3 
12 3 4’sare 12. 
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(2) 40 
x8 
120 3 4’s are 12; affix the 0 from the 40. 
(3) 4 
x 30 
120 3 4’s are 12; affix the 0 from the 30. 
(4) 40 
Xx 30 
1200 3 #s are 12; affix the 0 from the 40 and the 0 from 
the 30. 
Step 17. Multiplying a multiple of 10 by a 2-digit number. 
SAMPLES: 50 60 
x 83 X37 


The basic techniques have now been laid for multiplying any 2-digit 

number by any 2-digit number. Some children at this point might 
73 
be able to figure for themselves that in order to compute X 28, for 
example, all that is required is to apply the following previously 
learned techniques: 20 X 70; 20 X 3; 8 X 70; 8 X 3. For these chil- 
dren not much time has to be spent on the types of exercises in this 
step and the next, unless they wish to gain facility in mental com- 
putation. Most children, however, can profit from written practice 
50 54 
on out-of-context exercises like X 87 and X 80 before attacking such 
54 

computations as X 87. 

The first thing the child learns to do, of course, in performing 

50 

such an operation as X 87, is to estimate the answer by thinking 
90 X 50 = 4500. Since 87 is less than 90 the exact answer is less 
than 4500. 

If the child cannot devise his own technique for finding the exact 
answer, the procedure taught is as follows: 
80 X 50 = 4000; 7 X 50 = 350; 4000 + 350 = 4350. 


Əl 
X 87 [4500—] 
4000 
350 
4350 
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After this left-to-right technique is understood, the right-to-left 
method is practiced. 

50 7 X 50 = 350; 80 X 50 = 4000; 350 + 4000 = 4350. 
X 87 [4500—] 


350 
4000 
4350 
Step 18. Multiplying a 2-digit number by a multiple of 10. 
SAMPLES: 42 75 
x 60 x 30 


After the child can estimate the answer to such a multiplication as 
the above, he sets out to find the exact answer. 
42 60 X 40 = 2400; 60 X 2 = 120; 2400 + 120 = 2520. 
X 60 [2400+] i 
2400 
120 
2520 
42 60 X 2 = 120; 60 X 40 = 2400; 120 + 2400 = 2520. 
X 60 [2400+] 
120 


2400 
2520 

Step 19. Multiplying a 2-digit number by a 2-digit number. (Step 
28. Div.) 
SAMPLES: 88 82 73 45 97 
x 62 X 78 x41 xX 73 x 54 


To find the exact answer the following sequence of methods can be 
taught to those who cannot figure it for themselves. 

88 60 X 80 = 4800; 60 X 8 = 480; 2 X 80 = 160; 
X 62 [5400] 2x 8 = 16. 
4800 


(1) 


5456 
(2) Some children can learn to add partial products mentally. 
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88 Think, 60 X 80 = 4800; 60 x 8 = 480; 4800 + 480 
X 62 [5400] = 5280. Write 5280. Think 2 X 80 = 160; 2 X 8 = 
5280 16; 160 + 16 = 176. Write 176. 

176 
5456 


(3) After the left-to-right procedure is understood and practiced, 
the right-to-left method is learned. 


88 2 X 8 = 16; 2 X 80 = 160; 60 X 8 = 480; 60 X 80 
Xx 62 [5400] = 4800. 


(4) Again, those who are capable should practice holding partial 
products in their heads and not write all of them down. 


38 Think, 2 X 8 = 16; 2 X 80 = 160; 16 + 160 = 176. 
X 62 [5400] Think, 60 X 8 = 480; 60 X 80 = 4800; 480 + 4800 


176 = 5280. Write 5280. 
5280 


5456 


(5) Some children may find it extremely difficult, if not impossible, 
to understand the left-to-right and right-to-left methods of compu- 
tation just described. If so, they can be taught a simpler technique 
to use even though they may not understand fully why it works. 
Moreover, they have already learned the first part of this new tech- 
nique. The second and third parts are the only new steps to be 
learned. 


88 First step (already learned): 2 X 8 = 16; write the 
X 62 [5400] 6, carry 1; 2 X 8 = 16 and 1 are 17; write the 17. 
eae Second step: 6 X 8 = 48; write the 8 under the sec- 


ond digit from the right, carry 4; 6 X 8 = 48 and 4 
are 52; write the 52. Third step: Add the partial prod- 
ucts to get 5456. 

If the child does understand the left-to-right and right-to-left meth- 
ods as developed above, this simplified technique will be understood. 
It is very similar to the already understood and used right-to-left 


5456 
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method except that smaller numbers have to be kept in the head 
when arriving at the partial products. All children should sooner or 
later develop facility with this simplified right-to-left technique, not 
because it is the best technique for all children to use when multi- 
plying 2-digit numbers by 2-digit numbers, but because it is the sim- 
plest technique for all to use when multiplying numbers having more 
than 2 digits. 

When using the simplified right-to-left technique, special considera- 
tion must be given to those multiplications containing a zero in either 
the multiplier or multiplicand. Up to this point there has been no 
necessity for taking a number no times or to take 0 a number of times. 

40 
Now, however, multiplying with a 0 becomes necessary. In X 84 
the simplified technique calls for multiplying 4 x 0=0;4X4= 16; 


8 X 0 = 0; and 8 X 4 = 32. Likewise, in X 50, the simplified tech- 
nique involves multiplying 0 X 3 = 0; 0 X 6 = 0 (or 0 X 63 = 0); 
5X3 = 15; and 5 X 6 = 30. 

The two preceding Steps, 17 and 18, can be practiced now using 
the simplified right-to-left technique with multiplications involving 
Zeros, 

Step 20. Multiplying a multiple of 100 by a multiple of 1, 10, or 
100. (Steps 24 and 29. Div.) 


SamrLeEs: : 900 800 900 
= x3 x 30 x 800 


Occasionally, in his everyday life the elementary school child may 
face a situation that calls for the ability to multiply large numbers. 
It is debatable how much time a person should spend on perfecting 
a skill that he is called upon to use only rarely. The position taken 
here is that many elementary school children can readily learn to 
multiply such numbers as 349 and 868, that they find interest and 
satisfaction in developing this skill, and that their interest in, and 


understanding of, the science or theory of arithmetic may be extended 


through performing this type of operation. : i 

By applying the generalization involving the affixing of 0’s previ- 
ously learned, the child easily can perform the above operations 
With practice, facility can be developed in multiplying this type of 
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computation orally. 2 X 600 = 12 zero, zero or 1200. 30 X 800 = 24 
zero, zero, zero or 24,000. 800 X 900 = 72 followed by 4 zeros or 
720,000. 800 X 5000 = 40 followed by 5 zeros or 4,000,000. 

Step 21. Multiplying a 3-digit number by a 1-, 2-, or 3-digit num- 
ber. (Steps 25, 30. Div.) 


SAMPLES: 225 840 748 
x5 xX 68 x 605 


The ability to multiply mentally 2 x 900, 70 X 800, and 600 X 700 

enables the child to estimate quickly the answers to computations 
868 840 695 

such as X 2 [1800—], X 68 [56,000], and x 595 [420,000—]. To 
find the exact answers to computations involving 3- or more digit 
multiplicands merely requires the application of the simplified tech- 
nique used in multiplying 2-digit multiplicands. Some children can 
make this application without instruction from the teacher. Others 
must be helped. Of course, the best way to multiply 7 X 867, for 
example (that is, for those who can learn to do it), is to add mentally 
5600 + 420 + 49 = 6069. The right-to-left technique, however, can 
be learned sooner or later by practically all children attending school. 


867 7X7 = 49; write 9, carry 4; 7 X 6 = 42 and 4 
_X 7 [6300—] are 46; write 6, carry 4; 7 X 8 = 56 and 4 are 60; 
6069 write 60. When there is a 0 in a 3- or more digit 


multiplicand, the same procedure is followed as when there is a 0 in 
a 2-digit multiplicand. 


804 5 X 4 = 20; write 0, carry 2; 5 X 0 = 0 and 2 are 
Xx 5 [4000+] 2, write 2; 5 X 8 = 40; write 40. 
4020 


The special difficulty arising when there is a 0 ina 3-digit multiplier 
must be patiently explained. Some children find the procedure almost, 
if not absolutely, impossible to understand, but through practice they 
can gain some facility in using the following techniques: 


(1) 947 (2) 947 
X 608 [540,000+] X 608 [540,000-+-] 
7576 7576 
000 56820 
5682 _ 575,776 
575,776 


Estimating the answer may help the child at least to arrive at the 
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correct number of digits in the exact answer; moreover, practicing 
method (1) may help him understand the shorter method (2). 

Step 22. Multiplying dollars and cents. 
SAMPLES: $4.55 $5.54 $45.38 


Perhaps there are more occasions in everyday life to multiply money 
than anything else. Especially useful is the ability to compute quickly 
mentally. Frequently computational needs are satisfied when answers 
are approximated to the nearest dime or dollar, 10 dollars, 100 dol- 
lars, 1000 dollars, and so forth. 

Another advantage of estimating answers involving dollars and 
cents is that the location of the decimal point can be determined by 


considering the number of dollars in the answer. 
The estimated answer in this case is arrived at by 


$5.7 3 3 
x : [36—] thinking of $5.75 as $6. The decimal point must be 
$34.50 between the 4 and the 5, not only because the 2 digits 


on the right represent the number of cents, but be- 
cause the number of dollars must be about 36. When multiplying dol- 
lars and cents the child should get into the habit of first locating the 
decimal point by referring to the estimated answer, which is expressed 
in dollars. The location can then be verified by seeing whether there 
are 2 digits to the right of the point to represent the number of cents. 
When the multiplication involves only cents, the child often must 
depend on counting 2 digits from right to left to locate the decimal 
point in the answer. In such cases the answer may be difficult to 
estimate in advance. In other cases, however, approximate answers 
can be obtained. 
.08 3) $ .55 4) $ .90 
(1) 306 (2) 533 (3) Se ( Sais 


Cases (1) and (2) are difficult to estimate. Type (3) can be estimated 
by thinking of $.55 asa half-dollar and that 8 half-dollars are $4. The 
exact answer, therefore, is going to bea little more than $4. In the last 
illustration, (4), $.90 could be considered $1.00. 23 X 1 = 23. The 


exact answer should be a little under $23. 


9 


Learning to Divide Whole 
Numbers 


WHAT IS DIVISION? 

Certain kinds of quantitative situations requiring arithmetical com- 
putation can be met only through the use of the process called divi- 
sion. Although these situations do not arise very frequently in the 
child’s life, they occur often enough to warrant the development of 
some facility to meet them. The following are samples of such 
occasions: 


“Twenty-four pencils are put into 3 equal groups. How many 
pencils are in each group?” 

“Eighteen people are going on a picnic. Six can fit in one auto- 
mobile. How many cars are needed?” 

“A can of tennis balls costs $1.50. With 3 balls in a can, how much 
does one cost?” 

“Jack has $1.00 and Bill has 25¢. Jack has how many times as 
much money as Bill?” 

“Twenty-five feet is how many yards?” 

“On a 150-mile automobile trip, 8 gallons of gasoline were used. 
How many miles did the car run on a gallon?” 

“A baseball glove costs about $5.00. If I can save 25¢ a week, 
how long would it take me to buy it?” 

“The party cost $8.30. How much should each of the 25 people 
who attended contribute to pay for it?” 


“During one month the 26 children in our room read 39 books. 
What was the average number of books read by each child?” 
136 
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Upon analysis it can be seen that the above situations involve one 
of two different kinds of relationships. In one case, the total group 
(or amount) is known, together with the number of equal groups (or 
amounts) into which the total is divided. The size of each group 
(or amount) is to be determined. In the other case, the total group 
(or amount) is known, together with the size of each equal group (or 
amount). The number of groups (or amounts) is to be determined. 
In brief, division of whole numbers is the process of determining either 
the size of equal groups or the number of equal groups. 

Just as subtraction bears an inverse relationship to addition, divi- 
sion bears an inverse relationship to multiplication. Multiplication, 
the process of combining equal groups, is represented by the symbols, 
2 X 6 = 12. This reads: “Two groups of six objects in a group are 
twelve objects altogether.” Division is the inverse of this statement: 
“How many groups of six objects each are contained in twelve ob- 
jects?” or, “How many objects are in each of two equal groups when 
there are twelve objects altogether?” This can be stated more briefly: 
“How many sixes are twelve?” and “Two of how many are twelve?” 
Using multiplication symbols these statements become: ? X 6 = 12, 
and 2X ? = 12. 

There are other relationships among the four fundamental processes 
that are of interest. Since multiplication can be viewed as a short 
method of adding equal amounts, division can be viewed as a short 
method of subtracting equal amounts. “How many 6’s are in 12?” can 
be interpreted as meaning, “How many times can 6 be subtracted 


Addition «<——_Inverse— | Subtraction 
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from 12?” “How many 4’s are in 24?” can be determined by count- 
ing the number of times 4 can be subtracted from 24. 

The interrelationships among the four processes can be represented 
as shown at the bottom of the previous page. 


DEVELOPING THE BASIC DIVISION COMBINATIONS 

Many oceasions arise during the everyday life in and out of school 
in which large groups are divided into small groups. The class divides 
itself into 2 or more equal teams; when going to assembly or having 
a fire-drill, the class may proceed in pairs; books are stacked in equal 
piles; each child has a box of 6 crayons. The teacher and children 
can learn to be increasingly conscious of such recurring situations. 
Thus the division concept can be developed in and through everyday 
events. The use of these real situations for incidental learning, more- 
over, should be planned by the teacher. Their use should not be left 
to accident or chance. 

To supplement planned incidental teaching the teacher provides 
planned formal teaching. In the same way that subtraction combina- 
tions are developed in relation to addition combinations, division 
combinations can be developed in relation to multiplication com- 
binations. 

It may be.recalled (see pages 117 and 118) that when the multipli- 
cation combinations were being developed through the use of blocks 
or other representative objects, the children were first asked to divide 
the objects into equal groups. 4 blocks were divided into 2 groups 
with 2 in a group. 5 blocks were divided into 5 ones. 6 blocks were 
divided into 3 groups of 2 and into 2 groups of 3 and so on. 

Division combinations can be developed from multiplication com- 
binations by beginning with, say, 6 objects as a convenient number. 
The multiplication combinations, two 3’s are 6 and three 2’s are 6, 
can then be derived. Using these combinations as a point of de- 
parture the teacher can ask such questions as: How many 3’s are 6? 
How many 2’s are 6? How many 3’s are in 6? How many 2’s are in 6? 
6 divided in groups of 2 are how many? 6 arranged in groups of 3 
are how many? 6 arranged in 3 groups are how many? 6 divided in 
2 groups are how many? 

Similar questions can be asked when considering the multiplication 
combinations that are derived from 4 objects, 8 objects, 10 objects, 
and so forth. In fact, the division combinations based upon all of 
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the multiplication combinations in Group A (see pages 122 and 141) 
can be developed and most if not all of them learned directly from 
the manipulation of objects. 


LEARNING THE SYMBOLISM FOR DIVISION 

Thus far the child has learned the arithmetical symbolism for addi- 
tion, subtraction, and multiplication. Now that he has acquired an 
understanding of the meaning of division and has memorized most 
if not all the division combinations in Group A (see page 141) he 
is ready to learn the arithmetical symbolism for division. 

Division symbolism is introduced in the same manner as the sym- 
bolism for the other processes. First the process is developed with 
concrete objects in real situations. Then the process is developed with 
representative objects and materials. Next, the process is expressed 
with language symbols—a complete sentence with nouns (objects), 
adjectives (numbers), and verbs (what is happening to the objects). 
The final step consists of substituting arithmetical symbols for the 
language symbols. 

When the arithmetical symbols are substituted for the language 
symbols care should be taken to apply to the former the everyday 
words that the children already know. The technical names of the 
mathematical symbols should not be introduced until later. The sym- 
bolism 4 + 3 = 7, for example, is first learned as, ‘4 objects and 
3 objects are 7 objects,” or more simply, “4 and 3 are 7.” Only after 
the meaning of this shorthand statement is well grounded may the 
technical terminology, “Four plus three equals seven,” be introduced. 
Likewise, 7 — 2 = 5 is first learned as “Seven take away two are 
five” and later the mathematical terminology, “7 minus 2 equals Oi 
may be learned. Also, 5 X 3 = 15 is first learned as “Five 3’s are 
15” and later may be learned as “5 times 3 equals 15” or “3 multiplied 
by 5 equals 15.” The terms—plus, minus, times, multiplied by, and 
equals—are mathematicians’ language, not children’s language. They 
are not action words calling to mind things and something happening 
to things. 

To be consistent with the above, the Janguage expressing the divi- 
sion symbolism should describe what is happening to things or what 
the relationship is among things. “G divided by 2 equals 3” (for 

3 
6 + 2 = 3 or for 2)6) is not this kind of language. “Divided by” is 
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a technical term to be learned later. “6 objects divided into groups 
of 2 make 3 groups,” or “6 objects divided into 2 groups have 3 
objects in a group” are statements that might suffice, for they gall 
forth appropriate visualizations. The use of the term “divided into, 
however, may cause confusion later when the terminology “divided 
by” is introduced. “6 objects arranged in groups of 2 make 3 groups 
is a possibility. “The number of groups of 2 in 6 objects is 3,” is also 
possible. 

Either the 6 + 2 = 3 symbolism should be introduced first or the 

3 
2)6 symbolism should be introduced first. Sooner or later, however, 
both forms should be known and used. 

3 


The left-to-right reading of the 2)6 type of symbolism can be de- 
veloped as follows: 


The number of groups of two objects in six is three. 
The number of two’s in six is three. 
The number of 2's in 6 is 3. 

8 


2)6 (To be read, “The number of two’s in six is three.”’) 
Another way of wording the same thought: 


How many groups of two objects are in six objects? Three. 
How many two's are in six? Three. 
How many 2’s are in 6? 8. 

8 
2)6. (To be read, “How many two’s in six? Three.” Or, more briefly, 
“Two's in six? Three.”’) 


After the 2)6 form is learned, the 6 + 2 form can be introduced 


as another way of expressing the same thought, “How many two’s 
are in six?” This, however, Tequires a right-to-left reading. 


If the6+2=3 form is introduced first, the following language 
expression could be used: 


Six blocks arranged in groups of two make three groups. 
6 blocks arranged in groups of 2 = 3 groups. 

6 blocks arranged in 2's = 3 groups. 

6 arranged in 2s = 3, 


6 +2 = 3. (Tobe read, “Six arranged in two’s make three.”) 
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In addition to the above wordings for the two types of division sym- 
bolism, the following can be gradually introduced one by one: “Six 
arranged in two equal groups are how many in the group?” “Six 
divided into two equal parts are how many in each part?” “Six con- 
tains two how many times?” “How many times is two contained in 
six?” 

The technical expression, “Six divided by two,” is introduced after 
the above meanings have been understood. 

Such symbolisms as 2)6 and 2)6(3 need not be introduced at all. 

3 
They are not needed and may cause confusion. The fraction, $, as an 
indicated division, is not introduced until the appropriate time in the 


study of fractions. (See page 216.) 


RECORDING AND DEVELOPING THE DIVISION COMBINATIONS 
After the children have developed through the use of objects the 
division combinations in Group A (see below), they are ready to 
record them from memory or from the use of objects if necessary. 
They can practice reading and writing the symbolism using both 


forms. 
As the multiplication combinations of Groups B; C, and D are 
developed and learned, the corresponding division combinations can 


be developed and learned. 
THE 100 DIVISION COMBINATIONS 


Group A: oa: 1:94 3,51, EN OSL BEA A 
So 184958 45,9 + 1,0 + O10 +110 +210 +6 ee Blake 
12 + 4, 12 + 6, 14 + 7, 16 + 8, 18 + 9, 20 + 10. 

Group B: 14 +2, 15+ 3, 15 +5, 16+2, 16+ 4, 18+ 2, 18+ 3, 
18d 20 +2, 0 4 04 6, SB A T+ A 
24 =+ 8, 

Group C: tenaa naad as h Baek OE GT EE 
AO oe 10, 279, BO + 10, 28 + T 32 = 8; 30. = 40 = 1S BT 
35 = 7, do 845 28, 60 + 10, 30-45, 20-6, +7, 48 +8, OTD, 


60 + 10. 

Group D: 28 +4, 35 +5, 42+ 6, 40 = T, 56 + 8, 63 +9, 70 + 10, 
325 4 40 +5 48 + 6 56 2.7, 64 +8, 72 + 9, 80 + 10, 27 + 3, 36 = 4, 
#5 4 6 ALE Ole Td + Sal > 9, 00 4 103043, Ae 
60 + 6, 70 + 7, 80 + 8, 90 + 9, 100 + 10. 
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STEPS IN THE DIVISION OF WHOLE NUMBERS 

Learning to compute for exact answers in division can be, and 
usually is, a very difficult accomplishment. A child may learn quite 
readily the meaning of such a complex expression as 48) 1449 after 
he has once learned the meaning of a simple expression like 3)12. 
It takes a relatively long time to learn to find the exact answer, 
however, to such a division as 48)1449. 

There is no fundamental difference in the meanings of (1) 48)1549 
and (2) 48)1449. In (1) 1549 things are divided into 48 equal groups, 
whereas in (2) 1449 things are divided into 48 equal groups. More- 
over, it can be estimated by glancing at the figures that in each case 
the answer is about 30. It is when we come to compute for the exact 
answers, however, that we discover that one of these divisions con- 
tains a computational difficulty that the other does not possess. This 
difficulty, it develops, is not dependent upon the size of the numbers 


32 30 

(1) 48)1549 (2) 48)1449 
144 144 

109 wo 

96 0 

13 9 


the division involving the smaller 
tational difficulty that the division 
s not contain. A child may have 
d compute (1) with relative facility- 


before type (1) is mastered. or exact computation 

As was the case with learnin 
dren need to spend less time 
others. In fact, some step: 
attention by a given child. 


g to add, subtract, or multiply, chil- 
and practice on some steps than on 
S may require very little, if any, special 
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Step 1. Dividing the 25 combinations in Group A. (See page 141.) 
(Step 7. Mult.) 

Step 2. Dividing the 17 combinations in Group B. (See page 141.) 
(Step 8. Mult.) 

Step 3. Dividing the 28 combinations in Group C. (See page 141.) 
(Step 9. Mult.) 

Step 4. Dividing the 30 combinations in Group D. (See page 141.) 
(Step 10. Mult.) 

Step 5. Dividing the 100 basic combinations from 1+ 1 to 100 
+ 10. (Step 11. Mult.) 

Facility in performing divisio 
pendent upon immediate recall 
Future confusion, therefore, can 
tions are thoroughly memorized. 

Step 6. Dividing the basic combinations, with remainders. 
SAmpLus: 5)27 9+2= 

When objects are arranged in equal sized groups the probability is 
that some of the objects will be left remaining outside the groups. 
Tn fact, it can be easily discovered that when a random number of 
objects are arranged in groups of 2, the chances are 1 in 2 that there 
will be 1 object remaining outside the groups. When objects are 
arranged in groups of 3 the chances are 2 in 3 that there will be 1 or 
More objects left outside. When there are groups of 4, the chances 
are 3 in 4. When there are groups of 5, the chances are 4 in 5. And 
SO on. 

The children can discover the above fact, 
Assuming each line below represents an obje 
can be formed: \ 


n computations of any kind is de- 
of the basic division combinations. 
be alleviated if the basic combina- 


s by manipulating objects. 
ct the following groupings 


Objects Symbolism 
Groups of 2: ; 
[//] 2)2 

1R1 
[//1/ 2)3 

2 
LARLA 2)4 

2 R1 


AOE J5 
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Groups of 3: 

1 
[///] 3)3 

1 R1 
[///] / 3)f 

1 R2 
WAI 2 
ATLA 3)6 

2 R1 
[77/1 6 all 3)7 

2 R2 


EAI TAZI 38 


After the concept of objects remaining outside groups is under- 
stood from the manipulation of things, the child can learn how to 
express such divisions with arithmetical symbols. 

1R1 

2)3 represents: How many 2’s in 3? 1 with 1 remaining. Or, 
the same symbolism could be read more briefly: 2 into 3 is 1 with 
1 remaining. 

When the remainder concept and symbolism are thoroughly under- 
stood, the child is ready to engage in oral practice to gain facility in 
giving answers to divisions with remainders. 

Occasions will arise when, after the objects have been divided 
evenly, those remaining also can be divided. Consider the situation 
in which 5 apples are to be divided equally between 2 children. Each 
child will receive 2 whole apples and the one apple remaining can be 
cut in half. Each child, then, could receive two and one-half apples. 
a's arithmetical symbolism representing this situation is 5 + 2 = 24 or 

2 
2)5. 


When situations such as the above arise, the teacher could discuss 


ainder must be expressed 
ual object can be divided, 
such in the answer. The 
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answer could contain a fraction that would indicate that the remain- 
der itself can be divided. 

The teacher must be careful, however, about introducing the frac- 
tion in the answer. This notion of the fraction as an indicated division 
must be introduced at the right time in the systematic development 
of computation with fractions. Otherwise the children may become 
confused and the symbols become meaningless. (See page 216.) 

Step 7. Dividing the basic combinations with a 0 affixed to the 
dividend. (Step 12. Mult.) 

Sampuys: 9)360 560 +7 = 

This step in division is learned in relation to the corresponding 
step in multiplication. When the children are discovering that 3 piles 
of 20 books are 60 books altogether, the question can arise, “How 
many books are in each pile when 60 books are arranged in 3 piles?” 
Likewise, “80 objects arranged in 4 groups are how many in a group?” 
is derived from “4 groups of 20 are how many?” In similar fashion, 


70 
3)270 is derived from s5, 8)500 is derived from X 8, and so forth. 
90 

The division symbolism 3)270 is worded, “3 into 270 is 90.” It is 
not to be thought of at this stage as, “3 into 27 is 9; 3 into 0 is 0.” 

Practice with this type of computation is to develop facility in 
giving answers orally. The child responds to the computations 9560, 
7)420, 5)450, for example, by saying, “Forty—sixty—ninety.’ 

Step 8. Dividing the basic combinations with a digit affixed to the 
dividend that is divisible by the divisor. (Step 13. Mult.) 
Samptes: 45208 159 +3 = 

This type of division can be developed not only from the step im- 
mediately preceding but also from its multiplication counterpart. 
From the situation of having 2 piles of books, for example, with 24 
in each pile can come the question, “Having 48 books altogether in 
2 piles, how many books are in 1 pile?” In the same fashion, “How 
many objects are there in each group when 156 are arranged equally 
in 3 groups?” can be derived from, “There are 52 objects in each of 
3 different groups; how many are there altogether?” ee in 


2 Wen 
arithmetical symbolism, 2)48 can be derived from X 2, and 3)156 
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52 
can be derived from X 3. rr 

Developing this type of division from the preceding step in divi- 
sion, the question, “Having 48 books altogether in 2 piles, how many 
books are in one pile?” can be derived from, “Having 40 books in 
2 piles, how many in one pile?” Likewise, “How many objects are 
there in 1 group when 156 objects are arranged equally in 3 groups?’ 
can be derived from, “How many are there in 1 group when 150 are 
arranged in 3 equal groups?” Expressed in division symbolism, 4 2)48 
can be derived from 2)40 and 3)156 can be derived from 3) 150. 

Exact answers to this new type of division can be obtained by some 
children merely from manipulating objects and from following the 
above methods of developing this new step. These children can see 
without being specifically told that since 2 into 40 is 20 and 2 into 8 
is 4, then 2 into 48 is 24 and since 3 into 150 is 50 and 8 into 6 is 2, 
then 3 into 156 is 52. 

If the child cannot understand this technique, he can be taught 
the mechanical trick: For 2)48 think, 2 into 4 is 2, 2 into 8 is 4. 

With this type of computation, the best and highest level of per- 
formance consists merely of looking at such expressions as 7)507, 
4)328 and responding orally, with little or no hesitation, “81, 82.” 
The poorest and lowest level of performance consists of thinking and 
writing the answers piecemeal. For 7)567: 7 into 56 is 8, 7 into 7 is 1. 
This piecemeal trick of computation should be learned sooner or later 
by every child, but he should be encouraged to discover the mathe- 
matical reasons why this technique works. Although most children 
do not have to resort to this technique for the present type of com- 
putation, they may have to resort to it later as the succeeding types 
of computation become more complicated. 

Answers can be estimated by thinking of the last digit of the divi- 
dend as a 0 and dividing orally as in the preceding step. For example, 
6)246 is thought of as 6)240; the estimated answer is 40 and the exact 
answer is 40+ because 246 is more than 240. The complete written 
form looks like this: 

[40+] 
41 
` 6)246 
g the basic combinations with a digit affixed to the 
ot divisible by the divisor. 


Step 9. Dividin 
dividend that is n 
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SAMPLES: 4)209 489 +8 = 


fee objects, the teacher and children can demonstrate that with 
$ aa > for example, arranged in 2 piles, each pile can have 22 in 
za a te ip be ca remaining. Similarly, it can be demon- 
letis of 28 ody rope 87 inches long can be cut into 4 equal 
Boe children who are able should be allowed to work out the 
a nique of finding the exact answers themselves. They undoubtedly 
e perform this type of division mentally in the same way they 
= mputed the preceding type mentally. The other children can con- 
mue to use pencil and paper, if necessary, in working out the answers 
piecemeal. The written form is 


[50] [50] 
51 R2 512 
5)257 of Sm 


pinations with a digit affixed to the 


Step 10. Dividing the basic com 
be divisible by the divisor. 


dividend that is not large enough to 

Samprus: 4202 647 + 8 = 

reed children will be able to find exact answers to this type of 
mision from what they already have learned. 

who need guidance and instruction, however, the following approach 

Could be made: 

is books are arranged in 2 equa 

i ere are 20 in each pile. 1 book can 
n 2 piles result in 20 in each pile with 


] piles. The children know that 
be added showing that 41 books 
1 book remaining. These 2 


? 20 20 R1 
situations can then be expressed: J0 DJA . 
eeded. 62 crayons, for 


Similar situations can be demonstrated as n 
20 R2 


example, can be arranged in 3 equal piles: 362; 83 objects ar- 
2 


R3 
he oot in 4 equal piles: 4)83 - 
of situations and express them sym 
Pret, such as 5)254 and 6)425. 

If a child cannot learn to pe 
and thus profit from oral practice, 


The children themselves can think 
bolically for each other to inter- 


rform these computations mentally 
he can learn to get exact answers 
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by writing them. For 5)254: 5 into 25 is 5, 5 goes into 4 no times 
with 4 remaining. i NEE, 

The concept of “5 goes into 4 no times with 4 remaining” is one 
that many children can deduce. They know that 5 into 250 is 50 so 
the answer to 5)254 is going to be 50+. They know that in order 
for the answer to be 51 the division must be 5)255. Therefore, the 
answer to 5)254 must lie between 50 and 51. Or, the reasoning of 
some children may be more direct: 5 into 254 is 50 with 4 remaining 
(250 and 4 make 254). Computing 5)254 piecemeal, then, many chil- 
dren can see the reason for thinking, “5 into 25 is 5; 5 into 4 is zero 
with 4 remaining.” 


Step 11. Dividing the basic combinations with remainders and a 


digit affixed to the dividend ; no remainders in the answers. (Step 14. 
Mult.) 


SAMPLES: 4)220 396 + 6 = 


This type of computation can be presented to the children with 
the challenge that they try to arrive at the exact answers unaided. 
This should not be too difficult for many. Of course, they first must 
be able to estimate the answers. The answer to 4)220, for example, 
is about 50. This can be arrived at quickly by thinking either, ‘4 into 
200 is 50,” or, “4 into 22 is about 5 and 4 into 0 is 0.” 

If a child cannot work out a techniq 
answer unaided, the teacher should ba 
method that the child uses in estimatin, 

If the child estimates 7)378 by thin! 
explanation should be generally as fol 
is 50. But 378 is how much more than 


ue for arriving at an exact 
se his explanation upon the 
g his answer. 

king, “7 into 350 is 50,” the 
llows: “All right. 7 into 350 
350? That’s right. The remain- 
emainder also? That’s correct. 


' » 80 now we have 7 into 350 is 50 and 4 
into 28 is 4. The exact answer, therefore, must be 50 and 4, or 54. 


Written with arithmetical symbols this reasoning appears like this: 


50 4 
7)378 = 7)350 + 7)28 = 50 + 4 = 54. 
If the child estimates 7)378 by thinking, 
into 0 is 0,” and cannot understand the 
directions could be generally like this: 


“7 into 37 is about 5 and 7 
above reasoning, then the 
“We know the answer is going 
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to be a little more than 50. Let us recall how we divide 7)357. We 
think, ‘7 into 35 is 5 with no remainder, 7 into 7 is 1.’ Using a 
similar method for 7)378, we think, ‘7 into 37 is 5 with 2 remaining, 
we put the 2 with the 8 and think 7 into 28 is 4. The answer is 54, 
a little more than the 50 we estimated it would be.’” 

Still another approach could be used that might prove more satis- 
factory to some children than the 2 approaches already described. 

The question could be asked, “50 objects (pennies, books, people, 
and so forth) are arranged in 2 equal groups. How many are there 
in each group?” Most likely the answer would come forth readily. 
The teacher would then ask a child to write this on the board using 

25 

division symbolism. The result, of course, should be 2)50. Another 
question could be asked, “How many minutes are in a quarter of an 
hour?” Or, putting it another way, “When you divide an hour, or 
60 minutes, into 4 equal parts, how many minutes are in each part?” 


15 25 

After 4)60 has been written beside 2)50 the teacher can with appro- 
Priate questioning lead the children to discover, or at least accept, 
an understandable computational technique. The technique might 
be: 2 into 50 is 20 with 10 remaining, 2 into 10 is 5; or it might be: 
2 into 5 is 2 with 1 remaining; 2 into 10 is 5. 

Even if a child cannot understand at this time the mathematical 
reasoning behind his particular method of computation, he is com- 
puting with meaning and efficiency if (1) he can relate this type of 
division to concrete things, (2) he can estimate the answer quickly, 
and (3) he can gain facility in using his computational method to 
arrive at the exact answer. 


A child can arrive at exact answe e 
Should learn the so-called short division method. For 7)392 he thinks, 


7 into 39 is 5 with 4 remaining. He writes the 5 and holds the 4 
Mentally. He then thinks, 7 into 42 is 6 and writes the 6 beside 


the 5 making the answer 56. i : 
If the child cannot hold the remainder mentally without 


[50] danger of confusion he can write it in small figures (as indi- 
5 6 cated by brackets in this book) in front of the next digit. 


7039 2 If this proves too confusing, he can use what is commonly 
1 known as the long division method. 


rs in 3 ways. If possible, he 
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[50] Some children may find interest in relating this type of 
56 division to its corresponding type of multiplication. They 
7)392 can be led to recognize that just as there is a relationship 


35 between divisions such as 4)248 and multiplications such 
42 62 


42 as X 4, so there is a relationship between divisions such 
0 56 
as 7)392 and multiplications such as X 7. 
Step 12. Dividing the basic combinations with remainders and a 
digit affixed to the dividend; remainders in the answers. 


SAMPLES: 8)519 287 + 5 = 


Again, those who can learn to perform these computations mentally 
should practice getting exact answers orally. The others should prac- 
tice estimating orally and getting exact answers using pencil and 
paper. The children should be able to express the remainders either 
way and be able to explain when each way should be used. 

The children have now had practice with every possible type of 
division involving 1-digit divisors and 2- or 3-digit dividends. In 
working on these various types many of the children will have ac- 
quired an understanding of many of the principles underlying the 
computational methods and techniques used in division. This under- 
standing should help them when they tackle the more complicated 
techniques involved in dividing by 2-digit numbers. 


Step 13. Dividing money with l-digit divisors; quotients contain- 
ing cents but no dollars; answers with and without remainders. 


SAMPLES: 7)$.49 8)$.96 6)$4.85 


Many oceasions arise that necessitate dividing money. For those 
children who require help in working out techniques for this kind of 
computation, the following procedure could be used. 

The children could be asked to express with arithmetical symbols 
the situation in which 10 cents are divided equally between 2 people. 
The various ways of writing this could be considered. 


5¢ $.05 
10¢ + 2 = 5¢ $.10 + 2 = $05 2)10¢ 2)$.10 
The situation in which 


25 cents are divided among 5 people could 
then be considered. aris 


en 
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5¢ $.05 
25¢ + 5 = 5¢ $.25 + 5 = $.05 5)25¢ 575.25 
$.07 


Similar situations could be discussed until the form, 7)$.49, is thor- 


oughly understood. 
Sometimes articles are priced 3 for 10¢ or 6 for 25¢. To find the 
cost of one article in each of these cases, the divisions can be written 


$.033 $.042 
3)$.10 and 6)$.25 . 


oney to be considered could be that 
The children would know that $1.50 
d result in each receiving 75¢: 


i The next type of division of m 
involving dollars as well as cents. 
divided equally between 2 people woul 


$ .75 $ .50 
2)$1.50. $2.50 divided 5 ways would give each 50¢: 5)$2.50. $1.00 


$ .25 


ould give each 25¢: 4)$1.00. 


divided among 4 people w 
dy the way these divisions are written, 


The children could stu 
$ .75 $ .50 $ .25 : 
2)$1.50, 5)$2.50, and 4y$1.00, and arrive at certain generalizations 


concerning the writing of the dollar sign and the cents point, as well 


as the mechanics of obtaining the quotient figures. Most children can 
tained in the same way 


see readily that the quotient figures are O 
that they would be if the dollar sign and cents point were not present. 
The only new element to learn, then, is the placement of the dollar- 
and-cents signs. 

Step 14. Dividing the basic combinati 
divisor and a zero affixed to the dividen 


Sampius: 70)560 200 + 50 = 

This type of division can be developed either from its multiplica- 

tion counterpart or from preceding steps in division or both. When 
4 6 8 

ncepts as X 10, x 20, X 30, X 40, and so 

ped, their inverses could be developed also: 

m the fact that 2 objects taken 


ons with a zero affixed to the 
d. (Step 15. Mult.) 


such multiplication CO 
forth, are being develo 
10)20, 20)80, 30)180, and 40)320. Fro 
10 times amount to 20 objects, the child can discover the fact that 
20 objects arranged in 10 equal groups have 2 in a group. From 
“twenty 4’s are 80,” “80 divided into 20 equal groups are 4 can 
be derived. From thirty 6’s, 180 arranged in 30 groups can be derived. 
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8 
From X 40, 40)320 can be derived. 

The other approach is from already known and understood division 
concepts. Beginning with a review of the already known combinations 
with 10 as the divisor: 10)20, 10)80, 10)40, 10)50, and so forth, 
combinations with 20 as the divisor could be introduced: 20)40, 
20)60, 20)80, 20)100. 

If the children cannot figure out how many 20’s there are in 40, 
60, 80, and so on, they could find out by manipulating objects. The 
same thing can be done with 30)30, 30)60, 30)90, 30)120, and so forth, 
and 40)40, 40)80, 40)120, and so forth. 

After the children understand how large numbers of objects can 
be grouped in 20’s, 30’s, 40’s, 50’s, and so forth, they can approach 
the task of learning to give orally the answers to this type of division. 
A few children may be able to give the answers with facility without 
a computational trick to aid them. Most children, however, will need 
such an aid. 

The children should be allowed to discover for themselves that the 
answers to 20)40 and 2)4 are the same, that the answers to 50)350 
and 5)35 are the same, and so on. It is not necessary at this stage 
of the child’s development for him to know the mathematical reason 
for this phenomenon. By his own experimentation with objects he 
knows that such division as 80 + 20 and 8 + 2 are both equal to 4 
and that 90 + 30 and 9 + 3 are both equal to 3. 

Only if the child cannot hit upon the trick himself should he be 
shown that he can cross out the final zeros (or imagine them crossed 
out) in such computations as 39)128, 49)24G, 70)630. 

With the aid of this trick almost any child will be able to gain 
facility in getting answers to these computations mentally. 


Step 15. Dividing the basic combinations with a zero affixed to the 


divisor and a digit affixed to the dividend; remainders not larger 
than 9. 
SAMPLES: 40)209 428 + 60 = 
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least practice to find approximate answers mentally. This he does by 
mentally crossing out the zero in the divisor and also the last digit 
in the dividend and then dividing. For 49)209, the answer is about 5 
(4 into 20). If necessary for clarification, the teacher and children 
can discuss reasons why 4)20 has the same answer as 40)200, but 
4)20 has approximately the same answer as 40)209. 

If the child requires written computation to find exact answers to 

this type of division he can use the form shown. The first thing he 
[5] does is to estimate the answer and place the 5 in brackets 
5 R9 above the place where the exact answer will be written. 
40)209 He writes the 5 again immediately over the last digit 
200 of the dividend. He then multiplies 40 by 5 and sub- 

9 tracts the 200 from the 209 to get the remainder, 9. 

It is important that the child write the answer to these divisions 
in a certain position, not so much to aid him in present computations, 
but to aid him in more complicated divisions that he will meet in the 
future. A discussion with the children at this time may prove helpful 


in insuring an understanding of the convention governing the place- 


ment of the quotient figures. 

The 6 is placed over the 4 in 424 to show that 4 goes into the 
number 24 6 times. In 7)217, the 3 is placed over the 1 to show that 
7 goes into 21 3 times and the 1 goes over the 7 to show that 7 goes 
into 7 once. Thus, the answer, 31, is conveniently placed to show 
that 7 goes into 217 31 times. Likewise, in 40)209 the 5 is placed 
over the 9 to show that 40 goes into the number 209. 

The point of confusion for some children lies in the difference be- 
tween the manner in which the estimated answer is determined 
(4 into 20) and the manner in which the location of the quotient 
figure is determined (40 into 209). If the child at this stage can learn 
to distinguish between the why and when of thinking “4 into 20” 
and the why and when of thinking “40 into 209,” he will be laying 
a foundation of understanding that will enable him to avoid confusion 
in the future. 

Step 16. Dividing basic combinations with remainders, a zero af- 
fixed to the divisor, and a digit affixed to the dividend; remainders 
not smaller than 10. 
SAmrLEs: 40)226 175 + 50 = 


This step should not be difficult after the preceding one is mastered. 
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Some children who can arrive at the exact answers of the preceding 
type mentally, however, may have difficulty in performing these 
operations mentally. 

The written computational form is as follows: 


[5+] To get the estimated answer the child thinks, ‘4 into 

5 22 is 5+.” After writing 5+ and circling it, he writes 5 

40)226 over the 6, since 40 goes into 226 5 times. He multiplies 
a as usual and subtracts for the remainder. 


Step 17. Dividing basic combinations with the digit 1, 2, or 3 af- 
fixed to the divisor and a digit affixed to the dividend; no remainders. 
The estimated answers and the exact answers are identical. 
SAMPLES: 41)205 639 + 71 = 


The new computational technique to be learned for this kind of 
division is the rounding off of the divisor mentally to estimate the 
answer and finding the exact answer as before. 


Step 18. Dividing basic combinations with remainders, the digit 
1, 2, or 3 affixed to the divisor, and a digit affixed to the dividend; 


remainders in the answers. The quotient figures are identical with 
the estimated answers. 


SAMPLES: 52)372 73)598 


Before a new step in division is introduced it is sometimes desirable 
to have the children review and practice the different kinds of inter- 
mediary operations involved in arriving at the final answer. In the 
division, 73)598, for example, the following operations are involved: 

ts 3 B 598 

7)59, 8 X 73 (appearing in this form: 73) ), and — 584. Occa- 
sional reviews of multiplication and subtraction aid the child in 
computing divisions with facility. 


The present step, although different, is composed of elements 
already encountered in previous steps. 


Step 19. Dividing the basic combinations with or without remain- 
ders and with the digit 1, 2, or 3 affixed to the divisor and a digit 
affixed to the dividend; remainders in the answer. The quotient figures 


are less than the estimated answers unless dividends are decreased 
along with divisors when rounding off. 
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SAMPLES: 727494 93)369 

This type of division requires the adjustment of the estimated an- 
swer in order to arrive at the correct figure for the exact answer. For 
those children who have difficulty in discovering for themselves the 
relationship between the estimated and exact answers in these divi- 
sions the following explanation can be given. 

Since 40)320 has the same answer as 4)32; that is, 8, 41)320 could 
not have the same answer as 4)32. 41 into 320 is less than 8, or 7 
with a remainder. It can further be developed that although 41)321, 
41)322, 41)323, 41)324, 41)325, 41)326, and 41)327 have the same 
estimated answer, 8, their exact answers are 7 with a remainder. 

Another illustration could be given. The estimated answer for 
53)260 is 5. The exact answer, however, cannot be as much as 5 
because 5 X 53 is 265, and 260 is smaller than 265. The teacher 
can ask the children to write down all the divisions with 53 as 
the divisor whose estimated answers are 5 and exact answers are 4+. 
There are 15 such divisions from 53)200 and 53)251 to 53)263 and 


53) 264. < 

The children could practice making other sets of divisions whose 
estimated answers are larger than their exact answers. — i 

A child cannot make up very many divisions of this kind without 
gaining some understanding of when and why estimated and exact 
answers differ in this way. One of the generalizations he should be 
able to understand is this: When, in estimating quotients, the divisor 
is made smaller, the estimated answer will approximate the exact 
answer more closely if the dividend is also made smaller. In estimat- 
ing 73)499, for example, the division could be thought of as Te 
or 7)49. But, since 73 was reduced to 70, perhaps the 499 my ss e 
reduced by more than just 9. Perhaps 7)48, or 6+, would be a 
better estimation than 7)49, or T. ; 

Step 20. Dividing the basic combinations with or without remain- 


ders, with the digit 7, 8, 0r 9 affixed to the divisor, and with a digit 
affixed to the dividend; answers with or without remainders. Esti- 
tated answers and quotient figures are the same if divisors are 
increased when rounding off. == 
Sampues: 77214 58)369 
ave learned to manipulate 2-digit 


Up to this point the children h 
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divisors whose second digit is 0, 1, 2, or 3. Now they are introduced 
to 2-digit divisors whose second digit is 7, 8, or 9. The new technique 
to be learned in these divisions is the enlarging of the divisors when 
rounding them off for estimating rather than making them smaller. 
In estimating 77)214, for example, the division is thought of as 
89)214, or 2+. In estimating 58)369 the division is thought of as 
69)369, or 6+. 

In each of the above cases, if the divisor is not thought of as being 
larger, the estimated answer has to be adjusted in order to arrive 
at the exact quotient figure. For example, the estimated answer of 
77)214 when thought of as 79)214 is 3. The exact answer, however, 
is 2 and a remainder. The estimated answer of 58)369 when thought 
of as 59)369 is 7, whereas the exact answer is 6 and a remainder. 


Step 21. Dividing the basic combinations with remainders, 7, 8, or 
9 affixed to the divisor, and a digit affixed to the dividend; answers 
with or without remainders. Quotient figures are more than estimated 
answers unless dividends are increased along with divisors when 
rounding off. 


SAMPLES: 49398 38)306 


Sometimes it is not enough to increase just the divisor when round- 
ing off to obtain an estimated answer. In a division such as 49)398, 
changing the 49 to 50 and leaving the dividend as it is gives an 
estimated answer of 7+ (59)398 ). The exact quotient figure is 8. 
If the dividend is also increased the estimated answer becomes 8, the 
same as the exact answer (59)406 ). 


Step 22. Dividing the basic combinations with or without remain- 
ders, with 4, 5, or 6 affixed to the divisor, and with a digit affixed 
to the dividend; answers with or without remainders. Quotient figures 
and estimated answers are the same, due largely to trial and success 
or trial and error. 

SAMPLES: 44)262 65)453 

Up to this point the children have had practice computing divisions 
with 2-digit divisors whose second digits are 0, 1, 2, 3, 7, 8, and 9. 
They should have discovered by this time that the closer the divisor 
is to an extreme end of its decade range (the 20 to 30 range, the 
30 to 40 range, and so forth) the easier it is to make the estimated 
answer the same as the exact quotient figure. They should have 
learned through their own experiences and through discussions of 
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their experiences that the estimated answer tends to be the same as 
the quotient figure in the exact answer when the dividend and divisor 
are made smaller or larger together as the divisor is rounded off. 
They also should have become aware by this time that the amount 
that the dividend should be made smaller or larger is a matter of 
judgment and sometimes of guesswork. The more practice a person 
has in estimating quotients, the keener this judgment becomes. 

The children are now ready to consider computing with a 2-digit 
divisor whose second digit is in the middle of the decade range— 
4, 5, or 6. In rounding off these divisors should we increase them or 
decrease them? The children can discuss this question and, if they 
are able, should be encouraged to experiment and arrive at general- 
izations themselves. Otherwise, the teacher leads them to an under- 
standing of a procedure. 

Considering the division, 25)100, the children know the answer 
is 4. How can we arrive at 4 as the estimated answer? If we rounded 
off 25 to 20 and left the 100 alone the estimated answer would be 
5 (29)100 ). If we rounded off 25 to 30 and left the 100 alone, the 
estimated answer would be 3 (36)106 ). In order to arrive at 4 as 
the estimated answer, the dividend would have to decrease or increase 
as the divisor decreased or increased: 29)90 or 26)80; 3Ø) 129. 

To arrive at 2 as the estimated answer of 35)70, the divisor could 
be reduced to 30 but the dividend could be left unchanged ( 39)79 ). 
If the divisor is increased to 40, however, the dividend would have 
to be increased also (4089 ). 

The children could consider several cases in the same manner, 
Such as 45)315, 45)310, 95)380, and 95)384. 

The conclusion to be drawn from such experimentation is that ir 
this type of division sometimes you must decrease the dividend wher 
you decrease the divisor, and sometimes you must increase the divi 
dend when you increase the divisor. When the dividend should bi 
decreased or increased and when it should remain unchanged is largely 
a matter of trial and success or trial and error. 

After the children have practiced computing several such division 
With divisors ending in 5 that they or the teacher or both have mad 
up, they are ready to consider 2-digit divisors ending in 4 and als 
those ending in 6. Through experimentation similar to that abov 
they should arrive at about the same conclusions they arrived at fc 
2-digit divisors ending in 5. 

Some children may come to the conclusion that the simplest thin 
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to do in all divisions of this type is to decrease the divisor when 
rounding off and leave the dividend unchanged, since adjustments 
may or may not have to be made anyway in obtaining exact quotient 
figures. 

No matter which technique is used, the estimated answer should 
approximate the exact answer rather closely. An estimated answer, 
for example, may be 8 and the exact answer may be 728, or the 
estimated answer may be 8 and the exact answer may be 844. In 
both cases the estimated answer is very close. In the first case, how- 
ever, the quotient figure of the exact answer, 7, is less than the 
estimated figure, but in the second case the quotient figure is the 
same. A differentiation should be made, therefore, between approxi- 
mating the answer and estimating the quotient figure. 

Step 28. Dividing with divisors of 12, 13, 14, 15, 16, 17, and 18; 
one place quotients with or without remainders. 


SAMPLES: 14)74 18) 154 


The divisions of this type sometimes offer complications that re- 
quire special‘attention. Of course, some children may not need special 
practice on this type, but many children do. 

The difficulty here is that the estimated answer quite often requires 
considerable adjustment in obtaining the exact quotient figure. The 
exact answer to 14)74, for example, is 5 R4. The question is, How 
best can we arrive at the figure 5? Rounding off 14 does not seem 
to help. Should we think 10)70, 10)60, 10)50? If 14 is decreased to 
10, how do we know in advance by how much we must decrease 74? 
P Arriving at 8 as the quotient figure for 18)154 is rather simple 

i 


increase 18 to 20 and 154 to 160), but what should be done to the 
divisor and dividend in 13) 119? 


By examining a few divisions of this type the children readily can 
see how they must resort quite often to trial-and-error methods in 
obtaining close approximations and exact answers. 

Some children may wish to learn the a iy ee B20 
combinations so that they can divide by the 
For all purposes of multiplication and divisi 
need be memorized only up to the 9’s. 


Step 24. Dividing the basic combinations with two 0’s affixed to 
the dividend. (Step 20. Mult.) 


and 15 multiplication 
se numbers mentally. 
on these combinations 
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SAMPLEs: 4)1600 8)7200 


Just as divisions such as 4)160 were developed from their corre- 
sponding multiplications (4 X 40 = 160), divisions such as 4)1600 
can be derived from their corresponding multiplications (4 X 400 
= 1600). Children can catch on easily to the technique of thinking, 
for 8)7200, for example, 8 into 72 is 9, 8 into 0 is 0, 8 into 0 is 0; 
or of thinking, 8 into 7200 is 900. 

Step 25. Dividing with 1-digit divisors; 3-place quotients with or 
without remainders; no zeros in the quotients. (Step 21. Mult.) 


SAMPLEs: 4)1736 6)2503 

The first thing to do, of course, in this as in all kinds of computa- 
tion is to estimate the answer or, in other words, to get an approxi- 
mate answer. To estimate 4)1736 the child would think, 4)1700, or 
400+-. The exact answer lies somewhere between 400 and 500, since 
1736 lies between 1600 and 2000. The exact answer of 6)2503 lies 
between 400 and 500, since 2503 lies between 2400 and 3000. 

After the children understand the process of estimating answers 
and have gained reasonable facility in arriving at approximate an- 
Swers mentally, they should be challenged with the task of finding 
the exact answers. Some children are able to do this without help. 
Others will need guidance and instruction. 

One explanation can proceed somewhat as follows: 

4)1736 is 400 and a remainder. How much is the remainder? 136. 
All right. 4)136 is 30 with a remainder of 16. 4)16 is 4. The exact 
Answer is 400 + 30 + 4 or 434. This can be written: 

4 


30 
400 400 30 4 
41736 or = 417364136416 
1600 1600 120 16 
136 136 16 


i Since the child has already acquired a technique of computing divi- 
Sions with 1-digit divisors and 2-place quotients, he might quite easily 
use the same technique here, using the short or long division form 
depending upon his ability. ' 
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It is important to approximate the answer first and write the esti- 
mated answer above the place where the exact answer will be, because 
(1) the estimated answer provides the first digit of the exact answer, 
(2) the number of digits in the estimated answer is the number of 
digits in the exact answer, (3) the estimated answer helps give mean- 
ing to the exact answer. 

Step 26. Dividing with 1-digit divisors; 3-place quotients with or 
without remainders; 1 or 2 0’s in the quotients. 


SAMPLES: 7)2120 5)2503 
This step can be introduced by reviewing a similar kind of division 
50 R3 


previously learned (see Step 10): 5)253  . Just as 5)253 was devel- 
oped from 5)250, now 5)2503 can be developed from 5)2500. 

After the answers to such divisions as 4)1602, 7)4905, and 9)8107 
can be obtained mentally, the children can consider how the answers 
can be obtained using the written piecemeal technique. 

[500+] 

500 R3 Using the short division form the child would think: 
5)2503 “5 into 25 is 5; 5 into 0 is 0; 5 into 3 is 0 with 3 remain- 

25 ing.” In this way the child picks up the technique of 

handling zeros in the quotient. 


oloo 


3 

0 

3 
Now such divisions as 7)2120 can be considered. The answer obvi- 
ously is about 300. The exact answer can be obtained by using the 


piecemeal technique, short or long division form according to the 
ability of the child. 


[300+] 
302 R6 Asis the case with all new techniques of computation, 
ozz the children should be given opportunity to work them 
z out themselves, once they understand the meaning of 
0 the computation as related to concrete situations and 
20 once they know how to estimate the answer. 
14 
6 


Step 27. Dividin 


5 g the basic combinations with a 0 affixed to the 
divisor and two 0’ 


8 affixed to the dividend. (Step 16. Mult.) 
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SAMPLES: 40)2000 70)4900 


After recalling that 40)200 is 5, arrived at by mentally crossing 
out the final zeros in the divisor and dividend (49)209 ), the child 
can arrive at the answer to 40)2000, 50, by using the same technique: 
49) 2008. 

The children should practice giving the answers to these divisions 
orally until they gain reasonable facility. 


oe 28. Dividing with 2-digit divisors; 2-place quotients. (Step 19. 
ult.) 


SAMPLES: 42)3964 88)6097 


Some children are able to arrive at approximate and exact answers 
to these divisions without assistance. Others will need guidance and 
instruction. They can begin by reviewing 

(1) divisions having 1-digit divisors and 2-place quotients: 


[90+] [60+] 
99 R1 60 R2 
4)397 6)362 
36 36 
37 02 
36 0 
1 2 


(2) divisions having 2-digit divisors and 1-place quotients: 


(9] 

9 R19 
425397 
378 
19 


The 2-place quotient aspect (1) and the 2-digit divisor aspect (2) can 
now be combined. 
[90+] 
94 R16 
42)3964 
378 
184 
168 
16 
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The new features of this type of division are (1) arriving at an ap- 
proximate answer and (2) estimating 2 quotient figures instead of 
just one. In 42)3964, for example, the approximate answer is 90+ 
(42)3964 ). After finding that 9 is the correct first quotient figure 
(this the child has already learned to do) he must find the second 
figure (this he must now learn to do). He does this by dividing 4 
into 18. (42 into 184). To estimate the second quotient figure he 
uses the same technique of rounding off the divisor and decreasing 
or increasing this second “dividend” as he uses to estimate the first 
quotient figure. 

There are so many opportunities to make errors in procedure, as 
well as in computation, in this type of division that only a few chil- 
dren have no difficulty at all in arriving at exact answers consistently. 
The major difficulties involve estimating quotient figures, multiply- 
ing, subtracting, “bringing down,” and not completing the answer. 

The inherent pitfalls are alleviated to a certain extent by having 
children attack division slowly, step by step as indicated in the pre- 
ceding pages. If a child still has difficulty remembering the procedure 
in computing 2-place quotient divisions he may be helped by writing 
down the order and keeping it in a note-book for reference when 
needed. With the help of the teacher he might list the following 
things to do: 

(1) Estimate the answer 
(2) Multiply 
(3) Compare 
(4) Subtract 
(5) Compare 
(6) Bring down 
(Repeat if necessary) 
Step 29. Dividing 


A the basic combinations with a 0 affixed to the 
divisor and three 0’ 


s affixed to the dividend. (Step 20. Mult.) 
SAMPLES: 40) 16000 90)54000 


i Children can be led to reason that 40)16000 is 400, since 40)1600 
is 40 and 40)160 is 4, Using the crossing-out-zeros technique they 
can develop reasonable facility in giving answers mentally to this 
type of division. For 5915009, they can think, 5 into 1500 is 300; 
or, 5 into 15 is 3, 5 into 0 is 0, 5 into 0 is 0. 
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Step 80. Dividing with 2-digit divisors; 3-place quotients with or 
without remainders. (Step 21. Mult.) 
SAMPLES: 35)10693 47)9423 

Many children can perform this type of computation by applying 
principles and techniques already acquired. The new elements to be 
learned are (1) getting an approximate answer and (2) estimating 
8 quotient figures, not just 1 or 2. The “bringing down” technique 
has already been learned. 

This is the most difficult type of division for most children in the 
elementary school. It can be argued with a great deal of assurance 
that, since the occasions when the child is called upon to perform 
such a computation in everyday life is so rare, and the technique of 
computation is so intricate, perhaps we should not waste children’s 
time having them try to learn to perform such computations. 

Step 81. Dividing the basic combinations with 2 0’s affixed to the 
divisor and 2 or 3 0’s affixed to the dividend. 


Sampras: 400)2000 800)32000 


Some children with exceptional computational skill may wish to 
learn to divide with 3-digit divisors. Only such children should prac- 
tice on this step and the next. 

By using the crossing-off-zeros technique, answers to such divisions 
as 400)2000 and 800)32000 readily can be obtained mentally. 

Step 32. Dividing with 3-digit divisors; 1- or 2-place quotients; 
With or without remainders. 


SAMPLES: 423)2468 567)39467 


To estimate such divisions as 423)2468 and 567)39467 the divisors 
are rounded off to hundreds and the dividends are appropriately 
decreased or increased. 423)2468 is thought of as 490)2300, or 5+. 
567)39467 is thought of as 6(9)41000, 60+. 

By approximating the answer, the number of digits in the exact 
answer can be determined. This knowledge helps in the placement 
of the quotient figures. 


Step 33. Dividing with dollars and cents in the dividend; dollars 
as well as cents in the quotients. 


Samenus: 57830.50 52)$173.60 271)$695.38 
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The new technique to be acquired when dividing dollars and cents 
is that of obtaining approximate answers. The approach could be 
somewhat like this: 

4)$16.00 is how much? That is right. $4.00. 4)$16.25 would then 
be about $4, or $4 and some cents. 

Since 5)$35.00 is $7.00, 5)$35.80 is $7+. Again, since 3)$10.00 
is $3+, 3)$10.45 is $3+. 

The same introduction to estimating answers can be used when 
dividing by 2- or 3-digit divisors. Since 52)$173.00 is about $3 
(52)$172 ), 52)$173.60 is about $3. Since 68)$480 is about $7 
(79)$490 ), 68)$480.35 is about $7. Also, since 271)$695 is about $2 
(30)$700 ), 271)$695.38 is about $2. 

By first obtaining an approximate answer in dollars the child should 
have no difficulty in putting the cents point in the correct place in 
the quotient. 


Part Ill 
LEARNING TO COMPUTE WITH 


FRACTIONS 


Children become aware of and concerned with fractional parts of 
objects, fractional parts of things, and fractional parts of units of meas- 
ure as well as whole objects, whole things, and whole units of measure. 
In fact, many children acquire a workable knowledge of fractional 
parts of things long before they enter school. It is not uncommon, 
especially when there are 2 or more children in the family, for children 
3 or 4 years of age to learn the meaning of “the biggest half” or “the 
littlest half.” Young children in a family have many more occasions 
to divide an object’ into parts (sharing) than they have to add, sub- 
tract, or multiply objects. 

There are two kinds of fractions: Common-fractions and decimal- 
fractions. Although children in their everyday concerns think more 
in terms of common-fractions than of decimals they cannot avoid 
Meeting decimal-fractions in their daily living, since decimals are such 
an integral part of the science and industry of our civilization. 

In learning about fractions and fractional parts, therefore, children 
should gain as much understanding of the 2 kinds of fractions as 


their abilities warrant. 
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What Are Fractional Parts? 


THE FIRST CONCEPTS OF FRACTIONAL PARTS 

The child’s first concept of a fractional part usually involves the 
half. With 3 or 4 children in a family, however, the child may also 
Acquire early the notion of a third or a fourth. The meaning of these 
fractional parts is clear to the child. The cookie, the apple, the piece 
of cake, the brick of ice cream, or whatever it is that is being shared, 
is divided into 2 equal parts, or 3 equal parts, or 4 equal parts. 

No matter what concepts of fractional parts children may already 
have acquired before entering school, however, the teacher should 
a to develop these concepts even in the kindergarten and first 
grade, 

“Easel paper is folded or cut into halves or into fourths.” 

“One child can use this half of the table, another child can use 
the other half.” 
it Four children can share the chalk-board—each using a fourth of 


. “The blue paint can be put into 3 jars for the 3 children who need 
1t—each receiving a third of the prepared amount.” 

If, in such common everyday occurrences as the above, the teacher 
uses the appropriate arithmetical terminology—half, third, fowrth— 
me children will learn to use these words and thus increase their 
Ree ty. They will also be adding these ideas to their growing 
ata of quantitative concepts. In fact, the meaning of a half, a third, 
JA tL fourth becomes just as significant to the young child as the 

aning of such numbers as four, seven, ten, and so forth. 


ORGANIZED INSTRUCTION 
she oncerts of and experiences with different kinds of fractional parts 
ould be developed continually during each year of school. Laying 
167 
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the foundation for computing with fractions in a systematic organized 
fashion should not be made, however, before the children are 9 or 10. 

There is no tremendous necessity for the elementary school child 
to learn to add, subtract, multiply, or divide fractions, as far as his 
own everyday problem-needs are concerned. However, occasions do 
arise when the ability to manipulate fractions could prove convenient 
and desirable. 

“T need 23 yards of material for a costume. What quality can I 
afford to buy with the amount of money I have?” 

“I weigh 94§ pounds and Jack weighs 933 pounds. What is the 
difference in our weights?” 

“I need 7 pieces of quarter-inch dowel 4% inches long. Will one 
30-inch dowel be long enough, or will I have to buy 2?” 

Although there may be limited need in the child’s or adult’s every- 
day life to compute with fractions, it seems reasonable to believe that 
the person possessing much skill in manipulating fractions will find 
more opportunities to use his skill than the person with limited skill. 
Fixing Concepts 

The systematic and organized teaching of fractions 
with the fixing of sound concepts of fr 
fractional parts of a collection of units 
% of 24, and so forth. 

A good way to begin formal i 


should begin 
actional parts of a unit. Later, 
will be considered, i.e., 4 of 12, 


; ; nstruction is for the teacher to ask 
the children to tell him to stop when he has walked half way across 


the room. When they have said, Stop, he asks them how they can 
verify whether they are correct or not. The answer will undoubtedly 
be forthcoming, “Measure to see whether the distance from the 


teacher to 1 side of the room is the same as the distance from the 
teacher to the other side.” 


able a length of heavy twine or light 
a measuring device. 


Now the teacher can a 


è sk the children to tel 
is 4 of the distance acros 


l him to stop when he 
s the room. 


After they have made this guess 
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the question arises, “How can we know that this distance is 4 of the 
total distance?” The response from members of the class will probably 
be, “Measure the distance from the first wall to the teacher. Hold 
the twine at the proper place. Now see whether 4 of these lengths 
reach across the room from wall to wall.” The children can thus see 
how accurate their estimate was of ł of the distance. 

This procedure can be repeated to estimate } of the distance, 
5 © 4, 4, and so forth, depending upon the children’s developing 
powers. They can take turns walking across the room themselves and 
stopping when the class indicates, thus permitting the teacher to par- 
ticipate in estimating along with the children. 

When the children are using the twine to count off the number of 
lengths while verifying the correctness of the guesses, the teacher can 
See that certain ideas are introduced. When 4 of the distance is being 
Verified he can point out, “Yes, 3 and 4 make the whole distance.” 
When 3 is being verified the fact can be mentioned that } of the 
distance and 2 make 4 or the whole distance. Likewise, the children 
readily can see that 4 make the whole and that ł and $ are $; $ make 
the whole and 4 and # are $; and so forth. 

In somewhat the same fashion that the young child learns some of 
the simple whole number addition combinations from experiences with 
Concrete materials, the older child learns some of the simple fraction 
addition combinations from experiences in concrete situations. 

After the children have gained some idea of 3, 3, 3, 4, and so forth, 
of a given distance, the estimating procedure can be reversed. Now 
the teacher can say, “I am going to walk across the room and stop. 

Ou are to guess whether I am about 4 of the distance across, }, 4, 
or some other part of the distance.” 

Whether the children agree or not in their estimates, they can test 

heir accuracy by using a length of twine or other measuring device, 
as before. 

To vary the activity somewhat, each child can have an opportunity 
to walk across the room and stop when he thinks he is 3, 3, }, or 4 
of the distance. He and the class can verify his guesses in the usual 
fashion, 

Estimating the size of fractional parts of the length or width of 

€ classroom should not be the children’s only experience of this 
Nature, Estimating fractional parts of the lengths and widths of the 
Playground, the corridor, the table top, and the bulletin board can 
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also be practiced. In fact, any kind of distance that can be measured 
conveniently by such means as twine, a length of wood, or paces will 
serve for this kind of activity. 

If, after these experiences, a child needs further opportunity to 
develop concepts of simple fractional parts he might profit from the 
use of representative materials that he can manipulate at his desk. 
A 20- or 30-inch length of wood 4 or } inch thick and about 2 inches 
wide, or the same length and width of oak tag might suffice. 

Two or 3 children working together at their desks could take turns 
being the “teacher.” They could estimate and verify 4 of the length 
of wood or oak tag, } of the length, %, and so forth. 

After the children have had many experiences in a variety of con- 
crete situations they are ready to practice estimating fractional parts 
using pictures, drawings, and diagrams. 

The teacher can draw a straight horizontal line on the board about 
1 or 2 yards in length. At even spaces along the line he can place 
letters of the alphabet. The children can practice estimating frac- 
tional parts by indicating at what letter or between what 2 letters 
the half-way point falls, where 4 the distance is, 4, and so forth. 

‘The same thing can be done with a line draw 
a circle whose circumference is marked evenly 
dren then could practice answering such quest 
one-fourth of the line? or How far ar 

As soon as they are thoroughly 
children can make their own draw 
in pairs, can give each other 
fractional parts of lines of diff 


Throughout these experiences, (1) participating in concrete situa- 
tions, (2) manipulating representative materials, and (3) using draw- 
ings and sketches, the children should be learning the appropriate 
vocabulary to describe, represent, ai 


n nd explain the various quantita- 
tive relationships encountered. They should not only be hearing the 
appropriate words; they should be using the appropriate words and 
terminology as well. They should become very familiar with the lan- 
guage of fractions: “One-fourth,” “Two-thirds,” “One-fifth and 
four-fifths are five-fifths,” “Six-sixths make a whole,” and so forth. 


n vertically and with 
with letters. The chil- 
ions as, How far up is 
ound is one-sixth of the circle? 
familiar with this procedure the 
ings and diagrams and, working 
practice in estimating and verifying 
erent lengths. 


Learning the Symbolism 


Up to this Point, whenever the occasion has called for the writing 
of the fractional part or relationship, the word-form has been used. 
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Now, however, the shorthand mathematical symbolism can be intro- 
duced. Both the horizontal (14) and vertical (4) forms can be shown. 
Tt should be explained, however, that the form most frequently used 
is the vertical form. 

One-half is written 44 or 3. 

Two-thirds is written 24 or $. 

The shorthand form of writing such an expression as, “Six-sixths 
of the distance make the whole distance” can be introduced by using 
the following sequence of statements: 


Sixth-sixths of the distance make the whole distance. 
$ of the distance = the whole distance 
& = the whole 
=1 

At first the equal sign should be called “make” and the 1 should 
be called “the whole.” When the meaning of § = 1 (six-sixths make 
the whole) is well fixed, however, $ = 1 can be read, “Six-sixths equals 
one,” “one” meaning “the whole.” bs 

The mathematical symbolism that represents the addition of frac- 
tions can now be introduced. For those children who cannot by them- 
Selves think how such an expression as, “One-half and one-half make 
a whole,” can be expressed with numerals the following sequence of 
Statements can be used: 

One-half of the distance and one-half of the distance make two-halves 
of the distance or the whole distance. 

4 of the distance + } of the distance = = of the distance or the whole 
distance. 


ale a 


2 +4 = 2 or the whole. 
P+d=251 
2+%=1 

2 of the distance 


+ 4 of the distance 
of the distance 


m nlm eoho 


+ 
leol 


-l 


Certain similarities between the addition of whole numbers and 
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the addition of fractions can be discussed with the children. They 
can be asked to consider, for example, two such expressions as 
5+2=T7and}+2=1. 

(1) 5+ 2 = 7is a shorthand expression with the “noun” omitted. 
i +4 = 1 is also a shorthand expression with the “noun” omitted. 

(2) In the expression 5 + 2 = 7 the 5, the 2, and the 7 must refer 
to the same noun. 5 apples and 2 bananas cannot make 7 cucumbers. 
Likewise, in the expression 3 + 3 = 1, the 4, the 3, and the 1 must 
refer to the same noun. You cannot have } of the length of the play- 
ground and } of the height of the flagpole make the whole distance 
across the room. 

(3) Just as a child can learn to add mentally many pairs of whole 
numbers, especially the basic combinations, so he can learn to add 
mentally many pairs of fractions, especially those of the type 
PtP =L494+3=1 
Further Concept Building 


Concentrated attention has thus far been placed on developing 
concepts of fractional parts of a one dimensional, unit—distance, 
length, width, height. Estimating and verifying fractional parts of 


two dimensional units—that is, of surfaces, areas—should now be 
considered. 
The children will find that 


surfaces of such objects as floors, walls corridors 


i © càildren can be led to discover that, whereas 
there is only one mid-point of a line, there are many places where 
divide a surface into halves. 

on the chalk-board the children can make 


‘ , 4 of a square, $ of a horizontal rectangle, 4 of a 
vertical rectangle, 2 of a diamond, and so forth. 


While experimenting with various geometrical shapes the children 
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can be led to the realization that it is possible to visualize the whole 
of a circle, even if only a part of it is shown, but the whole of a 
rectangular figure cannot be visualized when only a part of the rec- 
tangle is shown. 


A of Fig. 14 is obviously } of a circle and the entire circle must 
be B. C, however, could be a part of any rectangular figure of any 
size. It could be, for example, } of rectangle D or it could be 4 of 


rectangle E. 


Some Learnings Thus Far Acquired 

Throughout the above experiences in estimating and verifying frac- 
tional parts, the emphasis has been placed upon developing a “‘feel- 
ing” of the relationship between a fractional part and the whole, 
Such as 4 and the whole, 4 and the whole, } and the whole, and 
% and the whole. Teaching children how to find out “exactly” 3, 4, 
3, 4, or other part of a line or surface should come later. 

From the above experiences in estimating and verifying fractional 
Parts children should have increased their general understanding of 
fractions. Specifically, they should now be able to demonstrate 
through the use of concrete materials or drawings the meaning of 
fractions such as 4, 3; 4, 3, $5 i i 4; and so on. 

The children should also have gained some understanding of addi- 
tion and subtraction of fractions. Having developed the following 
addition and subtraction combinations from concrete and semi- 
Concrete materials, they should be able to demonstrate their meaning 
by the aid of objects and drawings. They should also be able to 


Perform the computations mentally. 


I Colt bole 
+++ 
j 
| 
leo colea 
I 
j eola 


Waje coja bol 
i] 
mja eoe eoho 
ll 
ee 
pä 
| 
I Colt bolt 
ll 
loo colta tole 
— 
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Similar treatment can be given the combinations containing fifths, 
sixths, sevenths, eighths, ninths, and tenths. 

Up to this point in the children’s experiences with fractions it has 
not been necessary for them to learn the technical terms numerator 
and denominator. Since technical terminology and memorized defini- 
tions often distract children’s attention from the concrete basis of 
arithmetical symbolism, children should not be required to memorize 
words that are meaningless to them. The terms numerator and de- 
nominator should not be introduced, therefore, until they have mean- 
ing to the learner. 

Some teachers question the advisability of concerning children with 
fractions other than halves, thirds, and fourths, since these are the 
fractions most commonly used by adults. The present writer agrees 
with this point of view as it applies to children in the early years in 
school. In the fourth or fifth grade, however, when concepts of com- 
parative sizes of fractional parts are being developed through estima- 
tion and verification, other kinds of fractional parts should be con- 
sidered. If a child has the capacity to learn to visualize through 
estimating and verifying fifths, sixths, sevenths, eighths, ninths, and 
tenths he should be granted the opportunity. It is important that 
children learn that a whole can be divided into many small equal 
parts as well as into a few large equal parts. The question of computing 
with fractions, however, is another matter. The kinds of fractions 
that children should deal with when learning to add, subtract, mul- 
tiply, and divide will be discussed in the next chapter. 


Concepts of Multi-Unit Fractions 


The next step in concept-building is the development of an under- 
standing of the multi-unit fractional part. Up to this point the con- 
cept of 2 came as a concomitant of the concept of 3, ł was met 
because of its relationship to 4, 4 developed in its relationship to $, 


and so forth. Now such fractional parts as 3 2, 2, 2, %, $ can be 
attacked in their own right. ihe 


The teacher can proceed as he did before. He can say, “Tell me 


to stop when I am $ of the way across the room.” The children’s 
guesses can verified by measuring the “2” that is supposed to be 
Temaining and seeing whether 3. of these len, th: the 
teacher to the first wall. Nene ne at 

The children should be encoura 


ged to suggest i i ch 
amounts as 2, 4, 3, 2 of the dis aes 


tance can be verified. For 2 they 
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might suggest 2 different ways. (1) Take what we consider to be 4 of 
the estimated 2 and see whether 5 of these supposed fifths make up 
the whole distance. (2) With twine measure the length of the esti- 
mated 2. Extend this distance 2 more fifths. Now we have what 
should be 4. The remaining distance should be 4 of the whole distance. 
This can be verified by seeing whether 5 of these fifths extend across 
the room. 

The teacher should provide sufficient practice with drawings, dia- 
grams, and pictures, as well as concrete materials, to enable the 


. children to have a fairly clear mental image of approximately what 


part of a whole is represented by any fraction whose denominator is 
not more than 10. 

Even though a child may not be able to visualize an exact part 
of a whole, such as $ of it, the probability is that he can learn to 
visualize } of a unit. He could then visualize % of a whole as being 
a little less than 3 of the whole. He could also conceive of 5 of a 


Unit as a small part of it and as almost the whole. 


Children can learn to “round off” fractions by comparing them to 
0, 3, or 1 just as they can learn to round off whole numbers to the 
Nearest ten, hundred, thousand, and so forth. This ability to “round 
off” fractions will help the children later to estimate answers and to 
compute with meaning and efficiency. 

The teacher can help children develop facility in “rounding off” 
fractions by following generally this procedure: 

The teacher prepares a chart of shaded figures of different geo- 
metrical shapes. The children judge whether half of a figure is shaded, 
or more than half is shaded. They also judge whether the shaded part 
of each figure is almost all of the figure or almost none of it. 

After the children have established none, one-half, and the whole 
as reference points for judging fractional parts of a concrete or semi- 
Concrete unit they are ready to establish 0, 3, and 1 as reference 
Points for judging fractional parts as represented by the fraction 
Symbol. 

“One-third of the distance across the room is less than one-half of 
the distance” is expressed: 4 is less than 3. 

“Three-fifths of the circle is more than one-half of the circle” is 
expressed: 2 is more than 3. 

“‘Seventh-eighths of the chalk-board is almost all of it” is expressed: 


š is almost 1. s 
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“One-tenth of the rectangle is almost none of it” is expressed : 
ry is almost 0. 

When the children are familiar with the symbolism and understand 
its meaning, they are ready for drill in “rounding off” fractions. They 
are ready to practice telling whether a fraction is exactly 3, more 
than 3, or less than 3. For example, children respond orally to such 
a series of fractions as the following like this: Tv: “More than 4.” 
7: “Less than 4.” $: “More than 5) Se “Exactly 4.” 1: “Less 
than 3.” 

After the children have gained facility in recognizing whether a 
fraction is larger than, smaller than, or just equal to 3, they can 
then practice judging whether a fraction is almost 0, near 4, or 
almost 1. $: “Near 4.” 4: “Almost 0.” =: “Exactly 3.” 

About this time the terms numerator 
introduced, since the teacher and the children are now referring to 
the different numbers that compose a fraction. It is more convenient 
to refer to the “numerator” or “denominator” than to say, “The 
number on the top” or “The number on the bottom.” 

The technical meanings of numerator and denominator can be de- 
termined inductively by many children. From their own experiences 
in estimating, verifying, and comparing fractional parts they can 
arrive at the conclusion that the denominator tells into how many 
equal parts the whole is divided and the numerator tells how many 


and denominator could be 


actional parts as 4, 3, 
He may, however, have 
fractional parts as 4, $ 


3 ; 
i2 g tas being more or less than 1 

; ! n 4, 
some difficulty in visualizing whether such 
and 4% are more or less than 4. 


0 


mln 
hho 
leo 


1 


The response undoubtedly would be “an 


“In the $ series which fraction is half-way between 0 and 1?” 
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The responses here may vary. “There is no third that is in the 
middle.” ‘The half-way fraction would be 14 thirds.” 
The question could be repeated for the 4, 3, 4 series, and so forth. 


0 5 $ 3 $ 1 
1 2 3 5 
0 ? ë ë ë ë 1 
1 2 3 4 6 
0 7 7 ki 7 7 k 1 


The children can thus be led to the realization that the half-way 
fraction in the 4 series is 14 thirds, in the } series is 2 fourths, in the 
š Series is 23 fifths, in the 4 series is 3 sixths, in the + series is 34 
Sevenths, in the } series is 4 cighths, and so on. 

The general rule, A fraction is equal to } when the numerator is 4 of 
the denominator, will be discovered by some children sooner than by 
others. Those who, in the opinion of the teacher, are not capable of 
making this discovery themselves could be told the rule. Children 
can often learn to apply rules even though they cannot derive them. 
Tn such series as the Ps, ¥’s, and q's, the children can be asked to 
Study in each series the relation between the numerators and the 
ener on the 0 side of the half-way fraction and then on the 

side. 


2 3 4 5 6 T 
0 8 EJ 8 8 8 S 8 1 
1 3 4 5 6 7 8 
0 v s 5 EJ 9 a 9 EJ 1 
1 2 3 4 5 6 7 8 9 
0 to To To 10 10 io Io i060 to 1 


Most of the children will readily discover the general rules: 
+ A fraction is equal to more than $ when the numerator is more than 
2 of the denominator. 
i. A child who understands the above principles will be able to 
round off” almost any fraction, no matter what the numerator and 
denominator are. Moreover, the children with high native capacity 
for understanding the science or theory of mathematics may be able 
to extend these generalizations to include such rules as: 


1 when the numerator is q of the denominator. 
2 when the numerator is % of the denominator. 
3 when the numerator is $ of the denominator, 


A fraction is equal to 

A fraction is equal to 

A fraction is equal to 
and so forth. 
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Other Meanings of the Fraction 


The children’s first acquaintance with fractions has been with the 
fraction as an indicator of the size of a part of a unit. Not until this 
meaning of the fraction is well established should the other meanings 
be introduced for study. 

The fraction as an indicator of the size of a part of a collection of 
units (e.g., ł of 12 people) will be discussed at the beginning of the 
chapter on multiplication of fractions (page 211). 

The fraction as an indicated division can be considered any time 
during the fifth grade in connection with the following kind of 
situation: 

“4 boys have 7 apples to divide among themselves. How many 
apples will each have if they are divided equally?” 

The fraction $ in the answer 12 means that after each boy receives 
1 apple the 3 apples remaining are still to be divided into 4 parts. 
The concept, 3 divided by 4, can be expressed: 4)3 or 3 + 4 or 3. 
The answer to 4)3 or 3 + 4 or 3 is i. (The answer expressed as 2 
decimal-fraction or per cent will be considered later.) The fraction, 
therefore, can be both an indicated division and the result of a divi- 
sion. “3 apples divided among 4 boys (3) is 2 of an apple for each 
boy.” 

The fraction as an indicator of the relationship between 2 quantities 
is referred to as ratio. Ratio should not be considered for systematic 
study until possibly the sixth or seventh grade. This meaning of the 
traction, however, has already been touched upon (page 177). 

4 means 3 is ł of 4; -4 means 9 is Tz or į of 12; $ means 5 is $ of 
4 or 1 times 4. Stated in a different way: How does 6 compare 
with 8? 6 is $ of 8 or 4 of 8. In other words, the ratio of 6 to 8 (writ- 
ten 6:8 or £) is 3:4 or 3; that is, 6:8 = 3:4 or § = 2 

g The foundation for meaningful and efficient computation of frac- 
tions should be laid slow 


0 ly and thoroughly. Future confusions thus 

will be forestalled. The child must have sound concepts of fractional 

Pa before he is ready to add, subtract, multiply, and divide frac- 
ons. 


e a great many first-hand co 


of everyday materials in concrete situations in 


volving fractions and 


Oo w eee 


1 


— 
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fractional parts. Only after meanings and understandings are thus 
established should the mathematical symbolism for these concrete 
situations be expected to be understood. 

It is a challenge to the teacher at each grade or age level to provide 
many and varied worthwhile experiences for his children. The richer 
the first-hand experiences children have with people and things, the 
more children will feel the need to understand and use fractions. 


11 
Learning to Add and Subtract 


Common-Fractions 


If the general principle, numbers used in computation are adjectives 
and need nouns to modify, is a sound guide in helping children under- 
stand and use arithmetic, it should apply to fractions as well as to 
whole numbers. Likewise, if it is helpful to consider the operational 
signs (+ — X +) to be verbs telling what is happening to whole 
things, it may also be helpful to consider them to be verbs telling 
what is happening to parts of things. For example, } + t= could 
mean: A boy rode } mile going to his friend’s house but, by taking 
a short-cut, rode only £ mile coming home. How far did he travel 
going and coming? 

7 —3§ = could mean: From a strip of wood 73 inches long 
I wish to cut a piece 35 inches. Will the piece that I have left be 
long enough to get another 3§-inch piece from it? 

33 X2= could mean: While picking apples, baskets holding 
i of a bushel were used. Jack filled 34 baskets. How many bushels 
was that altogether? 


51+ 4= could mean: How many bags of candy, 2 of a pound 
each, can be filled from a supply of 5} pounds? 

To acquire facility in manipulating fractions, children should have 
out-of-context practice in adding, subtracting, multiplying, and di- 
viding fractions. This practice, however, should be with the kinds 
of fractions that the children have met or are likely to meet in real 
situations. Since it is very doubtful that a person would ever have 
occasion to add 7 of something to 4 of the same thing, the desirability 
of having children add such types of unrelated fractions is highly 
questionable. 


If occasions ever do arise in everyday 


life for finding the answers 
180 
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to such expressions as + + 3, Sfr — 3%, 43 X as, and 8;7 + 33, the 
child need not be at a complete loss. Having developed facility in 
“rounding off” fractions and mixed numbers he can arrive at approxi- 
mate answers, which, in most real situations, would be adequate for 
the purpose at hand. 

For 4 + 3 the child can reason, “4 is a little more than 3. I know 
3 and ł are 13, so the answer is a little more than 13.” (Exact 
answer: l) 

For 8,5, — 3% the reasoning could be, “4; is a little more than 4. 
2 is a little more than 4. Since 83 — 33 = 5, the answer is about 5.” 
(Exact answer: 433. 

For 48 X 48 the reasoning could be, “45 is a little more than 44. 
$ is a little less than 3. Since 4} X ł = 21, the answer is about 2.” 
(Exact answer: 1-88;.) 

For 8,4, + 3% the reasoning could be, “8; is a little less than 8}. 
3% is almost 4. Since 8} + 4 = 2+, the answer is a little more than 
2.” (Exact answer: 23525.) 

By comparing the approximate answers with the exact answers 
above, it can be seen that not only are the approximate answers very 
close to the exact answers, but they have more meaning than the 
exact answers. 

14 has more meaning to the child than 125. 

5 has more meaning than 453. 

2 has more meaning than 1,58;- 

2 has more meaning than 23°75- 

MEASUREMENTS ARE APPROXIMATIONS 

A child computes efficiently with fractions if he knows when an 
Approximate result will suffice and when the situation calls for an 
exact answer, The efficient computor is also aware of the degree of 
meee of his original figures and, hence, the degree of exactness 

at it is possible to get in his answer. 
2 Consider the inion described above where Jack filled three 
a-bushel baskets with apples, then picked enough apples so Lae 
fourth basket was 4 full (34 X 4). How exact are the figures, 3% and rag 
Was each basket exactly } bushel in size? The probability is that 
the baskets were made of slats of thin wood. Perhaps they were 
Weather-beaten and warped here and there. It is very doubtful, there- 
fore, that each of the baskets was exactly 4 bushel in size. 

Jack filled 3 baskets. The questions now arise: Was each basket 
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exactly full? Did the tops of the apples reach exactly to the tops of 
the baskets? If each basket had been shaken would the apples have 
settled a little, making room for a few more? What about that fourth 
basket? How did Jack know it was exactly + full when he stopped 
picking? Or did he estimate that it was ł full? ; 
After such serutiny as the above, what has happened to our precise 
statement, 3} X 4? All that can be stated now with any degree of 
realism is, “While picking apples, baskets holding approximately + 
bushel were used. Jack approximately filled 3 baskets and an esti- 
mated + of a fourth basket. Approximately how many bushels was 
that altogether?” 
The exact answer to 3} X is 24. This answer would perhaps be 
correct if 34 X $ did not refer to Jack’s apple picking experience. 
A much more sensible answer for Jack, however, would be, not 275 
bushels, but, approximately 23 bushels. 
The children could experiment with a v 
ing instruments—pints, quarts, gallons, bu 
ing scales of different sizes, rulers 
tapes, thermometers, barometers, 
ometers, and so forth. Two or mor 
the same objects and compare th 
of their findings should lead the c 
measurement cannot be absolutel 


ariety of kinds of measur- 
shels, cups, spoons, weigh- 
, yardsticks, steel tapes, cotton 
Stopwatches, pedometers, speed- 
e children could weigh or measure 
eir measurements. An examination 
hildren to the generalization that a 


y accurate. A measurement can be 
accurate only to the nearest unit or fraction of a unit. They should 


discover also that the degree of accuracy of a measurement depends 
as well upon the skill of the person using the measuring instrument. 

The length of an object can be measured to the nearest 4} inch, 
or 3, te, oe, dr, to Tiv or other fractional part depending upon 
the gradations on the instrument. Time can be measured to the 
nearest $ or + second depending upon the stopwatch. Similarly, 


nearest yp, as is the number of 
ased at the gas station. 


r knows that his results cannot be any more 


Sense many children in th 
becoming efficient, computors 


guided into and through suc 
scribed. 


. 
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ORGANIZATION OF COMPUTATIONAL STEPS 

The various kinds of computation involving fractions are organized 
in these chapters in 4 groups—addition, subtraction, multiplication, 
and division. This does not mean, of course, that the 4 operations 
are not interrelated and should not at any time be learned concur- 
rently. It does mean, however, that an attempt has been made to 
develop addition, subtraction, multiplication, and division separately, 
step by step, from the simplest operation to the more complex. 

In organizing computational steps in sequences, effort has been 
made to base one computational technique and principle upon an- 
other. Each sequence is organized, therefore, to help the child discover 
by himself number relationships both within sequences and between 
sequences. This method of organization also should help him under- 
stand and apply generalizations, principles, and computational 
techniques. 

Not all children need to concentrate on every step. In a typical 
classroom it would be expected that some children will be able to skip 
steps here and there or to telescope 2 or 3 steps into 1. It would be 
expected, on the other hand, that other children will have ‘to take 
One step at a time and very slowly develop understandings and tech- 
niques, 

While guiding the children’s experiences with fractions, the teacher 
should keep in mind the three major purposes of the arithmetic pro- 
Sram. (See pages 66 and 67.) 

STEPS IN THE ADDITION OF FRACTIONS 

Step 1. Adding 2 fractions whose common denominator is 2, 3, 4, 
5, 6 7, 8, 9, or 10. Sums are equal to 1 or less than 1. Answers are 
Not reduced to lowest terms. (Steps 1 and 2. Subt. of Fract.) 


5 eee 
SAMPLES: dois 4445 


These addition combinations haye been developed and learned 
through the use of concrete materials according to the procedures 
described in the preceding chapter. 

Step 2. Adding a whole number and a fraction. Denominator: 
2, 3, 4, 5, 6, 7, 8, 9, or 10. (Steps 3 and 4. Subt. of Fract.) 
SAMPLES: CARE 3+%= 

This step is important for the purpose of pointing up the fact that 
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a mixed number is really an indicated addition of a whole number 
and a fraction. 


4 Tr 
The children readily can see that 4 and 4 (4 + 4) is 4 and 3 (43). 
Step 3. Changing improper fractions to whole numbers or to mised 

numbers whose integers are 1. Denominators: 2, 3, 4, 5, 6, 7, 8, 9, 


or 10. Answers are not reduced to lowest terms. (Step 5. Subt. of 
Fract.) 


SAMPLES: i= = q= 

A situation similar to the-following might have arisen in the experi- 
ence of some of the children. 

Brick ice cream is going to be served at a party. 7 children will be 
present and each child is to be served 3 brick. How many bricks of 
ice cream should be purchased? 

There are various ways for the children to arrive at the result. 
Some may reason, “There are 4 fourths in one brick. If 8 children 
were to be at the party, exactly 2 bricks would be needed. For 7 chil- 
dren, however, 1 serving would be left over from the 2 bricks.” 

Other children might reason, “4 fourths are in 1 brick; 3 more 
fourths will be needed from a second brick. 1} bricks will therefore 
be needed.” 

A few children might discover for the 
to do is think, “4 into 7 is 1 and 4.” 

Some children are helped to visualize am 
proper fractions by makin 
bricks, for example, 
Jourths. 

When drawing such dia; 
be labeled. This would be 
priate arithmetical sy: 
numbers. 

Seven-fourths can be writ 

One and three-fourths be 
1 + å, and finally to 13. 


The “ice cream bricks” can now be labeled somewhat as shown 
in Fig. 15. 


mselves that all they have 


ounts represented by im- 
g diagrams or drawings. For the ice cream 
they can draw rectangles and divide them into 


grams, however, the various parts should 
a good time, then, to introduce the appro- 
mbolism for improper fractions and mixed 


ten 7 fourths and then 4. 
comes 1 and $, which can be shortened to 


Some children can make the discove: 
fraction can be changed to a mixed n 
nator into the numerator. Other child 


ry themselves that an improper 
umber by dividing the denomi- 
ren can be led to this conclusion 
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Fig. 15. 


by the teacher’s questions and suggestions. Still others will have to 
be given the rule and asked to follow it. 

During the development of this computational step it might be the 
appropriate time to introduce the terms improper fraction, proper 
Fraction, and mixed number for, respectively, 2 fraction that is equal 
to, or more than, 1, a fraction that is less than 1, and a combination 


of a whole number and a fraction. 


E Step 4. Adding 2 fractions whose common denominator is 2, 3, 4, 
5, 6, 7, 8, 9, or 10. Sums are equal to more than 1. Answers are not 
reduced to lowest terms. (Step 6. Subt. of Fract.) 

SameLes: 234ł= $+4= 

ne of their day’s activities, wished to 
How long will these 2 activities take? 


omputation some children will 
lready learned. Since 


The children, while planning som 
Spend $ hour for each of 2 activities. 
_ When confronted with this type of c 
immediately apply methods and principles a 
3 +2 = 2 (Step 1), 3+ ł must equal $. Since $ = 1} (Step 3), the 
answer, in this case, is 1 hour and 3, 1 hour and a half, or 13 hours. 

For those who cannot make the above applications of previously 
learned steps unaided, the use of drawings may be of assistance. To 
find out what 3 and 3 equals, the circle could be used. 

The rectangle may prove more convenient than the circle for such 
fractions as $ and $. (See Fig. 16.) 

There are several techniques which children can use in drawing 
figures that are divided into equal parts. 

If the figures are to be divided into eighths, like that in Fig. 16, 
each rectangle could be 8 inches long, 1 of the length would then be 
l inch. If 8 inches is too long for his paper, the child can conclude 
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| + 2 = l 
soos 
fr. bt 
tad ih Tet 
te Wet 
cba Al Led 
5 re ae 
Bye AET ies 


Fig. 16. 


that by making the rectangle 4 inches in length each eighth of the 
rectangle would be 4 inch long. 

Another technique is just the reverse of that described. Instead of 

starting with the whole, start with the part. Suppose the child wishes 
to have a rectangle divided into fifths. First he could draw a hori- 
zontal line. He could then mark off on this line 5 equal lengths. The 
length of the rectangle would then extend from the beginning of the 
line to the fifth mark. This line becomes the base of the rectangle. 
The rest of the rectangle and the dividing lines can then be drawn 
with ruler or other straight-edge. 
Practice in the drawing of diagrams representing these simple rela- 
tionships involved in the addition of fractions will help the child now 
and in the future. Some children find it difficult or impossible to 
understand certain aspects of multiplication and division of fractions 
without the use of drawings and diagrams. 

Step 5. “Rounding off” 


a mixed number to the nearest whole num- 
ber. Denominator: 2, 3, 4, 


5, 6, 7, 8, 9, or 10. 
SAMPLES: 18s 


The children have already gained facility in “rounding off” frac- 
tions (see page 175). Now they 


23 33 — 
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Some children may need a visual aid for clarification. (See Fig. 17.) 
o 1 


Fig. 17. 


Step 6. Adding a mixed number and a whole number. Denomina- 
tor: 2, 3, 4, 5, 6, 7, 8, 9, or 10. (Steps 7 and 8. Subt. of Fract.) 
SamrLES: 44 +3 = TRAE = 
_ From my house to Mary’s it is 43 blocks. From her house to Jane’s 
it is 3 more blocks. I walk 73 blocks when I go to both their houses. 
" This type of computation is readily understood and requires little 
if any practice to develop facility in arriving at answers mentally. 

Step 7. Adding a mixed number and a proper fraction. Common 
denominator is 3, 4, 5, 6, 7, 8, 9, or 10. The sum of the 2 fractions is 
less than 1. Answer is not reduced to lowest terms. (Steps 9 and 10. 
Subt. of Fract.) 

SAMPLES: 14 +ł}= 4+1 = 

We used 1} pounds of sugar, but that was not enough. An additional 
quarter of a pound was needed. How much sugar did we use altogether? 

This type of computation is an extension of Step 1. Children readily 
See why and how the 2 fractions are added to form a larger fraction 
to combine with the whole number. 

Step 8. Adding 2 mixed numbers. The common denominators are 
3, 4, 5, 6, 7, 8, 9, or 10. The sum of the 2 fractions is less than 1. 
Answer is not reduced to lowest terms. (Step 11. Subt. of Fract.) 
Sampues: 7+4 = 4+1 = 

T% inches and 41 inches are how many inches altogether? 

When children are challenged to think of different methods by 
Which exact answers to this type of computation can be determined, 
the following ways probably would be suggested: 

For 7§ + 43: 

(1) Think, 74 and 4 are 7$ (Step 7); 78 and 4 are 11$ (Step 6). 

(2) Think, 7 and 4% are 114 (Step 6); 115 and 5 are 11$ (Step 7). 
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(8) Think, 7 and 4 are 11 (basic addition combination); $ and $ 
are $ (Step 1); 11 and £ are 11$ (Step 2). : 

(4) Think, š and are $ (Step 1); 7 and 4 are 11 (addition com- 
bination); $ and 11 are 118 (Step 2). 5 

In each of the above methods no new computational operation 
must be learned. It is just a matter of applying steps already learned. 

In addition to gaining facility in arriving at exact answers, the 
children should also practice arriving at approximate answers by 
“rounding” off the mixed numbers. In fact, they could follow the 
same procedure with fractions as they do with whole numbers— 
estimate the answer before computing the exact answer. 74 + 44 is 
about 8 and 4, or 12. 4} + 14 is about 5 and 1, or 6. 

Although most children are capable of performing this computa- 
tional step mentally, some children might be aided if they recorded 
each part of the answer as soon as it is computed. They thus would 
be relieved of holding partial answers in their heads. For written 


computation the vertical form and “column” addition should be 
introduced. 


7 
+ 44 
{12} 11 
Whether they perform these operations mentally or not, all chil- 
dren should sooner or later learn how to compute from the vertical 
form. This may be a good time to introduce vertical addition to all. 
Step 9. Adding a mixed num 
nominators are 2, 3, 4, 
tions is exactly 1. (Ste; 


ber and a fraction. The common de- 
5, 6, 7, 8, 9, or 10. The sum of the two frac- 
ps 12 and 13. Subt. of Fract.) 

Sampes: 13+3= 2492 — 


Step 10. Adding 2 mixed numbers. The common denominators are 
2, 3, 4, 5, 6, 7, 8, 9, or 10. The sum of t 


he 2 fractions is exactly 1. 
(Step 14. Subt. of Fract.) 
SAMPLES: 45, + 32, = 23 + 13 
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The first response to this type of computation should be to “round 
off” and estimate the answer rapidly. After the children have worked 
out different techniques for finding the exact answers, they could be 
asked to list these methods according to the length of time they think 
it takes to get the answer. Perhaps such a listing as the following 
would result. 

For 4,8, + 345, for example: 

(1) See at a glance that 4 and 3 are 7, @, and yy are 1, and that 
7 and 1 are 8. This is almost one operation. 

(2) Think, 4,8, and y% are 5, 5 and 3 are 8. 

(3) Think, 4 and 3 are 7, 35 and x% are 1, 7 and 1 are 8. 

(4) Think, £ and 3% are 1, 1 and 4 are 5 and 3 are 8. 

3 


(5) Write down + 3335; add 3% and ro write 42; add 4 and 3, 


write 7; after 71% write = 8. 
Ay 
+ 3x5 
BIR = 8 
It a child cannot discover by himself a technique for computing 
this type of aéldition, he might refer to Step 8. Then by means of a 
diagram he could represent such additions as 14 + 13 and 1} + 14. 
Step 11, Adding a mixed number and a fraction. The common de- 
nominators are 3, 4, 5, 6, 7, 8, 9, or 10. The sum of the 2 fractions 
is more than 1. Answers are not reduced to lowest terms. (Steps 15 
and 16. Subt. of Fract.) 
SAMPLES: 2 +4= 3423 = 
i This type of computation is a combination of Step 4 ($ + 4) and 
Step 9 (2+3). Ifa child cannot perform these mentally he can 
learn to write them in the vertical form. If necessary, Steps 3, 4, 
and 9 should be reviewed. 
Step 12. Adding 2 mixed numbers. The ¢ 
Si 4s, 5, 6, 7, 8, 9, or 10. The sum of the 2 
Answers are not reduced to lowest terms. 


ommon denominators are 
fractions is more than 1. 
(Step 17. Subt. of Fract.) 


Sampius: 23 4+1 = 434+ 34 = 


As a child proceeds from step to step, he may find it increasingly 
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difficult (1) to estimate answers rapidly, (2) to discover desirable 
computational techniques unassisted, and (3) to perform the calcu- 
lation mentally. The teacher must decide when to give any child the 
kind and amount of help he needs. Many children may find this type 
of computation too difficult to perform mentally. They should, there- 
24 

fore, use the written form. [4] 3} =3 + 1} = 44. If necessary, the 
child should review changing improper fractions to mixed numbers 
(Step 3) as well as Steps 4 and 10. 


Step 18. Changing a fraction to its equivalent in the related series, 
2, d $ Ts 
SAMPLES: i= i= i s=5 

From the children’s many past experiences with fractional parts 
of things, they have undoubtedly gained some awareness of the rela- 
tionship between 4 and 4 and possibly between 3 and 2 and 4 and 3. 
Now, however, the concept of related fractional parts can be system- 


atically developed. First they can consider the familiar “3 family,” 
then the “4 family,” and then the “4 


4 family.” i 
Such everyday measuring instruments as the ruler dnd measuring 
cup could be examined. The inch i 


s seen to be divided in }’s, 2’s, #’S) 
and j’s (sometimes zz's and y's). The cup is marked in 3’s, 7's, 
and 4’s. The children can experiment by folding paper into 3’s, 4’S, 
g5 and ¥4’s in different ways, 


An equivalents chart 


or class instruction, 

Now the children can 
charts, if necessary, such 
in 3? How many eighths 
there in 4? How many eigh 
ł is how Many eighths? 


_ After the children have gained a good understanding of the mean- 
ing of such questions as the above, 


‘ ( they are ready to learn to express 
these questions with arithmetical s 


S ymbols. 
One-half ts how many fourths? is written } = 5. 


£ = x İs translated, therefore, One-fourth is how many eighths? 


answer, by referring to the drawings and 
questions as: How many fourths are there 
are there in 4? How many sivteenths are 
ths are there in 4? 2 is how many sixteenths? 
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Xo “ 4 


(d) 


Fig. 18. 


After the child is sure that he can answer the following type of 
questions with facility: 
=ar pirg 
he is ready to consider such types as these: 


3 = 
$= $ = m 


who 
Il 

o 
+ 
| 


Some children arrive at a computational technique for the above 


Sooner than others, thus dispensing with the need for referring to 
drawings or charts. When challenged to work out a technique some 
children may reason, “Since there are 2 eighths in 7 fourth, there 
must be 4 eighths in 2 fourths and 6 eighths in 8 fourths; that is, 
2 eighths for every fourth.” Others may soon discover that all one 
has to do for $ = zg, for example, is to think, “8 into 16 is 2; 
2 X5 = 10.” 


Step 14. Reducing fourths, eighths, and sixteenths to lowest terms. 


= 
SAMPLES: 4= É = $ 
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Steps 13 and 14 are related, since they are 2 aspects of the same 
thing; that is, changing fractions to their equivalents. 

When in Step 13 children discover that } = 2, they can see also 
that 4 = 3. Since 3 = $, $ must equal }. Since 3 = $, 38; must 
equal $. In one case, a certain number of fractional parts of a given 
size is changed to a larger number of parts of a smaller size. In the 
other case, a certain number of fractional parts is changed to a 
smaller number of parts of a larger size. 

Sooner or later a child should understand and be able to use with 
facility the following technique for reducing fractions: 


12 122 6 60+% 8 
pee ee Se eS r | J 
Ce ie+2-8 "822 age aa 
2 PEs B 
6 igs 4 4 
The difference between 43 = $ and 42 = 3 can be investigated 


and the meaning of “reducing to lowest terms” can thus be developed 
at this point. 


Step 15. Recognizing the common denominator of 2 unlike related 
fractions of the series: $, 3, 4, q. 


SAMPLES: 4,3 i, fs i 4 2, e 
This step is included in the series of 
practice in recognizing common deno 
need it. Many children can perform the following step with meaning 
and efficiency without this special practice. 
The children already should hay 
a half can always be changed to 


addition of fractions to provide 
minators for those children who 


e arrived at the generalization that 
: fourths, eighths, and sixteenths, but 
only certain fourths, eighths, or sixteenths can be changed to a half. 
Likewise, any number of fourths can be changed to eighths and 


sixteenths, but only certain eighths and sixteenths can be changed to 
fourths. The same is true in changing eighths to sixteenths and sixteenths 
to eighths. 


With the fractions 3 and 3, 1 can be changed to fourths, but + 
cannot be changed to a whole number of halves. With the fractions 
z and 4, however, 4 can be changed to fourths and 2 can be changed 
to a half. The only way that the two fractions 4 and + can be made 
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to have the denominator of one of them, therefore, is to change to 
fourths. There are two ways, however, in which the fractions 4 and = 
can be made to have the same denominator. 3 can be changed to 
fourths, and 2 can be changed to a half. 

When 2 or more fractions have the same denominator, we can say 
that they have a denominator in common, or that they have a com- 
mon denominator. The term “common denominator” may be used 
with the children when it is certain that they know what the term 
means. 


Step 16. Adding 2 unlike related fractions of the series: 3, 4, $; Ts- 
Numerators: 1. (Step 18. Subt. of Fract.) 
SAMPLES: 4+3}= +i 

Children can use a ruler or equivalents chart (Step 13) in adding 
these kinds of fractional parts. ; 

A computational technique can be developed by applying (1) Step 
minator); (2) Step 13 (changing a frac- 


15 (recognizing common deno l i 
Step 1 (addition of fractions with a 


tion to its equivalent); and 


common denominator). 
If a child has difficulty in performing the 3 steps mentally he can 


write the addition vertically and record each partial computation 
according to the following sequence: 


4 i ma 
$ “DE: i Ts 4 7 y 

= EE = 
+= +i =a ve Ta 


Step 17. Adding 2 unlike related fractions of the series: 3, 4, 8) T6- 


Numerators: 1 or more than 1. (Steps 19, 20. Subt. of Fract.) 
Sampes: ee a th= 

By referring to the equivalents chart or to a ruler the child can 
discover the answers to this type of addition. He should then try to 
obtain the answers by calculation. Before computing for exact an- 
swers, however, the child should gain facility in estimating and arriv- 
ing at approximate answers. The answer to $ + x, for coal is 
a little less than 1, because Fs is a little less than } and į + 4 = 1 
Some children can even reason that the answer must be exactly +4, 
Since 58, is q less than 4. 
_ The answer to s + 3 
little more than 3, and $+ 4 = 


must be a little more than 3, since 7 1s & 


194 Learning to Add and Subtract Common-Fractions 


If “rounding off” fractions to the nearest ł (ie., 3, = ł— and 


is = i+) is too difficult for some children, they may be able to 
“round off” fractions to the nearest 4. For example, in the addition 


š +H, $ is more than } and Te is more than 4, so the answer will 
be more than 1. 


If the child cannot perform this t 


ype of computation mentally he 
can use the following written form: 


ig a 
IH #=15 
The bracketed [1 +] is the estimated answer. 


Step 18. Adding 2 mixed numbers 
tion. Fractions are unlike an 
21, 22. Subt. of Fract.) 


SAMPLES: 3$ + 24 = 


or | mixed number and a frac- 
d of the related series: 2, 4, $, ty. (Steps 


+i = 

There are more occasions in everyday life to add mixed numbers 
than to add just fractions, Moreover, this type of mixed number is 
met more frequently, perhaps, than any other kind. 

There is nothing new to learn in this step when computing either 
for approximate answers or for exact answers, 

Step 19. Changing a fraction to its e 
b © Tzi 2, b ty; and 4, 3, Tr- 
SAMPLES: f= =i ee 

_The children can become acquainted with the “2 family” as they 
did with the 4, 4, 4, and zy series (Step 13). Some children might find 


quivalent in the related series: 


of the whole unit the 3, 3, 4, and rs 
bar chart. In this way the si Phi 


Idren can determine the number of 4's in 


, and so forth. Once the meaning and rela- 
tionships have thus been established, the techniques of finding equiva- 
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lents that were developed with the } series can be applied now to 
the 4 series. : 

As the children become acquainted with the relationships among 
the }’s, Y's, and s, they probably will discover the relationships 
existing among the 2’s, }s, and y's and the 4’s, 7s, and y's. In 
fact, charts showing these latter equivalents could be added to the 
growing collection of equivalents charts. Again, it should be kept in 
mind that the size of a fractional part on one chart can be compared 
to the size of a fractional part on another only if the sizes of the 
whole units on the two charts are identical. This is a very important 
Seneralization for children to know. 

Step 20. Reducing sixths and twelfths to lowest terms. 

SAMPLES: z= $= 

An understanding of this process can be developed concomitantly 
with the preceding steps (3 = 4, therefore $ = 2). This step is also 
related to Step 14. The principles and techniques learned when reduc- 
Ing fourths, eighths, and sixteenths can be applied here. As usual, those 
children who are capable should be allowed to make the discovery of 
the relationships by themselves. 

Step 21. Recognizing the common denominator of 2 unlike related 
fractions of the series: 2,4, dsj} 3, b de; and 3, i, ae ` 
Samers; ha) Bos 

As with Step 15, this step is included for those children who need 
Special practice in recognizing the common denominator when 1 of 
the 2 denominators is the common denominator. 

7 Step 22. Adding 2 unlike related fractions of the series: 3, 4, T3; 
2 © vy; and 4, 4, 3}. Numerators: 1. Answer reduced to lowest 
terms. (Step 18. Subt. of Fract.) 

Samernes: TE ttis 

By studying the appropriate equivalents charts, the child can see 
that when ty is added to 4 the result is ys G's + y = iy), and that 
When yy is added to } the result is y's. Likewise, $+ 3 = & 

This step can also be related to Step 16 and the techniques and 
Principles learned while adding the 3 series can be applied here. 

ome children will discover without hints from the teacher that 
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aa 
some of the answers can be reduced. When the sum of ar and i is 
found to be +5 or 3, the children can consider the question of Wee 
zz would be the more desirable answer and when 4 would be pre: E 
able. If parts of a year or parts of a dozen are being considered, va 
haps 3 of a year or 4 of a dozen may be preferable. However, i : 
certain distance, or a large cake, or some other object is being pee 
into 7y’s then the answer might be better expressed to the Lge, 
twelfth. Otherwise, one may not know that the object originally wa' 
divided into twelfths. 

For those who cannot compute this type of addition mentally, the 
written form should be used. 


Step 23. Adding 2 unlike related fractions of the series: 3,% Ti 
2) $ va; and 4, 3, 3y. Numerators: 1 or more than 1. Answer reduce 
to lowest terms. (Steps 19, 20. Subt. of Fract.) 


SAMPLES: $+4= $+ 


4 


he 


Iz 

The children can estimate the answers to this type of addition aS 
they did with the same type of addition in the 4 series (Step 1) s 
For example, } + 3% is estimated to be equal to about 1, since 3 1S 
a little more than 4 and T% is a little less than 3. 

Step 24. Adding 2 mixed num 
tion. Fractions are unlike an 
and 4, ł, py. Answer reduce 
Fract.) 


bers or 1 mixed number and a frat 
d of the related series: 3, 4, te} 3 1 
d to lowest terms. (Steps 21, 22. Subt. 0 
SAMPLES: t+ = 23 + 33 = 

Many children can understand and perform this type of addition 
without help from the teacher, by applying techniques and meanings 
previously developed. 


Step 25. Changing a fraction to its equivalent in the related series: 
č To ts 2: To zo} and 4, vo 
SAMPLES: 


(See Steps 13 and 19.) 


Step 26. Reducing tenths and twentieths to lowest terms. 
SAMPLES: B= = 
(See Steps 14 and 20.) 


2— es 
= te to = iy 


lex 
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Step 27. Recognizing the common denominator of 2 unlike related 
fractions of the series: 4, fo vo; 3) To 70; and 4, x0- 


i 
A d 3 y 
SAMPLES: sy. or i, z0 


I0? 
(Sce Steps 15 and 21.) 

Step 28. Adding 2 unlike related fractions of the series: $, 75, sw; 
2, To xy; and }, a}. Numerators: 1. Answer reduced to lowest terms. 
(Step 18. Subt. of Fract.) 

SAMPLES: T AE zo + 
(See Steps 16 and 22.) 

Step 29. Adding 2 unlike related fractions of the series: +, 25, va} 
2, Je vyj and 3, zy. Numerators: 1 or more. Answer reduced to 
lowest terms. (Steps 19, 20. Subt. of Fract.) 

SAMPLES: ttis mhes 
(See Steps 17 and 23.) 

_ Step 80. Adding 2 mixed numbers or 1 mixed number and a frac- 
tion. Fractions are unlike and of the related series: $, To, 203 2) T0 Boi 
and 4, 4. Answer reduced to lowest terms. (Steps 21, 22. Subt. of 
Fract.) 

Samprus: 23 + 335 = wot 3 
(See Steps 18 and 24.) 


Many children do not ha 
above series of fractions. The general principles an : 
niques that they acquired while developing the 3 series and the 
% Series can be applied to any series of related fractions. On the other 

and, there may be some children in a class who could profit greatly 
by developing the “4 family” as they did the others. 

_ The collection of equivalents charts can be brought up to date by 
‘eluding 3 more: The 3, ys; zy chart; the 3, T0 20 chart; and the 
2a, zy chart. 

Step 31. Finding the common denominator of 2 
fractions, 


cl 
t 
I 


ri 
I 


ve to give special consideration to the 
d specific tech- 


unlike unrelated 


1 2 3 Bes hs 
By 4 4) 10 


Samprys: , 
s life that nesessitate his 


wie 


y A z a A). 
Not many occasions arise in the child 
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adding or subtracting unlike and unrelated fractions. To be sure, 
measuring cups are usually graduated in thirds as well as halves and 
fourths; yards can be divided into thirds and also halves, fourths, and 
eighths; and miles can be measured in tenths and also halves, fourths, 
and eighths. 

Even though the above is true, the difficulty of combining } of a 
cup with 3 of a cup is that there is no way to measure 2 of a cup, 
except by approximation, since cups are not divided into sixths. Like- 
wise, ł of a mile combined with To Of a mile is 4 of a mile. How can 
the mile be divided into twentieths so that 11 twentieths can be 
measured? 

Many children find it interesting and challenging to consider such 
questions as the above and to make collections of incidents or occa- 
sions that legitimately require the addition of unlike and unrelated 
fractions. 

In order to combine fractions, the fractions must be like fractions; 
ie., they must have the same denominator. When unlike fractions 
are to be added, therefore, they must be first changed to like frac- 
tions. This the children learned to do when they added unlike 
related fractions. 

With the above background of knowledge and understanding many 
children can meet the challenge of discovering by themselves how 
unlike unrelated fractions can be combined; unrelated fractions being 
those not in the same “family” or series, 

Such a situation as the following could be considered: 


“3 dozen eggs are to be combined with 4 dozen. How much is 
that altogether?” 


The first response in trying for a solution should be to estimate 
Bie answer. The reasoning could g0 something like this: 

‘$ is more than 4. 4 is less than 3. The answer, therefore, is ap- 
t, the answer is a little less than 1, because 4 i8 
less than 4, and since 2 + d= 


à = 1, $ +} must be 1—. Moreover, the 
exact answer is 1, less the differ 


n denominator for 2 and 4. Since 


ies p ïrds and thirds cannot be changed to 
fourt ts, 3 and 4 must both be changed to fractions having the same 
denominator. What can this denominator be that is common to both 
an equivalent of 2 and an equivalent of 4? 
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If a child does not recall that ys is an equivalent of both $ 
Ga Ea) and 4 (4, 4, [¢s)), he can examine his equivalents charts 
containing + and 4 until he finds the fractional part that is common 
to both. 

Perhaps the first pairs of unrelated fractions for which the children 
could practice finding common denominators should be only those 
contained on their equivalents charts. Then if a child has difficulty 
determining a common denominator he can locate it on the appropri- 
ate charts. 

Of course, many children soon discover short-cuts for finding com- 
mon denominators of unrelated fractions. For such pairs, for example, 
as } and 4, 3 and 4, and 4 and 4, they might recognize that all one 
has to do is multiply the denominators. Then, as they apply this 
principle, they encounter such pairs as } and 3, ẹ and 4, ¢ and Yo, 
v and jy, 2 and 34, and yy and ys. Although the rule does apply 
here, the denominators are large—larger than necessary. The children 
should be then challenged to find another rule so that they can find 
Common denominators that are always the lowest. 

Whether a child can discover the trick or not, he probably can 
Understand, or at least accept, the following procedure: 

_Take the larger denominator; double it and sce whether it can be 
divided by the smaller one evenly. If not, triple it, then see whether 
it is divisible by the smaller denominator. If still not, multiply by 4. 

nd SO on. 

A Some children may discover an easy Way of recognizing by inspec- 
tion when this doubling and tripling procedure is desirable and when 
It is Possible merely to multiply denominators. When both of the 

‘€nominators are divisible by the same number the doubling or trip- 
ling of the larger denominator is the procedure to use. To be sure, 
Since this latter technique is successful in every case, it may be advis- 
able to teach some children just this one method to avoid confusion. 

It may be desirable at about this stage of their understanding of 
Tactions to have the children classify fractions according to methods 
of obtaining common denominators. For example: 


Like Fractions 


E obthie gt+i-s 
Unlike—Related Fractions 
ttie, pisri tion 
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Unlike—Unrelated Fractions (A) 


i+ aTi = ro iti =r 
Unlike—Unrelated Fractions (B) 
tigen t+ = +E =a 


Step 32. Adding 2 unlike unrelated fractions. Denominators: 1. 
(Step 23. Subt. of Fract.) 


SAMPLES: Pi i+ 
There are several ways of finding the exact sums for this type of 


addition, besides referring to equivalents charts. The children should 


be encouraged, and helped if need be, to discover some of these 
techniques for themselves. 


CEEE DETE 


1,1_@xD)+(4xX1)_ 344 7 
ats 4X8 DTA 
8) t=% 

+h= t 

G+] & 


Some children are capable of performing these additions mentally, 


perhaps using method (1) or (2) above. Others may find it necessary 
to record the different steps as in (3). 


The answers can be estimated by “rounding off” to the nearest 2 
or, when possible, to the nearest + or $. For example: 
4 + 3 is a little more than $: 
2+ 4 is a little more than 4. 
3 + 4 is about 3, 
$ + dy is less than i. 
Step 33. Adding 2 unlike unrel 
more. (Step 23. Subt. of Fract.) 
SAMPLES: $4+2= 


ated fractions. Denominators: 1 of 


e+ $= 
ers to these additions can be arrived 
d techniques used in Steps 23 and 32. 
Step 34. Adding 2 mixed numbers or 1 mixed number and a frac- 
on. Fractions are unrelated. (Step 23. Subt. of Fract.) 
SAMPLES: 23 + 32 = 38+ 5= 


Approximate and exact answ 
at by applying the principles an 


ti 
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To estimate these answers the mixed numbers could be “rounded 
off” to the nearest whole number or to the nearest or 4, depending 
upon the ability of the child. 

Step 35. Adding 3 fractions or 3 mixed numbers. Fractions are 
unlike. One of the denominators is the common denominator. 


SAMPLES: 3 14 
4 3 
+ +4 


Adding 3 fractions should not offer too great a challenge when one 
of the denominators is the common denominator. The task of finding 
the common denominator resolves itself into locating the largest de- 
nominator and seeing whether it is divisible by each of the other 
denominators. 

Some children who may find adding 3 fractions or mixed numbers 
too difficult could simplify the task by first adding 2 of them and 
then adding the third to the sum of the first 2. 

Step 36. Adding 3 fractions or 3 mixed numbers. Fractions 
unlike. The common denominator is not present. 


are 


SamrLEs: 22 4 
33 3 
+4 +3 


Very seldom, if ever, does one have occasion in everyday affairs to 


compute with 3 unlike and unrelated fractions. It is questionable, 


therefore, if one should expect children who have trouble under- 
ctions to perform these 


Standing and manipulating even simple fra K s 
more complicated operations. This kind of addition, however, is 
challenging to many children. They find in the manipulation of such 
numbers an opportunity to gain a better understanding of and con- 
trol over our number system. 


A child should be permitted to apply principles and techniques 
ve at solutions to these additions. 


already acqui trying to arri 

He a et E find a common denominator for 2 unre- 
ated fractions. He can try those ways with 3 fractions and experi- 
Ment to see which is most satisfactory. Perhaps he will find that the 
best technique is the “doubling-tripling-of-the-largest-denominator 


Method. 
In performing such an addition as 54 + 14 + 34, the first thing 
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to do is to estimate the answer. 52 can be “rounded off” to 6, 18 to 2, 
and 3% to 3. An approximate answer, then, is 11. 


ly = 13 
+3} = 35 


{11] 97 = 10% or 102 


Children in the elementary school should not be expected to add 
fractions whose denominators are large or unusual. By computing 
only with fractions whose denominators are small, representing frac- 
tional parts that are familiar and can be visualized, many children 
can profit from and enjoy this phase of arithmetic. Just how much 
meaning and understanding of fractions elementary school children 


are capable of acquiring, however, still must be determined by 
experimentation. 


» STEPS IN THE SUBTRACTION OF FRACTIONS 
Questions involving such notions as how 


much shorter or longer, 
how much heavier or lighter, how much later or earlier, and how much 
taller or shorter often requir 


e the manipulation of fractions for their 
solution. 


“Tt takes an hour and a half to get to Uncle A’s house and two 
hours and a quarter to get to Uncle B’s house. How much longer 
does it take to make one trip than another?” 

“One margin on the paper was } inch wide; the other margin was 
@ inch. What was the difference in the widths?” 

“George’s height is 524 
how much taller than George?” 
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23 š 54 24 
zi Z — 52% als 


On the other hand, other children require slow and gradual introduc- 
tion to the various techniques of subtracting fractions. 

As with subtraction and addition of whole numbers, subtraction 
of fractions can be learned along with addition of fractions. Whenever 
the child learns to add 2 fractions of a certain type, he can learn the 
technique for subtracting fractions of the same type. When he learns, 


13 
48 
for example, this type of adding: yp he can learn the correspond- 
14 14 
= 13 N 
ing subtraction techniques: 4 aE Fo 


The computational steps in subtraction are so organized in this 
chapter that they follow the same sequence as the corresponding 
steps in addition. By following this sequence the child can (1) derive 
each step from concrete subtraction situations and/or from charts 
and drawings, (2) derive each step from the preceding subtraction 
step, (3) derive each step from its inverse (i.e., its corresponding 
addition step), or (4) combine any two or more of the above. Many 
children thus can be helped to see the interrelation between (1) each 
type of subtraction and a concrete situation, (2) each type of sub- 
traction and other types of subtraction, and (3) each type of subtrac- 
tion and addition. Not all children, of course, need to spend the same 
amount of time on each step. 

Step 1. Subtracting one proper fraction from another. Denomina- 
tors alike. Answer not reduced to lowest terms. (Step 1. Add. Fract.) 


SAMPLES: $— f= es 


The basic addition and subtraction combinations in fractions were 
developed while building concepts of fractional parts. (See Chapter 
10.) When estimating one-fourth of the distance across the room, for 
example, the children discovered that one-fourth and one-fourth are 
two-fourths ( + 4 = 2), one-fourth less than two-fourths is one-fourth 
(2 — 3 = 3), and so on. 

Step 2. Subtracting a proper fraction from 1. Answer not reduced 
to lowest terms. (Step 1. Add. Fract.) 
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SAMPLES: 1-3= $-¢#= 

When verifying sizes of fractional parts the children discovered 
that one-fifth and four-fifths are five-fifths ($ + 4 = $ or 1). It fol- 
lowed that one-fifth less than five-fifths or the whole is four-fifths 
(Fao hor — 4 = 4). 

The children should develop considerable familiarity with this kind 
of subtraction. Much of their future understanding of subtraction of 
fractions depends upon a thorough grasp of the relation between a 
proper fraction and 1. 

Some children may be helped by making drawings similar to 
Fig. 19 to represent such subtractions as 1 — }, 1 — 4, and 1 — 4. 


4 
e 


eto 


Fig. 19. 


Step 3. Subtracting a whole number from a mixed number. Whole 
numbers are alike. (Step 2. Add. Fract.) 


SAMPLES: 44—-4= 33 -3= 
The children should have no difficulty demonstrating this kind of 


relationship either by using objects or by drawing diagrams. 
The exact answers can be obtained by inspection. 


Step 4. Subtracting a fraction from a mixed n i 

: umber. re 
alike. (Step 2. Add. Fract.) eae 
SAMPLES: 33-2 = 64 


= — Å 
5 ae 


In the preceding step the whole number was removed from the 
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mixed number leaving the fraction. With this type of subtraction the 
fraction is removed leaving the whole number. 
The answers are obtainable by inspection. 


Step 5. Changing a mixed number to an improper fraction when 
the whole number is 1. (Step 3. Add. Fract.) 


SAMPLES: t= 12 = 


Changing a mixed number to a fraction involves changing the whole 
number part of the mixed number to a fraction and then combining 
it with the fraction part of the mixed number. When the whole num- 
ber is 1, the task reduces itself to changing 1 to halves, thirds, fourths, 
fifths, and so on, depending upon the denominator of the fraction it 
is combined with. For example, the 1 in 1} is to be changed to fourths; 
the 1 in 14 is to be changed to /ifths. 1; then becomes 4 + ł or $ 
and 12 becomes $+ $ or $- j 

The children should be able to arrive at the above reasoning 
through changing improper fractions to mixed numbers (Addition 
of Fractions, Step 3) or through the use of diagrams. 

Regardless of how soon a child learns the trick of saying, for 1%, 
for example, “3 ones are 3 and 2 are 5, 5 thirds,” he should 
know that this technique of computation is based upon the reality: 


7 2 3 2 — > 
14 =1+2 3.2 = 3. 
ion from a mixed number. Fractions 


Step 6. Subtracting a fract 
with common denominators. Answer: Less than 1. (Step 4. Add. 


Fract.) 
SAMPLES: 1- 4= ie 
In Step 2 the child learned how to subtract a fraction from 1. By 
applying that technique to 12 — § he can take 3 from 1, which is §. 
By adding $ to 3 he arrives at the answer, $. 
Or, the child may use the technique acquired in Step 5 and change 
12 to 32 and then subtract 3 from 4 to arrive at 4 ; 
Or, the child may use & technique he learned when subtracting 


whole numbers (see page 110). 3 from $ is 3 1 -j= 5 , 

If this subtraction step is introduced in relation to addition, the 
child can develop the following relationships: Since $ + į = 4" = li, 
therefore 12— $= % or 39 — 2= 4, Likewise, 13-3 =8 0 
16 — 1 = 8 
8 T — 3 


12 — 8 = } can be demonstrated by use of diagrams. (See Fig. 20.) 
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(0) I 


2 
3 


Step 7. Subtracting a mixed number from a mixed number. Frac- 
tions with common denominators. Answer: Whole number. (Step 6. 
Add. Fract.) 

SAMPLES: 35 — 1j = 43 — 23 = 


Most children need no special attention given to this type of sub- 
traction. Exact answers are readily obtained by inspection. 


Step 8. Subtracting a whole number from a mixed number. Answer: 
Mixed number. (Step 6. Add. Fract.) 


SAMPLES: 34-2 = ASIE 


As with the preceding step these computations can be performed 
by most children mentally. 


Step 9. Subtracting a mixed number from a mixed number. Frac- 
tions with common denominators. Fraction in subtrahend is smaller 
than fraction in minuend, but integers are the same. (Step 7. Add. 
Fract.) 

SAMPLES: 1j — 1} = 46 — 42 = 


The fractions are subtracted as in Step 1. Most children can arrive 
at exact answers to this type by inspection. 


Step 10. Subtracting a fraction from a mixed number. Fractions 
with common denominators. Fraction in subtrahend is smaller than 
fraction in minuend. (Step 7. Add. Fract.) 


: AE 
SAMPLES: i- 4s= 34-2 = 


Although most children can 
of computation mentally, 
sary to write the answers, 
he can be shown the verti 
tions. He can be led to th 


learn to perform this and other types 
all children sooner or later will find it neces- 
Whenever a child meets the need, therefore, 
cal method of recording subtraction of frac- 
e conclusion that he can handle the numbers 
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better if he puts fractions under fractions and whole numbers under 
whole numbers. : 

Step 11. Subtracting a mixed number from a mixed number. In- 
tegers: Unlike. Fractions with common denominators. Fraction in 
subtrahend is smaller than fraction in minuend. (Step 8. Add. Fract.) 
SAMPLES: 4- l} = TE 25 = 

If a child cannot perform this type of computation mentally, he 
should write the subtraction in the vertical form and record the 
answer from left to right, subtracting the whole number first. 

Step 12. Subtracting a fraction from a whole number which is larger 
than 1. (Step 9. Add. Fract.) 

SAMPLES: 2- $= S- HS 

The child can approach the solution of this type of subtraction from 

3 directions. (1) The inverse of 1§ + $ is 18 — $ or 2 — §. Given 


gle lon a 
OE oy ae 
2— $, then, the child can reverse the procedure. ——* °" T 


(2) In Step 2, the child learned that 1 — gis 3. 2 — & can be thought 
of, then, as 1+1— § or 1 + 2 or 1g. 7 — $ can be thought of as 
6 + 1 — 4 or 6§. (3) The use of objects or diagrams may aid the 
child in visualizing the relationship. 

Step 13. Subtracting a mixed number from a whole number. An- 
swer: Less than 1. (Step 9. Add. Fract.) 


SAMPLES: 2— 1j = 7—6 = 


If a child cannot discover a technique himself for finding these 
answers he can be reminded of (1) the inverse of addition: From 
1} +4 =18 = 2,2 -— lgorlg — 13 = § can be derived; (2) a pre- 


viously learned principle or technique for subtracting whole numbers: 


2 

50 
— 28 — 1 
30 20 from 50 is 30; 5 1 from 2 is 1; ii 
=8 8 from 0 is —8; gfrom$is—3; = 
22 30 — 8 is 22 1— jis} $ 


(3) a previously learned principle and technique for subtracting frac- 
tions (Steps 2 and 12): Since 4 — $ can be thought of as 3 + 1 — $, 
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4 — 34 can be thought of as 3 from 3 and # from 1; (4) a drawing 
or diagram. 


Step 14. Subtracting a mixed number from a whole number. An- 
swer: More than 1. (Step 10. Add. Fract.) 


SAMPLES: 3- l} = 6 — 2} = 


When a child comes to a type of subtraction that he cannot learn 
to compute mentally he should learn to estimate the answer mentally. 
For this type, for example, he could round off the mixed number to 
the nearest whole number or the nearest 4. 8 — 34 could be rounded 
off to 8 — 4 = 4 or 8 — 33 = 4}. 

The exact answer can be derived from (1) addition, (2) previously 
learned techniques and principles, or (3) objects or diagrams. 


Step 15. Subtracting a fraction from a mixed number. Fractions 
with common denominators. Fraction in subtrahend is larger than 
fraction in minuend. (Step 11. Add. Fract.) 


SAMPLES: ł—-ł= 6&-ł= 


(1) 23 — 3 can be represented by a drawing. (2) There is another 
technique in addition to those already learned. If the child can change 
any mixed number to an improper fraction (see Subtraction of Frac- 


tions, Step 5 and Multiplication of Fractions, Step 3) he can do the 
following: 


oe = 37 =3 
%— $= AL — 3 = 4 = 6. 


5 


: Step 16. Subtracting a mixed number from a mixed number. Frac- 
tions with common denominators. Answer: Less than 1. (Step 11. 
Add. Fract.) 


Sampues: 4 —33= 83 — 72 = 
There is no new principle or technique to be learned for this type 


of subtraction. 


‘ Step 17. Subtracting a mixed number from a mixed number. Frac- 
tions with common denominators, Fraction in subtrahend is larger 
than fraction in minuend. Answer: More than 1. (Step 12. Add. 
Fract.) 

SAMPLEs: 33 — 1g = 53 — 13 = 
= 


It has been Seen, as the various kinds of subtraction of fractions 


Learning to Add and Subtract Common-Fractions 209 


have been developed, that there is no one correct way of obtaining 
answers. No matter which method a child uses, however, he should 
have as much understanding as he is capable of having of the rela- 
tion of the numbers to things and of the relation of the numbers to 
each other. 


(1) (2) (3) 

32 = 28 3} o EEE 
-= f eea 
Q+] 13 [1+] 2 n+] 1 3 

= 
15 


Even though methods (1) and (3) are derived differently, they are 
practically the same. Method (2), however, is different from the 
others. It is a left-to-right technique and some children may need to 
practice subtracting a larger fraction from a smaller one to gain 
facility. 

Method (2) has the advantage of helping the teacher avoid the 


temptation of telling a child that “ from ł I cannot take, so I go 
.” Since one can take 


to my next door neighbor and borrow 1.. 
$ from 2, why teach the child something that he must later discover 
is a falsehood? 

Method (2) also has the advantage of keeping the child’s attention 
on the most important parts of numbers—those parts that have the 
greatest value. The habit of reading and computing numbers from 
left to right helps one to obtain quickly both approximate and exact 
answers mentally. 

Step 18. Subtracting one proper fraction from another. Fractions 
are unlike and related. Answer: Unit fraction. (Similar to Subtrac- 
tion of Fractions, Step 1.) (Steps 16, 22, and 28. Add. Fract.) 


SAMPLES: E a w- t 


Up to this point the children have learned to compute all kinds of 
tions and fractions, whole numbers and 


subtractions involving frac 
fractions, whole numbers and mixed numbers, fractions and mixed 


numbers, and mixed numbers and mixed numbers. The fractions in- 
volved, however, have always had denominators in common. 

After the children learn the principles and techniques of finding 
common denominators for the purpose of adding unlike related and 
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unrelated fractions, they can apply those principles and techniques 
to subtracting unlike related and unrelated fractions. The steps involv- 
ing unlike related and unrelated fractions, therefore, are merely listed 
with no discussion accompanying them. They follow the order of the 
corresponding steps in addition and can be derived from the equiva- 
lents charts, from concrete situations, from diagrams, and/or from 
previously learned principles and techniques. 


Step 19. Subtracting multi-unit unlike and related fractions. (Simi- 
lar to Subtraction of Fractions, Step 1.) (Steps 17, 23, and 29. Add. 
Fract.) 


. 2 5 2 = 
SAMPLES: 18-35 g—2= 


Step 20. Subtracting a fraction from a mixed number. Denomina- 
tors unlike and related. Answer: Less than 1. (Similar to Subtrac- 
tion of Fractions, Step 6.) (Steps 17, 23, and 29. Add. Fract.) 


SAMPLES: l- ł= -H= 


Step 21. Subtracting a mixed number from a mixed number. Frac- 
tions are unlike and related. (Similar to Subtraction of Fractions, 
Steps 7, 9, 11, 16, and 17.) (Steps 18, 24, and 30. Add. Fract.) 
SAMPLES: 53 — 24 = 725— 63 = 

Step 22. Subtracting a fraction from a mixed number. Fractions 
are unlike and related. Answer: More than 1. (Similar to Subtraction 
of Fractions, Steps 4, 10, and 15.) (Steps 18, 24, and 30. Add. Fract.) 


SAMPLES: 4r- = Aeg E 


Step 23. Subtracting fractions from fractions, fractions from mixed 
numbers, and mixed numbers from mixed numbers. Fractions are 
unlike and unrelated. (Steps 32, 33, and 34. Add. Fract.) 

SAMPLES: 52 — 32 = 7 — f= 


— ee 


12 


Learning to Multiply and Divide 


Common-Fractions 


There is a difference of opinion whether addition or multiplication 
of fractions should be taught first. Perhaps this should not really be 
an either/or question. It is quite conceivable that the interests and 
experiences of a group of children could be such that the natural 
development of their activities would indicate a consideration of 
either one or the other. It is also conceivable that aspects of addition 
and aspects of multiplication could be considered concurrently. 

If concepts of fractional parts of a unit are developed in some such 
fashion as that described in Chapter 10, the children’s interest logi- 
cally can be directed toward addition and subtraction of fractions, as 
has been described. On. the other hand, their interest in fractional 
parts of a unit can lead just as well to a study of fractional parts of a 
collection of units—and this could be considered the first step of mul- 
tiplication of fractions (3 of 8). 
dvocate introducing fractional parts 


There are some teachers who a 
of a collection of units in the third or fourth grade when the children 
hey learn 4 + 2 = 


are learning the division combinations. When tl 
and 2)4, for example, they also are taught 4 of 4. They learn 
4 of 48 along with 6)48; 4 of 25 is learned together with 25 + 5; 


and so forth. Perhaps this early introduction is defensible if the chil- 
g and the computation has 


dren actually know what they are doin 
meaning to them. It would seem, however, that such treatment, if, 
given at all, should be incidental and that systematic teaching and 
learning about fractional parts of collections should follow rather than 
precede the systematic development of concepts of fractions and 
fractional parts. 

It should be kept in mind that although 3 of 12 and 3 X 12 may 
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have the same answer, 8, the two meanings are different. They are 
different, that is, if 4 X 12 is read, “$ times 12.” } times 12 is a 
technical expression and does not represent things and something 
happening to things. 3 of 12, on the contrary, can be translated into 
action. In fact, the only time that it is appropriate to say 3 times 
anything is when the 3 is part of a mixed number. 23 times 12 can 
mean 2 and å times as many as 12 or as large as 12 or as long as 12 
or as heavy as 12, depending upon what 12 represents. The 3 times 
concept does not have to be considered by the children, therefore, 
until the 22 times situation arises. 

If the multiplication symbol is encountered by a child in connec- 
tion with taking a fractional part of a collection of things, he can 
use the word “of” instead of “times.” 3 X 12 would then be read, 
“3 of 12.” l i 

The symbolism of the type ł X 6 has still another meaning with 
which children sooner or later should become familiar. A plot of 
ground can be } mile wide and 6 miles long. A rectangle can 
be drawn $ inch wide and 6 inches long. These dimensions are ee 
pressed 4 mile by 6 miles, or 3” by 6”, or 4 mi. X 6 mi., or 3” X 6”, 
or { X 6. The multiplication sign does not mean that 2 and 6 must 
be multiplied. The only reason to multiply 2 dimensions of this kind 
is when the area of the plot or rectangle is required. 

Instead of beginning the study of multiplication of fractions with 
the 4 of 8 concept, the 8 X z concept could be the starting point. 
There are at least 2 advantages in beginning with the 8 X 4 concept. 
The children already understand multiplication to be the taking of 
an amount a certain number of times. 8 X 2 means 8 2s, which 
means 2 taken 8 times. 8 X 4 would then mean 8 7s, or 3 taken 
8 times. 

The other advantage lies in the fact that with 8 X } the child’s 
belief that multiplying means increasing is not abruptly violated. 
When 3 is taken 8 times the answer 4 is bigger than 3, the amount 
started with. On the other hand, when 8 is taken 3 of a time (if that 
were at all possible); that is, 3 x 8, the answer, 4, is smaller than 8, 
the original amount. 

Taking a fractional part of a number (2 of 25) and taking a frac- 
tional part a certain number of times (25 X 2) are two entirely differ- 
ent kinds of acts. Children’s confusion can be greatly reduced, when 
studying the various ways in which fractions can be multiplied, if 
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the multiplication symbolism is translated into language that ex- 
presses action—something happening to things. 


Ti 2 X 10 means ‘3 of 10.” 
42 X 10 means “10 taken 43 times.” 


12 X ł means “Ẹ taken 12 times.” 
3 x 2 means “$ of §.” 
74 X 63 means “6$ taken 73 times.” 
STEPS IN THE MULTIPLICATION OF FRACTIONS 
The sequence of computational steps in multiplication of fractions, 
as treated here, begins with the fractional part of a collection of units. 
This is followed by fractional parts taken a certain number of times. 
The attempt is made to have one type of computation relate as much 
as possible to preceding learnings in order to help the child discover 
relationships and devise his own computational techniques. 
Whenever possible and appropriate, the child first should encounter 
the need for performing the particular type of computation in a real 
conerete situation. He should then be able to demonstrate the rela- 
tionships by means of objects, pictures, drawings, charts, and so forth. 
As has already been recommended, he should be able to express the 
relationships in everyday non-technical language. He should also 
acquire facility in arriving at approximate answers as well as exact 
answers. 
The equivalents charts that the teacher and children have made 


(see Chapter 11) will be referred to in the study of both multiplica- 


tion and division. Concerning the question of whether division and 
it should be noted that 


multiplication should be taught together, 
some textbooks do not introduce division of fractions until after all 
types of multiplication have been taught. However, if multiplication 
is not introduced until the sixth grade, the teacher might seriously 
consider teaching some of the steps of division along with the corre- 
sponding steps of multiplication. 

Step 1. Taking a fractional part of a whole number. Numerator: 1. 
Answer: Whole number. (Step 10. Div. Fract.) 


SAMPLES: 4of8 = 4of 12 = 


Through planned incidental teaching the children have already 


had much experience taking simple parts of small collections, such as 
3 of 8 books, 4 of 16 children, 3 of 9 marbles, and so forth (see Chap- 


214 Learning to Multiply and Divide Common-Fractions 


ter 10). Most children can learn to perform these operations mentally. 
They soon discover the trick of dividing. For example, } of 8 can 
be found by thinking 2 into 8. 


Step 2. Taking a fractional part of a number. Numerator: 2 or 
more. Answer: Whole number. (Step 10. Div. Fract.) 


SAMPLES: 2 of 15 = $of 16 = 


Before discovering techniques of finding exact answers the children 
first should estimate the answers. To help them in their estimating 
they can use as reference points such parts of numbers as 4, 4, 4, 4- 
2 of 15, for example, is more than 3 of 15, and less than all of 15. 
The answer, therefore, lies between 7} and 15. Since 2 is nearer 4 
than 1, the answer must then be nearer 74 than 15. 

After the children have gained facility in arriving at approximate 
answers through estimation, they should be challenged to think up 
methods of arriving at exact answers. 

Some may reason, “Since } of 15 is 5, 3 of 15 must be 5 and 5, 
or 10.” 


Others may think, “Since 3 of 15 is 5, 2 of 15 must be two 5’s, 
or 10.” 

If necessary, a child can use markers or some other representative 
materials to work out solutions. Making a drawing may also be of 
some assistance. 

Tf a child has not thought of it himself, but he does have a good 
understanding of his own technique of finding the exact answers, he 


could be shown this procedure: For % of 25, for example, think, | 


“5 into 25 is 5; three 5’s are 15.” 


3 When writing the answers to this type of computation the follow- 
ing form could be adopted: 


v 
[16-32] 
$ of 32 = 20 


v 
[16-32] means that the answer lies between 16 and 32 and is nearer 
16 than 32. 


Step 3. Changing mixed numbers to improper fractions. 
SAMPLES: 4 


oea 
I 


= 74= 


The children already have learned to change mixed numbers t0 : 
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improper fractions when the whole number is 1. (See Step 5 of Sub- 
traction of Fractions.) They should review that step before starting 
this one. 

By the use of drawings, if necessary, the children can be led to 
discover how the integer in the mixed number can be changed to a 
fraction whose denominator is the same as that of the fraction in 
the mixed number. The combining of these 2 fractions is then a 
simple matter. 

While the children are practicing changing whole numbers to their 
fractional equivalents they should discover the interesting general- 
ization that not only can any whole number be changed to a fraction, 
but a whole number can be changed to a fraction of any denominator. 
For example, the whole number 5 can be changed to such fractions 
as 19, 15, 30, 50, and so forth. 

In the same connection it can also be recognized that any whole 
number can be changed to a fraction just by making the number 
itself the numerator of the fraction and 1 the denominator. Example: 
jean 

In reducing fractions the children have already learned (Steps 14, 
20, and 26 of Addition of Fractions) that one way to change a frac- 
tion to an equivalent is to divide both numerator and denominator 

(ORO PIES?) Teil 


by the same number. For example, gma 7422 2 

In changing mixed numbers to improper fractions the children 
should be challenged to discover the following “trick”: For 2%, for 
example, think, “Four 2s are 8; 8 and 3 are 11; 4.” 

Step 4. Changing improper fractions to whole numbers or to mixed 
numbers. 


SAMPLES: 24 = $= 


Not only can this type of computation be related to and learned in 
conjunction with the preceding step, it also can be related to Step 3 
of Addition of Fractions. The technique of dividing numerator by 
denominator already has been learned and now perhaps needs only 
reviewing. i 

Step 5. Taking a fractional part of a whole number. Numerator: 1. 
Answer: Mixed number. (Step 10. Diy. Fract.) 


SAMPLES: 4 of 15 = 4 of 10 = 
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By using the division technique, 4 of 15 becomes 15 + 8 or 14. 
Since the children have already learned (Step 3) that 13 = 42, they 
should be able to recognize the following relationships: § of 15, 
15 + 8, 8)15, 3A, 14. 

From the above it can be seen that } of 15 = 13 = 14; 4 of 10 
= 42 = 34; and so forth. 

If a child has difficulty in seeing that 4 of 5 and $ are equivalent 
or that 4 of 7 and 4 are equivalent, he could use drawings for dem- 
onstration. 

This might be a good time for the children to consider the differ- 
ence between taking 4 of 5 books and 3 of 5 apples. It is not practical 
to cut a book into 2 equal parts to get 24 books. 2} apples, however, 
are easily and logically obtainable. Up to this time the child has been 
expressing remainders in division as remainders. Now he can write 
the remainder showing that the remainder itself is being divided. 

2R1 23 
2)5 , 2)5 , or § = 23. (See page 145.) y 

Perhaps while the child is working on this step the multiplication 
symbol could be introduced. After he has a good understanding of 
the meaning of such expressions as 2 of 15 ani 15, he can be told 
that the arithmetic shorthand for “of” is “X” so that 1 of 15 can 
be written } X 15. It must be made clear, however, that } X 15 is 
read “$ of 15.” The new symbolism, then, is} X 15 = 12 = 33. 

In Step 3 it was learned that a whole number can be written as a 
fraction by writing the number as the numerator and 1 as the de- 
nominator. + X 15 can then be written, } X 48 = 15 = 33. 

While the children are practicing writing computations in the above 
manner they should be led to the discovery of the technique of mul- 


tiplying the numerators and multiplying the denominators to get 2 
new numerator and a new denominator. 


EXAMPLE: 2 x 1B 1X15 _ 16 


Step 6. Taking a fractional part of a whole number. Numerator: 
More than 1. Answer: Mixed number. (Step 10. Div. Fract.) 


SAMPLES: 2X17 = = 
Answers to these computations are estimated according to the pro- 


cedure learned in Step 2. The exact answers can be found by applying 
principles and techniques acquired in Step 5. 
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[st — 17] 
(69) 4x17=4 X= Hay 


y 
[32 — 7] 
(2) gx7=%%=4 
v 
[43 — 9] 
(3) 4X9 =3 X 24 = 6} 


Method (3) is based upon the previous learning (Step 5). If 4x9 
= 2} then 3 X 9 would be 3 X 24. Although the 3 X 2} type of mul- 
tiplication has not yet been introduced, some children probably could 
perform this kind of operation without assistance. 

Step 7. Taking a fractional part of a whole number. Numerator: 1- 
Answer: Less than 1. (Step 11. Div. Fract.) 


SAMPLES: 4x2= 4x3 = 


“3 children are dividing 2 chocolate bars evenly. Since each is to 
get 4 of the 2 bars, how are they to make the division?” 

Some children might immediately think, “Since } of 1 bar is 4, 
3 of 2 bars must be 3.” Others might apply the techniques already 
learned: } X 2= 3X4 = 3 

In order to be reasonably sure that the children can visualize what 
is happening to things, they should, by means of oranges, apples, 
cut-outs, drawings, and so forth, demonstrate this kind of operation. 
The } of 3 idea can thus be related to the 3 + 4 concept. 
The relationship that was developed in Step 5; that is, 4 of 5, 
+ 2, 2)5, $, can be recalled now. From the related expressions, 
of 3, 3 + 4, 4)3, and 4, it can be readily seen that the fraction 
3 can mean “3 divided by 4.” $ can also mean 2 of 3 or } X 3. 


sko eh ot 


Step 8. Taking a fractional part of a whole number that is smaller 
than the denominator of the fraction. Numerator: More than 1. 
(Steps 11 and 12. Div. Fract.) 

SAMPLES: 2X2= ao 


Some children can arrive at exact answers to this type of compu- 


tation as quickly as they can find approximate answers. However, it 
might help anyone to be able to recognize at a glance whether an 
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answer will be more or less than 4 of the whole number, or about 
2 of it, and so forth. 

The written form is the same as for the preceding steps. The answer 
to 2 X 6 is estimated to be between 2 and 3 because $ is between 
3 (or 3) and 3 (or 4). 

Step 9. Multiplying a unit fraction by a*whole number. (Steps 
1 and 4. Div. Fract.) 


SAMPLES: 6xł= 9Xi= 


By examining a foot ruler the children can readily see that two 
41-inch divisions make 1 inch, that four }-inch divisions make 2 inches, 
that 5 halves are 23, and so forth. Likewise, half-dollars and half-hours 
can be multiplied: 8 half-dollars are 4 dollars, 7 half-hours are 32 
hours, and so forth. 

The children can see readily that 6 X 4 = $ = 3. In fact, 6 X 2 
can be read “6 halves” and $ can be read the same way. 

After they have gained facility in multiplying halves mentally the 
children can multiply fourths, thirds, fifths, and so on. 4 fourths can 
be written 4 X į or 4. 

While such multiplications as 3 X 2=%=1 and 11 X į = 1 
= 2% are being computed, the teacher can challenge the children to 
look for short cuts. Some children probably will see that in such a 
multiplication as 9 X 4, it is not necessary to write (or think) 
9X ł = $ = 2} but to think “4 into 9” immediately: 9 X 4 = 24- 

For those multiplications whose answers can be reduced to lowest 


terms some children can be led to the discovery that there are 2 ways 
to get their answers to lowest terms: 


(1) Multiply first and then reduce; e.g., $ x Ip Siler = 3 = 14; 


3 
(2) reduce first and then multiply; eg., f x 


The advantages of each method can be discussed with the children 
and by experimentation they can help determine when it is more 
desirable to use method (1) and when to use method (2). 

It might prove profitable for a child to practice telling at a glance 
whether or not an answer will be reducible. In the multiplication of 
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fractions the process of dividing a numerator and a denominator by 
the same number before multiplying the numerators and denomina- 
tors is technically called cancellation. The process of dividing the 
numerator and denominator by the same number after multiplying 
the numerators and denominators is technically called reducing an 
answer to lowest terms. 

Although it is suggested here that cancellation be introduced in this 
step, actually it should not be introduced until the teacher is quite 
sure the child is ready for it. Some children are ready for cancellation 
earlier in the study of multiplication of fractions than others. 


Step 10. Multiplying a multi-unit fraction by a whole number. 
(Steps 2, 4. Div. Fract.) 


SAMPLES: 8xł= Wx = 


Before determining the techniques of acquiring exact answers to 
these multiplications, whether by use of drawings and charts or by 
applying previously learned principles and methods, the child should 
acquire facility in estimating the answers. By comparing the fraction 
with a unit fraction (3, 4, 4, $ and so forth) or by comparing it 
with 1, approximate answers readily can be obtained mentally. The 
exact answer to 8 X 3, for example, lies half way between 4 and 8, 
since ł lies half way between 3 and 1. The exact answer to 11 X$ 
is a little less than 33, since 4 is a little less than 5. 

Some children can gain facility in arriving at the exact answers to 
this type mentally. Others will have to write down some, if not all, 


of the intermediary calculations. The following represents different 


degrees of competence in this kind of computation. Each child should 
be encouraged to find the method that is shortest and surest for him. 


v 
[6-12] 
o 12x : = 10} 
2 
[6-12] 
oe PAWL Aa 
(2) WX ga ot 
2 
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a 
[6-12] 
3 
Ba 
(3) zx L= 2 = 105 
$ 2 
4 
2 
v 
[6-12] 
(4) 12 X § = 5 = 92 = 103 
Vv 
[6-12] 
6) 12X4 = Y= == 10} 
Vv 
[6-12] 
(6) 12 X4 = $4 = 104 = 10} 
vV 
[6-12] 
7 12 X 4 = $$ = 104 = 102 = 103 
(7) 
[6-12] 104 = 103 = 103 
6) 2X} = WRX = Mf = 8) 


Step 11. Multiplying a mixed number by a whole number. (Step 8- 
Div. Fract.) 


SAMPLES: 3X 24 = 4X 32 = 


This type of multiplication can be developed from previous steps 
of multiplication. It also can be developed from addition. 3 X 22) 
for example, can be considered as 3X2=6and3xX4=3= 135 
6+ 13 = 7. 

Through experimentation children can help to decide which is the 
better method to use—the horizontal or the vertical. 

‘Side by side, the 2 different techniques of calculations are as 
follows: 


Horizontal 


Vertical 
29 X 5g = 55 


X 29 
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(1) Estimated answer (1) Estimated answer 
180— 180— 
(2) 54 = # (2) 5 
Xx 29 
145 
(8) 35 B) 5 
XxX 29 x 29 
315 145 
70 
1015 
1694 24 
(4) 6J1015 (4) 6)145 
6 12 
41 25 
36 ay 
55 1 
54 
1 
(5) Comparison (5) 145 
180— +24 
1694} 1694 
(6) Comparison 
180— 
1693 


ediary calculations, the chil- 
ertical method required one 
f calculations involved in 


By examining the two sets of interm| 
dren can discover that, although the v 
step more than the horizontal, the types o 
the vertical are simpler than those in the horizontal. 


Step 12. Multiplying a whole number by a mixed number. (Step 7. 


Div. Fract.) 
SAMPLES: 42 X6= 33 X5= 

Children have clear ideas concerning the meaning of twice as many 
and three times as many. But suppose there is an amount that is less 
than three times as many as another amount but more than twice as 
many? How can that relationship be expressed? The only way is by 
the use of a fraction—2 and a fraction times as many. 

5 is 22 times as much as 2. 
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11 is 2$ times as much as 4. 

The difference in meaning between 2} X 4 and 4 X 23 can be dis- 
cussed and demonstrated by the children. Taking four 23 times is 
quite different from taking 24 four times although the children can 
discover that the final amount in both cases is the same. 

The approximate answers for this type of multiplication can be 
expressed in 1 of 2 different ways: (1) As more or less than a certain 
amount, or (2) as lying within a range but nearer one end of the range 
than another. 

The same kinds of comparisons can be made of the vertical and 
horizontal techniques of computing this type of multiplication as were 
made in the preceding step. 


2 SpE a 6 
4X6 = FX 6 =28 ku 
1 24 

E 

28 


Another technique of multiplying vertically can be introduced 
about this time if the children have not already thought of it them- 
selves. 

Up to this point, if the children have been multiplying by the 
whole number first and then by the fraction in the vertical method, 
it can be suggested that they reverse the order. It is found, of course, 
that the answer is the same. 


The children can be observed to see how they handle such a mul- 


29 
tiplication as X 314. If a child does not dis 
ing time-saving method of multiplying 2 
out to him. The 2 x 29 part can be writ 
29 ofthe computation, but the advantages of working it out 


Step 13. Taking a fractional 


part of an amount of money. 
SAMPLES: 3 of $1.00 = 


4 of $1.20 = 
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Quite often a child finds it necessary when earning money or buy- 
ing or saving to find how much a certain part of a certain amount 
of money is. One of the simplest examples of this is finding how much 
one-half of one dollar is. Every child knows that it is fifty cents. He 
does not always know how to write this fact down, however, using 
arithmetic symbols. This might be a good starting point, then. 


2 of $1.00 = $ .50 4 of $1.00 = $ .25 of $1.00 = $ .75 


The children know these 3 answers without having to compute. 
They may have diffculty, however, in finding the answers to such 
questions as 3 X $2.00 = or } X $3.45 = . For those who can- 
not discover their own techniques the following sets of relationships 
can be developed: 


$ .50 
(1) 4 of $1.00 = $ .50. 2)81.00 
$ .25 
(2) 4 of $1.00 = $ 25 4)$1.00 
$ 75 
(3) 2 X $1.00 = $ .75 4)53.00 
$1.50 
(4) 2 X $2.00 = žito = 4)$6.00 
(5) 4 X $2.00 = zao =§ .75 
(6) $ X $2.50 = $10.00 = $2.00 


In addition to learning how to find the number of cents there are 
in a given fractional part of a dollar, some children will be able to 
memorize how many cents there are in the following parts of $1.00: 
DEELLEEBHEEE SE DD Yo to Wy To 

By finding fractional parts of $1.00, the children are introduced to 
the relationship between common-fractions and decimal-fractions, 
although decimal-fractions are not yet referred to by that name. 


Step 14. Multiplying dollars and cents by a mixed number. 


SAMPLES: $1.20 $6.50 
X 5i X 22 
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A situation that is met frequently is the purchasing of material or 
another commodity in units and fractions of units. An instance might 
be the purchase of 54 yards of material at $1.20 per yard. 

The answers to this kind of multiplication can be estimated by 
rounding off the money to the nearest dollar and the mixed number 
to the nearest whole number. 

The exact answers can be determined by using techniques and 
principles already acquired (Steps 12 and 13). 


In this instance, since the answer was estimated to be about $6.00, 
the exact answer, which contains the digits 690, must be $6.90. In 


other words, for the exact answer to be feasible, the cents point must 
be between the 6 and the 9. 


Step 15. Taking a single unit fractional part of a fraction. (Step 16. 
Div. Fract.) 
SAMPLEs: tof} = iof} = 

It is not often that a child has 
The child’s interest should be suc 
bers and number rel 
ing. 

When making his equivalents charts the child found that 3 of 3 is 4, 
3 of 4 is 4, and 3 of 3 is yy. Likewise, he discovered that 2 of 4 is yo 
2 of fis 4, 4 of Lis Tz, and so forth. Now he can learn to express 
these relationships with arithmetical symbolism. i 


occasion to take a part of a part. 
h, however, that this aspect of num- 
ationships could prove stimulating and challeng- 


1 $= 
XE=} X=% 


Some children probably will see immediately that the answers to 
these multiplications, if one did not know them, could be determined 
by applying a technique they had already learned. In Steps 5 and 6 
they learned the technique of multiplying numerators and multiply- 
5 : Ar ISAN 

d tors; thus, = X $ = = _ 1 
Ing denominators; thus, 3 x ISi 5 
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By referring to the 3, 3, 3, tẹ equivalents chart the children can 
determine 4 of 3, 4 of 8, and 4 X 3. Likewise, on the $, 4, 4s, sr 
chart they can find 4 X 3, 4 X $, 3 X v4, and so forth. 

The same procedure can be followed taking 4 of certain fractional 
parts and 3, 4, 4, 3, and + of other parts, according to the equivalents 
charts available. On the 4, 4, xy chart, for example, 3 X 2 and 4 X } 
can be found; on the 3, 3, $, vs chart } X 3 and 3 X ł can be found; 
on the 3, z4; chart 4 X } can be found; and so forth. 

Sooner or later every child should be able to apply the multiplica- 
tion of numerators and denominators technique when multiplying 
2 fractions. 

There are 2 other principles and techniques children can be helped 
to discover while computing with this type of multiplication. 

(1) To find a fractional part of a fraction, multiply the specified 
fractional part by the numerator of the fraction, and the resulting 
number is the numerator of the answer, with the original denomina- 
tor remaining unchanged. For example: 3 of 4 fifths is 2 fifths, since 
3 of 4 is 2; 4 of 3% is $y G of 9 is 3). 

(2) The other principle and technique have already been learned 
(Step 9) and await application here—cancellation. 


EXAMPLES: 
1 1 
5 5 ii Via 
YB Se ee A Nee 
SX Gime Bae Nee aes 
I pad 1 1 5 


Step 16. Taking a multi-unit fractional part of a fraction. (Step 16. 
Diy. Fract.) 
SAMPLES: 2 of Z 
The answers to these can be estimated by comparing the fractional 


2 of 3, for example, is more than 3 of 4. 


part to 3, 4, 1, and so forth. $ j 
Since 4 of 2 is 1} fourths, 4 of ł can be estimated to be more than 


13 a oe T ; $ 
7h or about 2. Also, 4 X š 1S about %, since ? is a little less than 3, 


2 T. a 
= zo0ff = 


and a little less than 4 of 7 is 3. enp 
The exact answers to this type of multiplication can be found by 


applying already acquired techniques: (1) Referring to equivalents 
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charts; (2) multiplying numerators and multiplying denominators; 
and (8) cancelling. 

When comparing exact answers with estimated answers, some in- 
teresting questions may arise. Consider the multiplication already 
referred to: 2 X 4. The answer is estimated to be about $. The exact 
answer is yp. The question now is, Are $ and 3%, about equal? 

Some children may notice that $ is a little more than % or } and 
that + is a little more than „y or 4. That would make $ and sọ 
about the same. 

Others may arrive at the realization that the fractions can be 
compared accurately if they have common denominators. Using the 
doubling-tripling-of-the-larger-denominator technique (page 199), it 
is found that 40 is the common denominator. 3 = 1% and xy = to 
Now it can be determined definitely that the estimated answer was 
only zy out of the way—which is a pretty close approximation, the 
children can rightly conclude. 

Later, the children will learn that a very good way to compare the 
sizes of unlike fractions is to change them to fractions whose common 
denominator is 10, or 100, or 1,000, and so forth; that is, decimal 
fractions. (See pages 273 and 274.) 


Step 17. Taking a fractional part of a mixed number. (Steps 13, 
14, and 15. Div. Fract.) 


SAMPLES: 2 of 33 = 1 of 22 = 


While experimenting to find the exact answers to this type of mul- 
tiplication, the following methods could be compared: 


1 3 [3] 3 
(1) aX 3i=%XB3o0r 2 = 36 
xio 9 
ie = 256 
[3] 
(2) 1X31 = 3X 4p = 45 = 18 


Although both of the above solutions are correct, solution 2 requires 
Jess calculating and, thus, is simpler and takes less time than the first 
solution. 

The approximate answers are arrived at by rounding off the mixed 


numbers to the nearest whole number and comparing the fraction 
to 1, 3, 3, 4, and so forth. 
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Step 18. Multiplying a fraction by a mixed number. (Steps 3, 4, 5, 
6, and 9. Div. Fract.) 
SAMPLES: 64 X2= 4x g= 

By applying previously learned principles and techniques, the chil- 
dren should be able to find approximate and exact answers to this 
type of multiplication unaided. 


Step 19. Multiplying a mixed number by a mixed number. (Step 8. 
Div. Fract.) 

SAMPLES: 63 X 23 = 14 X 33 = 

This step concludes the various types of multiplication that involve 
common-fractions. The numerous principles and techniques of com- 
putation that the children have discovered themselves or learned from 
others should enable them to compute this type of multiplication with 
meaning and efficiency. 

As the teacher helps each child try to understand how to multiply 
fractions of various kinds he must keep in mind that different children 
think differently and learn differently. Some children can learn to 
compute mentally with speed. Other children must compute slowly, 
recording every intermediary answer so that it does not slip the mind. 
Some children can learn to estimate answers quickly and accurately— 
others must make their approximations more slowly and are wider of 
the mark, Some children can learn to compute with large numbers 
with facility—others become confused when dealing with numbers 
Over’2 digits. Some children can understand readily principles govern- 
ing number relationships and apply them to new computations. Other 
children must learn to compute 1 step at a time with little or no 
understanding of the inner relationships of the number system. It 
should also be remembered that some children can learn to relate 
numbers to things and things to numbers with greater ease and effec- 
tiveness than other children. 

STEPS IN THE DIVISION OF FRACTIONS 

(1) “It is 2 of a mile around the park. How many times must we 
go around for a 3-mile bicycle race?” 

(2) “12 yards of material are needed for each costume. How many 
pieces of that length can be cut from 134 yards?” 

(3) “If we increase the flour from 3 to Ẹ of a cup, how many times 
must we increase each of the other ingredients in the recipe?” 
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(4) “What is the average distance covered in 1 minute when walk- 
ing ł of a mile in 44 minutes?” 

Answers to these and similar questions can be obtained by the 
process of division. It is true that such questions as 1 and 2 can also 
be answered by addition or subtraction, but questions 3 and 4 cannot. 
To find how many laps of ł of a mile make 3 miles one could do the 
following: 0 + 3 = 3; 4+4 = 11; 13 +2 = 23; 2242 =3. Or 
one could subtract: 3 — % = 24; 2 = 
=0. 

In the second question, 13 could be added or subtracted in similar 
fashion. To find out how many times larger ł is than 3, or what part 
of a mile is covered in 1 minute when } of a mile takes 43 minutes, 
however, is not quite so obvious. 

The children have already learned that the division symbolism 
when used with whole numbers can mean 1 of 2 different things. 
8 + 2 = 4, for example, means i: objects arranged in groups of 
2 result in 4 groups, or objects arranged in 2 groups result in 
4 objects in a group. Briefly, (1) can be worded, “How many 2’s are 
contained in 8?” and (2) can be expressed, “8 divided into 2 equal 
parts.” 

Can both of these wordings apply also to divisions that involve frac- 
tions? In situation 1 above, 3 + $= can read, “How many times 
is į contained in 3?” 3 + 3 does not have meaning, however, if ex- 
pressed, “3 divided in 2 equal parts.” 


. . a 2 j 
In situation 2 above, 134 + 14 = ean mean, “How many times 
are 1g contained in 133?” 


It cannot mean, “13% divided into 1% 
equal parts.” 
cha i . 
t+3= can read, “How many times is 2 contained in 3?” but 
does not make Sense if read, “3 divided into 4 equal parts.” 

In the division, r+ 4g = , however, 43 is larger than 4, so it 
cannot be contained in it. A change in the wording, therefore, seems 
necessary, A 8= canbe expressed, “What part of 8 is con- 
tained in 2?” since all of 8 cannot be, then 4 + 43 = can be ex- 
pressed, “What part of 43 is contained in 4?” 

Tt seems, then, that there are 2 possible ways of expressing divi- 
ce involving fractions, which falls forth a visualization of things 
and something happening: How many times is an amount of 


something contained in another amount? and Sf What part of an 
amount is contained in another amount? 
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The steps in the division of fractions are organized below in the 
following general sequence: 

(1) How many times is 
(a) a fraction contained in a whole number? 
(b) a fraction contained in a mixed number? 
(c) a whole number contained in a mixed number? 
(d) a mixed number contained in a mixed number? 
(e) a fraction contained in a fraction? 

(2) What part of 
(a) a whole number is contained in a whole number? 
(b) a whole number is contained in a fraction? 
(c) a whole number is contained in a mixed number? 
(d) a mixed number is contained in a fraction? 
(e) a mixed number is contained in a whole number? 
(f) a mixed number is contained in a mixed number? 
(g) a fraction is contained in a fraction? 


Since the sequence of steps follows an order that is logical in rela- 
tion to the process of division, the sequence does not follow the order 
in which the corresponding types of multiplication are presented in 
the preceding chapter. If, therefore, each type of division of fractions 
is to be related to its inverse, the division of fractions should not be 
introduced in the organized instruction program until after all the 
different types of multiplication of fractions are learned. 

Each kind of division should be first met in real situations. Then, 
whenever possible and feasible, it should be represented by manipula- 
tive representative materials and by drawings, pictures, diagrams, 
and so forth. Along with these experiences, appropriate vocabulary 
and language expression should be learned and used. Then the arith- 
metical symbolism should be introduced as a shorthand method of 
expressing the quantitative relationships. 

As with the other sequences of computational steps, future confu- 
sion often can be avoided for a child, if he thoroughly understands, 
and can compute with meaning and efficiency, one step before pro- 
Ceeding to the next. 

Each step should be derived not only from experience with things, 
it should be derived from, and related to, previous steps in division. 
It also should be derived from and related to its inverse, and, when- 


ver appropriate, it should be related to addition and subtraction. 
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Step 1. Dividing a whole number by a unit fraction. (Step 9. Mult. 
Fract.) 


SAMPLES: 3+4= 4+}4= 


The children will respond correctly with no hesitation to such ques- 
tions as: How many half-dollars are in a dollar? How many half-inches 
are in an inch? How many half-pints are in a pint? In short, how 
many halves are in a whole? 

From this point the children can respond as readily to the ques- 
tions, How many half-dollars are in 2 dollars? How many half-inches 
are in 3 inches? How many half-pints are in 4 pints? In short, how 
many halves are in 2, 3, 4, 5, 6, and so on. 

Now the teacher can ask a child to write on the board, using arith- 
metical symbols, this question, “How many 2’s are in 6?” After the 
3 ways are written (2)6, $, 6 + 2) the teacher will ask, “What do 
you think would be the best way 
to write how many halves are in 
Ho$ogls § ple gH] 2?” The form 2 + 3 should be 

chosen as the most convenient. 


eo er 3 í: J p 
SAA Practice in reading and writ- 
Fig. 21. ing this new symbolism should 
r È be engaged in to insure famili- 
arity with the symbols and their meaning, 


By the use of drawings or objects the children can then determine 
the answers to such questions as: 3+ e S E 544, For 
example, How many thirds in 3? can be drawn m EOFN in Fig. 21. 

After the children understand and can visualize these relationships, 
they can be asked t 


í o think of ways of getting the answers by cal- 
culation. 


The following techni 

(1) 3 + 4. Since th 
12 fourths in 3. 

(2) I can subtract 3 
is left. 
(3) I can add }434343 
to 3. 

(4) The inverse of 3 = 2 = 12is12 X 2 = 3, Sinċe3 = 43,3 t 
can be written 12 + 1 « 


¢ 4. “How many fourths are in 12 fourths?” means 
How many 1’s are in 122” 


ques might be suggested and compared: 
ere are 4 fourths in 1, there must be 3 X 4 or 


from 3, 4 from 2%, and so on until nothing 


z until I get enough to add up 
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(5) Some children might think of the short cut—multiply the whole 
number by the denominator. For 3 + 4, think, 4 X 3 = 12. 

By examining such a series of divisions as the following, the chil- 
dren can arrive at the generalization that the smaller the fraction the 
greater is the number of times it is contained in a given amount: 


2+3=4 2+ 7, = 20 
2+4=6 2 + ais = 200 
2+1=8 2 + rd = 2000 
2+4=10 2 + xoovos = 200,000 


Step 2. Dividing a whole number by a multi-unit fraction. Answer: 
Whole number. (Step 10. Mult. Fract.) 


SAMPLES: 9+ }3= 4+3= 


Many children can find the exact answers to this type of division 
Without help. By applying the technique of changing the whole num- 
ber to a fraction and dividing the numerators (Step 1), they can solve 
9 + 2 thus: 38 + 4 = 36 + 3 = 12. te 

If a child cannot think of a way to compute this type of division, 
he can make a line drawing. 4 + 4, for example, can be represented 
as shown in Fig. 22. y 

Measuring cups and foot rulers also can be used to Elaenia or 
demonstrate these divisions. How many times can we pour 3 of a 
cup of water from a supply of 4 cups? Likewise, $ of an inch can be 
Measured off how many times to reach 3 inches? 

The children can discuss ways of estimating the answers quickly. 
The fraction can be compared with 3, then the answer would be 
more or less than a certain amount. For example, 5 + 3%;; the answer 
is a little more than 10 since 3% is a little less than 3. Or the answer 
can lie between 2 limits. For example, 8 + 3; since å lies between 
# and 2, the answer lies between 16 and 24 (8 + 4 = 16;8 + } = 24). 
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Or, if the fraction is large it can be compared to 1. For example, 
21 + 4; the answer is a little more than 21. 


Step 3. Dividing a whole number by a multi-unit fraction. Answer: 
Mixed number. (Step 18. Mult. Fract.) 


SAMPLES: 2+ł= 5+3= 


By estimating 2 + 3, the children can see that the answer lies be- 
tween 2 and 4. By using the computational technique already learned, 
the exact answer is found to be 23. Still, some children may wonder 
about the answer. Why, a child may ask, does the answer have § in 
it when we are dividing by 3? If he does wonder about this seeming 
discrepancy, he can do a little experimenting. The child could make 
the usual kind of drawing and see what happens. 2 + 3 can be repre- 


sented as shown in Fig. 23. The remainder, 3, can be seen to be 
2 of 3 

0 . 
3 4 


3 
3 2 A 
2+4 = Bad = 2R? o 22 

Fig. 23. 


Perhaps a better procedure to demonstrate 2 + 3 = 22 is to draw 
a line on the chalk-board 2 feet long. A piece of twine is then cut 
4 foot long. Using this length as a unit of measure it is found that 
the line contains 2 of these units with some of the line remaining. 
This remaining distance is then measured and it is found to be 4 of 
the length of the twine. Thus the children ean discover and/or verify 
a $ ofa unit is contained in 2 units 22 times. This method of 
Portia can be used in many of the following com- 

Step 4. Dividing a mixed number by a fraction. Fractions with 
common denominators. (Steps 9, 10, and 18. Mult. Fract.) 
SAMPLES: 4222 = Rie 


In experimenting to discover a computational technique for this 


type of division, a child might reason for 42 +1 in this fashion: 
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4+4=12;2 +13 = 2; 12 + 2 = 14. Being successful in this case 
he tries the same method with 33 + į. He can do 3 + į (Step 3), 
but he is not sure of § + 3. He has not yet met this type of division 
(Step 16). If he does not think of it himself, he can readily accept the 
technique of changing the mixed number to an improper fraction: 
B3+F=22+7=4 

In estimating these answers, the children should arrive at the tech- 
nique of raising or lowering the dividend when raising or lowering 
the divisor. This technique can be related to the methods already 
learned of estimating quotients when dividing whole numbers (Steps 
‘15-22 of Division of Whole Numbers). 

If the 2 in 3% + $ is thought of as 3, then 33 should be thought 
of as 4; 4 + 1 = 8. If, however, ? is thought of as § or 3, then 33 
should be thought of as 3; 3 + } = 9. 

Step 5. Dividing a mixed number by a fraction. Fractions unlike 
and related. (Step 18. Mult. Fract.) 

SAMPLES: 22 =+łj= 34+ i= 

If a child cannot hit upon the idea himself of changing the fractions 
So they have a common denominator, he can be led to this conclusion 
y representing 24 + ł with a diagram. 

Step 6. Dividing a mixed number by a fraction. Fractions unlike 
and unrelated. (Step 18. Mult. Fract.) 

SAMPLES: 34+ 4 = r E 5 = 

The child should realize by now the significance of the common 

cnominator when dividing fractions as well as when adding and 


subtracting fractions. - i 

Since there are several intermediary calculations in this type of 
division, many children are helped by recording the various compu- 
tations in a systematic order. 


O 2%+3= (@)¢+8= (8) Hte= (4) 56=+9-= 65 


In response to the challenge to find short cuts, some children will 
Sooner or later see that, in the above sequence, Step (3) can be 
Omitted. The 56 in $$ and the 9 in x can be obtained directly from 
3+ ł by multiplying 8 X 7 = 56 and 3 X 3 = 9. This method we 


3 
Can call cross-multiplication: 7 pe g 
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Using the short cut of cross-multiplication, then: 34 + 4 = $ + 4 
= 2} = 5}. The child knows that the 21 and the 4 must form the 
fraction 22, not +r, because he already has estimated the answer to 
lie between 4 and 7. (4+ 1 = 4; 33 +3 = 7.) 

Step 7. Dividing a mixed number by a whole number. Answer: 
More than 1. (Step 12. Mult. Fract.) 


SAMPLES: 9% =+4= B+5= 


This kind of division can represent 2 different types of situations. 
93 + 4 could mean, (1) 93 units divided into 4 equal groups, or it 
could mean (2) 93 units arranged 4 in a group. 


Diagrammatically, the 2 situations can be represented as shown 
in Figs. 24 and 25. 


CO) E2012 01,0] e = 


Fig. 24. The 14 units remaining must be divided into 4 equal parts. Dividing 


the whole unit into 4 parts gives us 3. Dividing the å unit into 4 parts gives us 


$. 4 +4 = }. Dividing 94 units into 4 equal parts results in 23 units in each part. 


MGMOLONOIO GO. ©.Olo.e 


Fig. 25. 9% units arranged 4 in a group results in 2 groups with 14 units remaining. 


There are 2 ways of writing the answers to 93 + 4, therefore, 


depending upon what question is asked. 
(1) 93 units divided into 4 e 
group? 95 + 4 = 23. 


(2) 92 units arranged 4 in a group result in how many groups? 
9+4=2 R14. 


qual groups result in how many in a 


The answer to the question, How Many 4’s are in 93? is either 


t; had E 2 
2 with 1} remaining or old. The complex fraction zd may be too 
difficult for the children 


to handle at this time except in the way 
that was indicated in (1) i 


A above: 1 fourth is 4; } of a fourth is $ of 4 
z : 13. 
or §; 7 and $ are 3. 2% is, therefore, equal to 23. 


Some children, in seeking a computational technique for getting 
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answers to this type of division, may recall (Multiplication of Frac- 
tions, Step 5) the following different ways of dividing: 4 of 5, 5 + 2, 
2)5, and § 94 + 4, therefore, can be written } of 9} = 3x93 = 
aX 42 = 12 = 23, 

Other children may recall and apply a different principle (Multi- 
plication of Fractions, Steps 3 and 5) since 4 = 4, 93 + 4 can be 
written 93 + 4=12+4=19+8-=19+8= 2§, or, more simply, 


9+ $= aps gmap = op 
Answers can be estimated by rounding off the mixed number to 


[=] 
the nearest whole number and then dividing: 24 + 2 = 
Step 8. Dividing a mixed number by a mixed number. Answer: 
More than 1. (Steps 11 and 19. Mult. Fract.) 
SAMPLES: 8% + 4 = 7§ + 33 = 
When the fractions do not have the same denominator, the chil- 
dren can be challenged to discover a short cut in their calculations. 


* + = = TOR 88 ee OL 
43+ lj = 38 + P= 4e = He = HE = § = 23. 


In this computation, 44° was arrived at by cross-multiplication: 
4 X 35 = 140 and 7 X 8 = 56. 140 and 56 are pretty big numbers 
to have to divide or reduce. The teacher might ask the children how 
the division (or reduction) of such large numbers is avoided when 
they multiply fractions. “By cancellation,” should be the reply. The 
teacher can then say, ‘See if you can discover a way to cancel while 
Computing such types of division as 43 + 13. In other words, can 
We change this division into a multiplication?” 

The clue to cancellation is cross-multiplication. Cannot $% + 4 be 
Written so that the 4 and 35, which are multiplied together, are both 
numerators and the 7 and 8, which also are multiplied together, are 
both denominators? Why not change 35+ to 38 X $ and multiply 


i 354 _ 140. : 35N T _ 140, 
this way: lke bl instead of this way: 8/\4 a 
Now, since we can multiply 3# X 4 instead of divide 38 + , we 
5 1 
7268.4 5 [5 : 140 
Can cancel. g x 7577h is much easier to handle than 56 
SUT 


The inverting-the-divisor-and-multiplying technique can be intro- 
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duced in other ways. For example, (1) since 8 + 2 is the same as 
8 + 2, and since 8 + 2 has the same answer as 8 X 3, 8 + į can 
be written 8 X 4; (2) since } of 8 is the same as $ X 8, and since 
3 X 8 is the same as 8 X 3, and since 8 X 4 has the same answer as 
8 + 2,8 X 3 can be written 8 + 2 or 8 + 2; (3) since 8 + 4 = 16, 
and since 8 X 2 = 16, 8 + 4 can be written 8 X 2. 

Methods (1), (2), and (3) can be understood by most children, that 
is, when the fraction } is used; but it is difficult for them to see why 
the inverting rule applies to such fractions as 3, 4, 4, and so forth. 
Many children thus are forced to “invert and multiply” on faith. 
The mathematical reason is surely beyond their comprehension: 


7 NE E a ie 
Sa no Meee ESS T 2 2 


The children might try the cross-multiplication and inverting meth- 
ods several times to see if one is superior to another. 


Cross-M ultiplication Inverting 
(1) 85 + 25 = [B] (1) 83 + 23 = [8] 
3$ + A = ge = ape ae = 
Bsr = 3r 2 
oe AE 
A ae 
1 
(2) 5§ + 14 = [8] (2) 5§ + 14 = [3] 
Tits, E T S Lg 
=4 io = -i= 
3r = 33 5 2 
BB A _ 10 _ 94 
G7 Be 
3 l 
(3) 2§ + 13 = [14] (3) 2¢ + 12 = [14] 
aga 4F= 18 aga 
bX $= 42 = HE 


From the above it seems that there is not much difference between 
the 2 techniques. If a child likes to cancel, he may prefer to invert. 
If he would just as soon reduce answers to lowest terms, he may 
prefer to cross-multiply. However, he might compare these 2 tech- 
niques for all types of divisions in this sequence, and he may then 
find in general that 1 way is preferable to another. 
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Step 9. Dividing a fraction by a fraction. Answer: More than 1. 
(Step 18. Mult. Fract.) 


SAMPLES: tips Irie 


In order for a child to know before actually calculating whether or 
not a fraction can be contained in another fraction 1 or more times, 
he should be able to tell by inspection whether the divisor is smaller 
or bigger than the dividend. This was relatively easy to do when the 
child was handling whole numbers and mixed numbers. It is not quite 
so readily accomplished, however, when handling such divisions as: 
$ehdshert 

By referring to the equivalents charts, 3 can be compared with 
4 and 2 with 3, but if there is no chart showing sevenths, $ cannot be 
compared with $. 

The children can be challenged to discover ways to determine 
whether one fraction is smaller or larger than another. The following 
methods could be suggested. 

(1) Change the fractions to a common denominator and compare 


the numerators. $ + $ = 30 + 20: 


(2) Cross-multiply the numerators and denominators and com- 
pare the products, being sure which product must be bigger than 
the other. 4 + 3. Is it 44 or 4$? 

(3) Know how many cents are in that part of a dollar (page 228); 
4 of $1.00 = $.80 and 3 of $1.00 = $.75. 

After comparing the 3 different methods, the children would prob- 
ably conclude that sometimes the common-denominator technique 
would be best; with other pairs of fractions, the cross-multiplication 
method would be preferable; and with still others, the part-of-a-dollar 
comparison would be simpler. 

The answers can be arrived at by using 
the children have already learned. 

(1) When the fractions have a common denominator: tł =g 
= 34. (With this type, the exact answer can be obtained about as 


quickly as the approximate answer.) 
(2) When the fractions do not have a common denominator: 


any of the techniques that 


ner ere es: 
A A ID Pie ye ee 
Oera ore ani 
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Step 10. Dividing a whole number by a whole number. Answer: 
Less than 1. (Steps 1, 2, 5, and 6. Mult. Fract.) 

SAMPLES: l+4= 2+3= 

This is the first step in the series of divisions where the divisor is 
larger than the dividend, or, according to the language used with 
children, where only a part of a number is contained in another 
number. 

“What part of 3 gallons of gasoline will fit in a 2-gallon can?” 

“What part of a 6-foot pole will fit in a hole 2 feet deep?” 

What part of 3 is contained in 2? can be written 2 +3 = ; and 
What part of 6 is contained in 2? can be written 2 +6= . 

The children might recognize that the wording, “What part of 
3 is 2?” is the same as “2 is what part of 3?” This latter concept 
has already been met in connection with the meaning of a fraction 
(page 178): 2 is å of 3. 

Another meaning of 2 + 3 that the children have already encoun- 
tered can be recalled. In Multiplication of Fractions, Step 7, it was 
learned that the 3 of 2 concept is related to 3 and 3)2 and 2 + 3. 
In this sense, 2 + 3 means 2 objects divided into 3 equal parts. 

Whether 4 + 6 is thought of as 4 divided into'6 equal parts, OF 
What part of 6 is contained in 4? the techniques of computation are 
the same. 4+ 6=$=4;0rd+6=1X%4=4=2: 0r4+6= 
4X$=$ = 35 or y 


Wri 


Step 11. Dividing a fraction by a whole number. Answer: Less 
than 1. (Steps 7 and 8. Mult. Fract.) 


X 
. 1. = . 
SAMPLES: TES 2+6= 
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“What part of 4 gallons of gasoline will fit in a 4 gallon container?” 
“What ee of a 2-foot stick will fit in a hole f foot deep?” 
P2205 
4 . 

“What part of a mile does each of 4 boys run in a quarter-mile 


relay race?” }+4= 
“A board ł yard longa is divided into 2 equal lengths. How long is 
each piece?” ł +2 = 
In finding the answers 5 to this type of division, the child can use 
techniques and principles used in the preceding step. 
es k= 
E gals eee 


o Oma NG see 5 Cao mS 


The children might also try the common-denominator and cross- 
multiplication techniques: 


[1—] sky 
EN i AEP pae 2 
[Oe Oe 1s 6YN1 
Step 12. Dividing a mixed number by a whole number. Answer: 
Less than 1. (Step 8. Mult. Fract.). 
Sampies: t+4= 23 +6= 
These divisions represent similar situations to those of the 2 pre- 
Ceding steps. Answers can be estimated by rounding off the mixed 
numbers to the nearest whole numbers and goading mentally. For 
example, the answer ce ths 6 will be less than į since 2% is less 
than 3 and 3 + 6 is $ . In fact, the answer will lie between 
3 (2+ 6) and 4 (3 + x 
The exact answers are arrived at by using previously learned tech- 
niques and principles. 
Step 18. Dividing a fraction by a mixed number. 


ele 


Answer: Less 


` than 1. (Step 17. Mult. Fract.) 


Samprms: 1 +3} = ¿+l = 
1 meaning. We cannot divide 4, 


These divisions can have only 
owever, find what part 


for example, into 34 equal parts. We can, h 
of 31 can be contained in 4 
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The answers can be found by applying already known techniques 
and principles. 


Step 14. Dividing a whole number by a mixed number. Answer: 
Less than 1. (Step 17. Mult. Fract.) 


SAMPLES: 2+ 33 = 3+44= 


The part of 33 that is contained in 2 can be estimated to be be- 
tween 3 and 4, since 33 is between 3 and 4. 


Step 15. Dividing a mixed number by a mixed number. Answer: 
Less than 1. (Step 17. Mult. Fract.) 


SAMPLES: 14+ 23 = Qh + 32 = 
These answers can be estimated by rounding off both terms upward 


or downward. The same computational techniques and principles 
apply here as with the previous types. 


Step 16. Dividing a fraction by a fraction. Answer: Less than 1. 
(Steps 15 and 16. Mult. Fract.) 

SAMPLES: g+g= ł+ł= 

The same problem of comparing the sizes of fractions arises here 
as in Step 9. In this instance, the question to be asked is, “What 
part of a fraction is contained in another fraction?” By using the 
equivalents charts the children will be helped to visualize the sizes 
of different fractions and estimate whether a large or small part of 
one fraction can be contained in another. 

If children are to avoid mechanical computation they must know 
and use a “language” for arithmetical symbolism that has meaning 
to them. This is especially true with division of fractions where 
“rules” of computation can be either understood or not understood, 
and where computational processes are intelligible to the child or 
are merely accepted on faith and performed mechanically. 


13 
Learning to Add and Subtract 


Decimal-Fractions 


Decimal-fractions are being used in contemporary life in such wide 
and varied fields of endeavor that it is important that children under- 
stand them as much as possible. This is merely a partial listing of 
such uses: Baseball batting, fielding, and other averages; times of 
track races; measurements of body temperature, rainfall, and snow- 
fall; measurements of distances, volumes, and capacities; density of 
Population and average number of children in the American family; 
and death rates, birth rates, and marriage and divorce rates. 

As with other types of numbers, concepts should be established 
before computation is attempted. Although decimal-fractions can be 
introduced to elementary school children as an extension of our num- 
ber system, to be consistent it is recommended here that the approach 
be through quantitative conerete situations. The tenths-hundredths- 
thousandths aspect of our number system is considered here in the 
Same way that the units-tens-hundreds-thousands aspect was. The 
child should be helped to explore and experiment with decimals in 
such a manner that he himself may discover mathematical relation- 
ships and formulate rules and principles. 

CONCEPTS OF DECIMAL-FRACTIONAL PARTS 

Concepts of common-fractional parts were developed by having the 
children estimate and verify sizes of fractional parts of distances, 
lengths, heights, areas, and so forth. (See Chapter 10.) Concepts of 
decimal-fractional parts can be developed in the same way and the 
relation between common-fractions and decimal-fractions thus can 
be recognized. 

The teacher can begin by asking the children to estimate the half 

241 
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way point across the room. He can then ask them to tell, as he walks 

across the room, when he is 5, of the way across. They can verify 

the guess by measuring. A length of twine cut to equal the total 

distance can be very useful. It is an easy matter to find 4 of the 

length of twine. y is thus immediately established as the first refer- 

ence point on the decimal scale. The children also can 

10 | establish the fact that 45; of the distance and 48, of the 
distance is 49, or the whole distance. 

The teacher then can ask the children to estimate 


2 io of the distance. To verify, they use the estimated 
yo distance as a unit and measure the rest of the dis- 
8 4 tance. yj and fp and 4% and £, and .2, should equal 
3 łe or the entire length. From this, the children will 
1 4 recall that 52, is the same as $- In turn, #5, then 35, 
10 2 and 4% of the distance can be estimated and verified. 
3 The measuring unit for verifying in each case is the £s 
$ 2 distance. 

From the above experience, the children should be 
5 1 able to visualize that 5, of anything is 4 of it, that 
10 ¢ +, is less than 4 and nearer 0 than 3, that +45 is less 
å , than 4 and nearer } than 0, that 38, is more than 4 
D § and nearer 3 than 1, and that 8, is more than } and 

l nearer 1 than 4. 
a 3 The children should also, from the above experi- 


ence, be able to interchange readily tenths for fifths 
and fifths for tenths in their thinking. 

The above procedure is repeated for To i ro, and 
Yo- Distances, lengths, widths, and heights of a variety 
$ of objects, representative materials, and drawings 

should be mentally divided into different numbers of 
6 o Jenths and guesses verified. These experiences should 
pee be repeated often enough to enable the child to have 


a fairly clear mental image of the size of any number of 
tenths from y through 49. 


Previously, the children had established as reference points such 
fractional parts as 4, 4, 4, 3, and 2. Other fractional parts are related 
to these to help visualize their sizes, With fifths and tenths now in- 


cluded as points of reference the relationship between tenths and 
these common-fractions can be established. 


six 
e—a- 


Oe 
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Each child can make a chart like Fig. 26 and mark off various 
fractional parts. The teacher can make a larger chart for group use. 
The making of such a drawing offers an interesting challenge to the 
children. Since 60 is the lowest common denominator for all of 
these fractions, the line can be marked off in 60 units. Every 6 units, 
then, is x}; every 12 units is 4; every 15 units is 4; and every 20 
units is 4. 

The children can practice giving the common-fraction equivalents 
in the following manner: yy = $ of 4; fr = $5 y is between ¢ and 3; 
É = $345; = 453% = Faris between $ and $; fo = $; 3 is almost 
1; and 19 = 1. Likewise, } = 3%; ł is between ro and #5; 3 is be- 
tween 8, and yy; $ = voi $ = w; $ = qo; 3 is between zo and ro; 
2 is between y% and 38;; $ = 3%; and 1 = 44. 

After the concepts of tenths have been established, a discussion 
can ensue concerning a special way of writing the number of tenths. 
The teacher might ask if any children have ever seen tenths written 
differently from the common-fraction form. If a child does not come 
forth with tenths as recorded on an automobile speedometer, the 
teacher should have one available to demonstrate how the band of 
Numbers on the far right is a different color from the other bands, 
but the numbers themselves are the same. The numbers 0 through 9 
measure the number of tenths of a mile the automobile travels. 10 of 
these tenths make 1 mile. 

The teacher can now ask, “How can we write tenths similar to those 
on the speedometer?” One child might answer, ‘Use a different col- 
ored pencil to write the number of tenths.” Another might answer, 
“Draw a line under or over the number like this: 6 or Gre Some child 
will probably suggest putting a point in front of the number like the 
One used in baseball averages. Or a child may already know that .3, 
Whether or not any of the children know 


i hace eee er will write the follow- 


how to write tenths in the new way the teach 
Ing statements on the board: 

Seven-tenths of the length. 

Yo of the length. 

-7 of the length. 

Just as 31, is a shorthand form for seven- 
form for 45. 

The children now can practice reading and writing tenths from ail 
through .9. This kind of fraction, the child now can learn, is a decimal- 


tenths, .7 is a shorthand 
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fraction and the point in front of the number is called«the decimal 
point. 

The children now can practice giving fractional equivalents of 
tenths written in decimal form. 

When the children were estimating 3; of a distance, 3%, yy, and 
so forth, they knew that 3 + 74 = 12 or 1; +3, =28 l; 
and so forth. Now they can learn to express these same relationships 
using decimal-fractions. 


To of the length and yy of the length is 4% or the whole length. 
3 of the length and .7 of the length = 1.0 or the whole. 
8+ .7=10=1. 
1.0 is read, “10 tenths,” or, “one and no tenths,” or just “1.” 
The subtraction relationships also can be considered at this time. 


STEPS IN THE ADDITION OF DECIMAL-FRACTIONS 

Although the sequence of computational steps in subtraction ap- 
pears later in this chapter, subtraction of decimals should be learned 
along with addition of decimals. The steps in addition and subtrac- 
tion that correspond with each other are so indicated. 

As with all types of computation, some children very readily dis- 
cover and understand mathematical relationships and generalizations. 
Others need to progress more slowly from 1 type of computation to 
another to avoid confusion. The following sequence consists of small 


steps to aid these latter children. Most children can skip some steps 
or, at any rate, take 2 or more at a time. 


Step 1. Adding tenths and tenths. Answer: 1 or less than 1. (Steps 
1 and 2. Subt. Dec.) 
SAMPLES: 4+3= 8+ .2= 

Although these answ 
dren should practice w 
the new symbolism. 

Since they know that the answer to .6 + .4 is 1.0, the children can 
be asked to write this type of addition vertically. Suppose the follow- 
ing 3 ways are proposed: 


(1) 


ers are easily obtainable mentally, the chil- 
riting them in order to become familiar with 


6 (2) 6 (8) 6 
+4 +4 +4 
1.0 1.0 1.0 
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The children can discuss the advantages and disadvantages of each 
method. They themselves, in all probability, will decide that method 
(2) with decimal point under decimal point is more orderly and more 
easily read. 

Some teachers believe that children should be taught early that 
the decimal points must be under each other and that since tenths 
are added to tenths they should be in the same column before adding 
or subtracting. It is probable, however, that this rule, if merely 
handed down to the child, might seem rather arbitrary to him. 
“After all,” he has a right to ask, “Can’t I add .6 and .4 when it 
is written horizontally? Certainly neither the decimal points nor the 
tenths are under each other when I add .7 + .3.” 

It is recommended here that children be helped in making the de- 
cision themselves to place numbers in positions which will aid com- 
putation. It is all a matter of eye-movement. The eye can follow 
printed words better when the words are arranged in a straight hor- 


\ontal line 
in curved 


than a line this. 
rather like 
Similarly, the eye can follow written numbers better when they ee 
arranged in a straight horizontal line or in a straight vertical line 
than in some such irregular order as, 
4 4+ arth 
or 30 pS) 


8 Tr 


“Nw 


ail 

Step 2. Adding a whole number and tenths. (Steps 3 and 4. Subt. 
Dee.) 
SAMPLES: 1-.5= 3+2= 

The children can compare such operations as 1 + Pa y 
1 +.3 = 1.3. The mized decimal thus can be related to the mixed 
number and the children can learn to read 1.3 as “one and three 
tenths.” À 

Again the children can be asked to write this kind of addition 
vertically in the way they think is best. The probability is that 


l+ .5 = 1.5 will be written in some such ways as: 


= 1,3, with 


246 Learning to Add and Subtract Decimal-Fractions 


(ty a Da a. (4) 1.0 
id +5 +5 +5 
1.5 1.5 1.5 1.5 


The probability is that methods (3) and (4) will be chosen by the 
children as the best ways. In the previous step the children learned 
that it is best to place decimal point under decimal point. In (3) and | 
(4) that condition is satisfied. Also, in Step 1 they learned that 1.0 
is the same as 10 tenths, or 1. The children can now see that the 
number 1 (or 2 or 3, and so forth) can be written 3 ways: 1 and 1. 
and 1.0; 4 and 4. and 4.0. 

Many children can profit from practicing writing and reading whole 
numbers in the 3 different ways. They also can benefit from practic- 
ing writing out additions of whole numbers and tenths according to 


4.0 
method (4) above. . + .3 


4.3 
This is read “4 and no tenths and 3 tenths are 4 and 3 tenths,” or 
“40 tenths and 3 tenths are 43 tenths or 4 and 3 tenths.” 


Step 3. Adding tenths and tenths. Answer: More than 1. (Step 5- 
Subt. Dec.) 


SAMPLES: 8 +.4 = I+ 8= 


A useful teaching aid is a long roll of heavy wrapping paper, about 
1 foot wide and 7 or 8 feet long. Across the center of this paper can 
be drawn a heavy straight line 6 feet in length. The line can be 
marked off in feet and then in tenths of a foot. When needed, the 
chart can be unrolled and stretched along the wall for reference. 
The tenths chart can be helpful for many children in clarifying 
additions (and later some subtractions, multiplications, and divisions) 
when the sums are more than 1. By counting 8 tenths and then 
4 tenths, the result easily can be seen to be 12 tenths or 1 and 2 tenths. 
The children should be asked to write this type of addition in the 


vertical fashion. Some children will immediately apply the decimal- 
point-under-decimal-point rule. 


Step 4. Adding a mixed decimal and a decimal. Both decimals: 
Tenths. (Steps 6 and 7. Subt. Dec.) 


SAMPLES: 13+ .8 = 5425 = 
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The tenths chart can be used to obtain or verify the answers to this 


type of addition. 

The exact answers can be computed in 2 ways. 1.3 + .8 = 2.1 can 
be read, “13 tenths and 8 tenths are 21 tenths or 2 and 1 tenth.” In 
vertical form the computation can be performed by adding columns 


1.3 
from right to left or left to right. + .8. The children should practice 
2.1 

adding these both horizontally and vertically. Many children are able 
to gain facility computing these mentally. 

Step 5. Rounding off a mixed decimal to the nearest whole number. 
Decimal: Tenths. 
SAMPLES: 4.8 —> 5.2 > 6.5 > 

Since the children are so accustomed to rounding off whole num- 
bers for purposes of estimating answers, no special practice in round- 
ing off mixed decimals should be necessary. However, the tenths chart 
can be referred to if needed. 

Step 6. Adding 2 mixed decimals. Both decimals: Tenths. (Step 8. 
Subt. Dec.) 
SAMPLES: 24+ 3.9 = 7.5 + 3.5 = 
_ Everyday situations that may require the addition of tenths could 
involve such measures as miles, gallons of gasoline, feet, inches, or 
Seconds. The children should be challenged to make a collection of 
Situations that require such computations. 

The answers to this type of addition ca 
rounding off each number to the nearest whole number. The exact 

hildren. Many children, 


answers can be obtained mentally by some € 
however, are helped if they record their partial answers. 


n be easily estimated by 


if 
1 2.4 ON (8) 24 
z + 3.9 [6] 5 + 3.9 [6] + 3.9 [6] 
5.0 1.3 6.3 
1.3 5.0 
63 6.3 


the child can see the reason for 


By knowing methods (1) and (2), 
are 50 tenths or 5 and no tenths. 


method (3). 20 tenths and 30 tenths 
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4 tenths and 9 tenths are 13 tenths or 1 and 3 tenths. 5 and no tenths 
and 1 and 3 tenths are 6 and 3 tenths. 

In estimating the answer of 2.4 + 3.9 to be about 6, the child 
knows where the decimal point should be placed in the exact answer. 
Neither .63 nor 63. could be correct. The answer must be 6.3. 

It is advocated throughout this treatment of decimals that the first 
method that the child should use in locating the decimal point in an 
answer is through the whole number. What must the whole number 
part of the mixed decimal be in order for the answer to have meaning 
and be reasonable? This means that the child must usually obtain an 
approximate answer before computing for the exact answer. 


Step 7. Adding 3 or more mixed decimals. Decimals: Tenths. 


Sampues: (1) 9.2 (2) 23.0 (3) 423.7 
8.6 14.4 596.8 

+ 7.4 8.7 325.0 

+ 39.6 + 84.6 


The answer to (1) above is estimated to be about 25 by adding 9 
and 9 and 7. The answer to (2) is estimated to be about 80 by adding 
2 and 1 and 1 and 4. The answer to (3) is estimated to be about 1400 
by adding 4 and 6 and 3 and 1. Placement of the decimal points in 
the exact answers can be verified by considering that, since tenths 


are being added, there will be a certain number of tenths in the exact 
answers. a 


Step 8. Changing tenths to hundredths and hundredths to tenths. 


SAMPLES: 100 Too = 10 


Fes 60 =. 


ahr 
10 
A 


Tf the classroom will accommodate the added length, the line on 
the 6 foot tenths chart can be extended 4 more feet. The chart now 
can contain 10 feet with each foot marked in tenths. The children 
then can be asked, “Into how many parts is the entire line divided?” 
The answer, 100, should be forthcoming. 

The children now can be asked such questions as, How many 
hundredths are in 1 tenth of the line? How many hundredths are in 
2 tenths, 3 tenths, 4 tenths, and so forth? 

Likewise, questions similar to the following can be answered: How 
many tenths are 30 hundredths, 40 hundredths, and so forth? 

Tf cross-section paper is not available, each child can make his own 
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hundredths chart. If he can have paper or oak-tag large enough, he 
can draw a square-foot and divide each side into tenths. He can then 
divide his large square into 100 squares. 

The children now can see a line divided into hundredths and an 
area divided into hundredths. One-hundredth thus can be seen to be a 
very small part of the whole. 

By referring to a chart if necessary, the child can find the following 
types of equivalents: 


vo = Too too = To 9= UR 

The techniques and principles of changing common-fractions to 
equivalents and of reducing common-fractions can be applied here. 
For f = yp) think, “10 into 100 is 10; 10 X 4 = 40.” For you = ro 
think, “100 divided by 10 is 10; 60 divided by 10 is 6.” 

Next, the children can be asked, “Since 4 is the decimal way of 
Writing 34, what do you think would be a good way to write 34%; in 
the decimal form?” 

The probability is that at least one ch 
the teacher must make the suggestion hi 
children to be a reasonable way. = 

The children are now ready to practice reading and writing hun- 
dredths in decimal form from 10 to 99. (H undredths below 10 and over 
99 should be considered later.) They also are ready to practice chang- 
ing tenths to hundredths and hundredths to tenths decimally. To indicate 
that tenths are to be changed to hundredths, the following symbolism 
can be used: .4=.__ To indicate that hundredths are to be 


changed to tenths a similar symbolism can be adopted: .70 = ._- 


Step 9. Adding hundredths and hundredths. One addend: 10 or a 
multiple of 10; the other addend: 1 through 9. (Steps 9 and 10. 
Subt. Dee.) 


SAMPLES: .10 + .08 = .09 + -30 = 


Before they are ready to consider this type of addition, the children 
should understand the symbolism for hundredths below 10 and be 
able to read and write such decimals with facility. 

The teacher can ask the children to examine very carefully 38 = -8 
and -80 = .80 before they suggest how they think zoo should be 
Written decimally. They should be given an opportunity to figure 


jld will suggest 40. Even if 
mself, this will seem to the 
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this out for themselves. Only if the response is not forthcoming should 
the teacher show them: .08. 

From the discussion of .01, .02, .03, .04, .05, .06, .07, .08, .09, 
and .10 as ways of representing hundredths and .1, .2, .3, .4, .5, .6, 
-7, .8, .9, and 1.0 as ways of representing tenths the children can be 
helped to arrive at the generalization that 1 digit to the right of the 
decimal point indicates the number of tenths and that 2 digits indi- 
cate the number of hundredths. 

Furthermore, by comparing .4 with .40 the children can be led to 
see that the 4 in both instances is 4 tenths and that the 0 in 40 is 
the number of hundredths. In other words, .40 means 4 tenths and no 
hundredths, as well as 40 hundredths. Likewise, by comparing .40 and 
.04 they can be led to see that the 0 in .04 means 0 tenths and the + 
means 4 hundredths and that no tenths and 4 hundredths is 4 hundredths. 

The children are helped in gaining an understanding of decimal 
notation by adding such decimals as .20 + .08 and .04 + .30. Since 
-20 is equivalent to .2 (Step 8), .28 is composed not only of 20 hun- 
dredths and 8 hundredths (.20 + .08); it is composed also of 2 tenths 
and 8 hundredths. 


When asked to write such additions as .40 + .09 vertically, the 


; 40 
children should respond with + .09 if they consider the ease of eye 
49 


movement. 
The addition and subtraction of decimals involving hundredths can 


be related to the addition and subtraction of money (8.50 + $.05 
= §.66) that the children should already know how to perform. 


Step 10. Rounding off hundredths to the nearest tens of hundredths 
and changing hundredths to the nearest tenths. 


SAMPLES: 48 —>._ .33 >. 
48 > 33 > ._ 


Previous experience in rounding off numbers should enable the child 
to round off hundredths readily. .48 is thought of as .50 or .5; .33 is 
rounded off to .20 or .3; .45 is rounded off either way depending upon 
circumstances. 

Tf ‘the child mentally can change hundredths to the nearest tenths 
with facility, much of his future computation with decimals will be 
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made easier and more understandable. In fact, this facility will enable 
the child to ‘approximate many answers with ease and rapidity. 


Step 11. Adding hundredths and hundredths. Answer: 1. (Step 11. 
Subt. Dec.) 
SAMPLES: -18 .82 

+ .22 Seniki 

By practicing this type of addition many children can develop the 
ability to recognize when two 2-digit numbers are equal to exactly 
100, or, when hundredths added to hundredths are equal to exactly 1. 
Even if a child cannot learn to do this, he at least can develop 
the ability to change these hundredths to tenths and thus arrive at 
the answer, 1. (Step 1.) 


78 — 8 
+ .22— 2 
1.0 


When adding such decimals as .82 and .18, the child arrives at the 


82 
exact answer, 1.00. + .18 is read, “89 hundredths and 18 hundredths 
1.00 
are 100 hundredths, or 1 and no hundredths.” 1.00, then, is another 
Way to write 1. 1 and 1. and 1.0 and 1.00 are 4 ways the child now 
has learned to write the number 1, depending upon its meaning. 
They read, respectively, “One; one; ten tenths, or one and no tenths; 
one hundred hundredths, or one and no hundredths.” 
Step 12. Adding hundredths and hundredths. Answer: More than 1. 
(Step 12. Subt. Dec.) 


Samprzs: 78 98 
+ 44 + .09 


78 
The first thing the child does is estimate the answer. For + .44, 
or example, he thinks, “8 tenths and 4 tenths are 12 tenths, or 1 and 2 
tenths.” He can record his calculations in this fashion: 
78 
+ 144 [1.2] 
1.22 
For .98 + .09 = he thinks, “10 tenths and 1 tenth are 11 tenths, 
On? 


252 Learning to Add and Subtract Decimal-Fractions 


Step 13. Adding hundredths and hundredths. Addends: .01 through 
.09. (Step 13. Subt. Dec.) 
SAMPLES: 04 + .08 = 07 + .02 = 

The teacher can ask the children how they would round off these 
hundredths. If a child cannot figure this out for himself from the 
numbers themselves, he can examine his decimal chart. He can dis- 
cover that .05 is half way between 0 and .1, or 0 and .10. The deci- 
mals .06, .07, .08, and .09, therefore, round off to .10 or .1; and .04, 
.03, .02, and .01 round off to .00 or .0. .5 is seen to round off either 
way. 

Although these additions can be performed mentally, the children 
should practice writing the answers in order to become at ease with 
the symbolism. 


Step 14. Adding mixed decimals and/or decimals, All decimals: 
Hundredths. (Step 14. Subt. Dec.) 


SAMPLES: 8.76 19.42 
.48 25.03 

+ 13.00 70.50 

+ 6.00 


The children now should be able to arrive at approximate and exact 
answers to any kind of additions involving tenths or hundredths. Since 
the occasions are very rare indeed even for adults to add tenths and 
hundredths in the same operation it does not seém wise to have chil- 
dren add so-called “ragged” decimals. (4 + 3.5 + .75.) However, if 
the child remembers that unlike fractions can be added or subtracted 
after they have been changed to fractions having a common denomi- 
nator, and since the child can easily change tenths to hundredths and 
hundredths to tenths, he could, if pressed, add “ragged” decimals. 

It might prove interesting and beneficial to discuss with the chil- 
dren the meaning of such an expression as 4 + 3.5 + .75. Since they 
should be so accustomed to think of numbers as expressing quantita- 
tive aspects of things they should ask, “What things can be repre- 
sented in this way?” If these numbers represent feet, then one meas , 
urement is 4 feet and another is 3.5 feet. The question would then 
arise, “What kind of ruler was used so that .75 of a foot could be 
measured?” 

One child might answer, “Perhaps a ruler that is divided into 
hundredths of a foot was used.” 
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f “Then why was the second measurement made only in tenths (3.5) 
instead of in hundredths, 3.50?” 
: A reply could be, “Suppose a regular foot ruler, one divided into 
inches, was used. Couldn’t we have such measurements as 4 feet, 
33 feet, and 2 of a foot? These measurements have different fractions. 
All of the distances are not measured to the nearest fourth of an inch. 
If they were, they would have to be recorded like this: 43 + 33 + 7.” 
From this kind of discussion can come a re-emphasis (see pages 
181-182) of the fact that measurements are approximations. If one 
Measurement is made to the nearest hundredth and another is made 
to the nearest tenth, then the answer, when these amounts are com- 
puted, is reliable only to the nearest tenth. For example, if the meas- 
urements 8.67 and 6.8 are to be added, the decimals must first have 
a common denominator. 


G) 8.67 (2) 8.67 
+ 6.80 +68 
15.47 15.5 


(1) is not correct because .80 means that that measurement was 
made to the nearest hundredth, which is false. That measurement 
Was made only to the nearest tenth. The answer, 15.47, therefore, is 


misleading. 
(2), on the other hand, is more realistic. 8.67 was changed to 8.7 


to make it no more accurate a measurement than 6.8. 
Step 15. Changing tenths and hundredths to thousandths, and thou- 
Sandths to hundredths and tenths. 


Sims E BO 
10 1000 100 1000 1000 10 
S00. a 
1000 ` 100 SP a A POEP 
.900 = ._ 180 = ._ _ 


A thousandth part of something is an extremely small part of it 
and cannot be visualized with any degree of accuracy. However, the 
children can be asked to consider ways in which thousandths can be 
Tepresented. The ten-foot chart, for example, could be used. By divid- 
ing each tenth of a foot into tenths, the resultant hundredth of a foot 
then would be a thousandth of the entire ten-foot length. 

Another method of representing thousandths is by means of cross- 


254 Learning to Add and Subtract Decimal-Fractions 


section paper. Since each square inch is divided into hundredths, ten 
square inches would thus be divided into thousandths. 


By considering the 10-foot line as a unit or the 10 square inches 
as a unit, the children can discover that 


1 100 3 300 8 800 dso fortl 
1O 1000/10 5 1000/10)» 1000. 72% o torta: 
Likewise, they can discover that ; 
700 7 500 5 
1000 = 10’ 1000 ~ 10 and so forth. 


È 130 30 : 3 _ 300 
Since 10 = 100 (Step 8), and since 10 = 1000° 


Fig. 27. Measuring to the thousandths of an inch with a micrometer. (Grade 6.) 
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30 300 


therefore, nE . 
100 1000 
In the same manner the children can demonstrate that 
E A 


1000 100 10 


After changing tenths, hundredths, and thousandths to their equiva- 
lents is understood in the common-fraction form, the decimal nota- 
tion of thousandths can be introduced. This can be done in much the 
same way as the hundredths notation was introduced (Step 8). The 


symbolism means, Five-tenths is how many thousandths? 


Suen: fans 
10 1000 
The symbolism .5 = ._ - _ means the same thing. Likewise, .650 
= ._ _ means, 650 thousandths is how many hundredths? 


Step 16. Adding thousandths and thousandths. One addend: 100 or 
a multiple of 100; the other addends: 1 through 99. 


Sampnes: .200 + .030 + .006 = 700 + .060 + .005 = 


imilar to Step 9. The children should become ac- 


This step is s 
quainted with the symbolism representing any number of thousandihs 
ding such decimals as those above, 


under 100 and, by practicing adi 
many children can be helped in understanding better the decimal 
form of notation. The decimal .236, for example, is seen to be com- 
posed of: 

.200 (200 thowsandths, or 20 hundredths, or 2 tenths), 

.030 (30 thousandths, or 3 hundredths), 

-006 (6 thousandths), 

.236 (2 tenths, 3 hundredths, and 6 thousandths). 

This type of addition should help also to re-enforce the under- 

standing that only fractions with common denominators can be added 


(or subtracted). ¢ 
Step 17. Rounding off thousandths to the nearest hundreds of thou- 
sandths and changing thousandths to the nearest hundredths and tenths. 
Sampius: .748 3. _ _ BOS > 652 > ._ 
Children should gain facility in rounding off thousandths to hun- 
dredths or tenths. (See Step 10.) Much of their future computation 
can be performed with meaning and efficiency if this facility is devel- 
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oped. .748 can be thought of as being about -700, about .750, about 45, 
or about .7. The decimal-fraction .087 can be thought of as being 
about .100, about .090, about .09, about -10, or about .1. 


Step 18. Adding mixed decimals and/or decimals. All decimals: 
Thousandths. (Step 15, Subt. Dec.) 


SAMPLES: (1) (2) (3) 
1.574 .953 32.094 
4.946 -749 17.008 
+ .685 + .097 9.020 
+ 8.300 


By applying principles and techniques already acquired, the child 
should be able to arrive at approximate answers and exact answers 
to all types of addition of decimal-fractions involving thousandths. i 

Exercise (1) could be estimated by thinking, 2 -+ 5 = (Ot ie 
+ 1 = 7. Exercise (2) could be estimated by thinking, 10 +7 + 1 
= 18; 18 tenths or 1.8. Exercise (3) could be thought of as, 3 + 2 + 1 
+ 1 = 7;7 tens or 70. 

STEPS IN THE SUBTRACTION OF DECIMAL-FRACTIONS 

The relationship between addition and subtraction is the same 
whether the numbers be integers, common-fractions, decimal- 
fractions, or any combination of these, 

Earlier in this chapter (pages 243-244) the development of con- 
cepts of subtraction of decimal-fractions was described. When the 
children were estimating .3 of the length of the room, for example, 


they discovered the relationship: .3 + .7 = 1.0. At the same time 
they recognized that 1.0 — B= .7 and 1.0 —.7 = 3, 

In the same manner that the pr 
itself evolved from and was related 
computational step in subtraction 
toa Corresponding step in addition 
traction also can be rel 
to steps following it. 

It must be remembered that som 
stand the principles and t 
readily. They should not s 
hand, there may be some 
fused if they are introduc 


ocess of subtraction of decimals 
to the process of addition, each 
can evolve from and be related 
- Furthermore, each step in sub- 
ated to steps in subtraction preceding it and 


e children will be able to under- 
echniques of subtraction of decimals very 
tudy and practice every step. On the other 
children in a class who may become con- 
ed to succeeding steps rapidly. 


Step 1. Subtracting tenths from tenths. (Step 1. Add. Dec.) 
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SAMPLES: T—4= 8— .2 = 

These subtractions can be performed with facility mentally. As the 
children practice reading and writing vertically the corresponding 
additions, they can also practice reading and writing these subtrac- 
tions vertically. 

Step 2. Subtracting tenths from 1. (Step 1. Add. Dec.) 
Sampxus: 10-4= 10 — .6'= 

1.0 — .4 = 6 is read, “Ten-tenths take away four-ienths is six- 
tenths,” 

Step 8. Subtracting a whole number from a mixed decimal. Deci- 
mal: Tenths. Answer: Less than 1. (Step 2. Add. Dec.) 
SAMPLES: 1.5 — 1.0 = 4.8 — 4.0 = 

The difficult aspect of these subtractions is the writing of them 
vertically, although the answers are easily obtainable mentally by 
many children. 4.8 — 4 means that the 4 part of 4.8 is being re- 
moved, leaving .8. Written vertically, it is more convenient to place 
the 4 under the 4 than any place else. If the child is allowed to share 
in the making of this decision, the probability is that he will under- 
Stand and remember why decimal points should be in a vertical line. 

When the whole number is written with no tenths after it (4.0), 
there is less difficulty in placing the figures vertically. The decimal 
Points are under each other. When the 4 does not have the decimal 
Point after it, however, some children might place the whole number 
under the tenths. If a child does this, he is showing that he is not 
Visualizing the amounts represented by 4.8 and 4. 

Step 4. Subtracting tenths from a mixed decimal containing tenths. 
Answer: Whole number. (Step 2. Add. Dec.) 
SAMPLES: 1.5—.5 = 2.3 — 3 = 

The vertical form of writing this type of subtraction offers no par- 
ticular difficulty. The tenths in the subtrahend is easy to identify 
because of the presence of the decimal point. 

Step 5. Subtracting tenths from a mixed decimal containing tenths. 
Answer: Tenths. (Step 3. Add. Dec.) 
Samprus: 14—8= 12-3= 

From an addition such as .8 + .4 = 1.2 the subtractions 1.2 — .8 
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= 4 and 1.2 — 4 = 8 are derived. These are read, “8 denths from 
12 tenths are 4 tenths” and “4 tenths from 12 tenths are 8 tenths.” 


Step 6. Subtracting a mixed decimal from a mixed decimal. Deci- 
mals: Tenths. Answer: Tenths. (Step 4. Add. Dec.) 


SAMPLES: 2.1 — 1.3 = 4.5 — 3.6 = 


If desirable, the children may refer to their tenths chart to see the 
relationship between these pairs of numbers. Many children can learn 
to perform these calculations mentally. Most children, however, must 
write the subtractions vertically to obtain the answers. 

The children can suggest and compare different ways of obtaining 
the answers. 

(1) One child might suggest: “36 tenths from 45 tenths are 9 tenths.” 

(2) Another might propose: “3 from 4 is 1; 6 tenths from 5 tenths 
is minus 1 tenth; 1 minus 1 tenth is 9 tenths.” 

(3) Still another might say: “6 tenths from 15 tenths are 9 tenths; 
3 from 3 is 0.” 


(4) A fourth proposal could be: “6 tenths and 9 tenths are 15 tenths; 
4 and 0 are 4.” 


Step 7. Subtracting tenths from a mixed decimal containing tenths. 
Answer: A mixed decimal. (Step 4. Add. Dec.) 


SAMPLES: 3.2 — .7 = 4.5 — 4 = 


In Steps 4 and 5 the children learned to read and write this type 
of subtraction vertically. The borrowing or carrying technique was 
used in Step 6. By applying these previously learned principles and 
techniques, most children should be able to obtain the answers to 
this type unaided. 


Step 8. Subtracting a mixed decimal from a mixed decimal or from 
a whole number. Decimals: Tenths. Answer: Mixed decimal. (Step 6- 
Add. Dec.) 


SAMPLES; — 6.3 — 2.4 = 47.0 — 24.2 = 


These answers can be estimated by rounding off the mixed deci- , 
mals and then subtracting the whole numbers. 


The exact answers can be obtained by applying previously acquired 
principles and techniques. 


Step 9. Subtracting hundredths from hundredths. Answer: Less than 
10 hundredths. (Step 9. Add. Dec.) 
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SAMPLES: .24 — .20 = 35 — .30 = 

These answers are obtained mentally by thinking, “20 hundredths 
from 24 hundredths are 4 hundredths.” The vertical form of writing 
and reading should be practiced to gain familiarity with the sym- 
bolism. 

Because of the children’s acquaintance with reading and writing 
dollars and cents, the vertical form of writing hundredths is not new 
to them. 


Step 10. Subtracting hundredths from hundredths. Answer: 10 or 
multiple of 10. (Step 9. Add. Dec.) 
Sampues: 24 — 04 = .35 — 05 = 

Most children can perform these calculations mentally and demon- 
Strate their meaning by using the hundredths chart or by using coins. 

Step 11. Subtracting hundredths from 1. (Step 11. Add. Dec.) 
SAMPLES: 1.00 — .82 = 1.00 — .35 = 

Perhaps there are more occasions to perform this type of subtrac- 
tion when money is involved than otherwise. Through practice, many 
children can gain facility in subtracting hundredths from 1.00 (cents 
from $1.00) mentally. Those who cannot learn to calculate these 
Mentally must learn to write 7 in the form 1 00. Then the writing of 
these subtractions vertically is made easier. 

Slep 12. Subtracting hundredths from a mixed decimal. Answer: 
Hundredths. (Step 12. Add. Dec.) 
Sampues: 1.21 — 43 = 1.20 — 38 = 
techniques or principles. The child can 


This step involves no new 
for 1.21 — .43 as an example, 


estimate these answers by thinking, 
4 tenths from 12 tenths are 8 tenths.” 


Step 13. Subtracting hundredths from hundredths. Minuend: Less 
than .19, Subtrahend: .01 through .09. (Step 13. Add. Dec.) 


SamrLEs: .18 — .09 = .07 — .02 = 


Although these subtractions can be computed mentally, some chil- 


ren may have difficulty at times writing them vertically. They some- 
times omit the zero in the answer. 


Step 14. Subtracting a mixed decimal from a mixed decimal, a 
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mixed decimal from a whole number, and a decimal from a whole 
number or mixed decimal. Decimals: Hundredths. Answer: More 
than 1. (Step 14. Add. Dec.) 


SAMPLES: 13.26 — 8.92 = 15.00 — 3.90 = 


By applying previously learned methods and mathematical general- 
izations, children should be able to obtain approximate and exact 
answers with meaning and efficiency. 


Step 15. Subtracting thousandths from thousandths. Terms: Deci- 
mal-fractions or mixed decimals. (Step 18. Add. Dec.) 


SAMPLES: 1.630 — .687 = 8.456 — 3.652 = 


The answers to this type of subtraction are approximated by round- 
ing off the mixed decimals to the nearest whole number and by 
rounding off thousandths to the nearest tenths. 

If the child understands the principle concerning adding or sub- 
tracting fractions having common denominators, he will see that both 
terms in a subtraction are expressed in thousandths, or hundredths, OY 
tenths, as the case may be. 9.2 — 3.874, for example, should be 

9.2 9.20 9.200 
changed to = 3.9 or to — 3.87 or to — 3.874, 


14 


Learning to Multiply and Divide 


Decimal-Fractions 


f Tt is well that children do not begin the systematic study of mul- 
tiplication and division of decimal-fractions until they understand 
and are quite familiar with the processes of addition and subtraction 
of decimals. Usually this does not occur until the children are about 
10 or 11. However, a few children may be ready for such a study 
earlier, while others should wait until later. 

It can be argued with a good deal of justification that, since there 

are so few occasions in a child’s life to multiply and divide decimal- 
fractions, these processes should not be introduced until the junior 
or senior high school years. The author agrees with this point of view. 
However, there are some children in the upper elementary school who 
could profit from a study of the uses of and the nature of this phase 
of the number system. These children should not be deprived of the 
Opportunity. 
_ The meaning of multiplication as it involves fractions was discussed 
1m the beginning of Chapter 12. Since decimal-fractions are merely a 
Special kind of common-fraction, the reasoning that applies to the 
Multiplication of common-fractions applies also to decimal-fractions. 
8 X .4 means that four-tenths of something is taken eight times, and 
4 X 8 means that four-tenths of eight things are being considered. 
Likewise, 3.4 X 7.75 means that seven and seventy-five hundredths 
things are taken three and four-tenths times. 

_ It is recommended that children use the word “times” for the 
Sign “X” only after the above meanings are thoroughly understood. 
Otherwise, computation may tend to become a mechanical and mean- 
Mgless manipulation of decimal points. 

patient for the children to 


The teacher is cautioned not to be im 
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“memorize” the various rules concerning the placement of the decimal 
point in the answer. Rather, the children should be led to discover 
generalizations themselves and to formulate their own rules and 
principles. 

Emphasis throughout should be placed upon obtaining answers 


that make sense, not merely upon using particular techniques of 
computation. 


STEPS IN THE MULTIPLICATION OF DECIMAL-FRACTIONS 

The following sequence of computational steps is so ordered that 
generalizations and principles can be discovered by some children. 
Furthermore, if a child understands one step and gains facility 
performing that operation, it should be expected that he is ready to 
learn to compute the next with understanding and facility. 

It is to be assumed that a few children will be able to take some 
of the steps quickly while others should proceed more slowly. 

It should be remembered that each new type of computation should 
be met first in a real situation. If desirable and feasible, manipulative 
representative materials and drawings or charts should be used. Lan- 
guage describing the questions and relationships involved should at- 
company the above activities and only then should the arithmetical 
symbolism be substituted for the language symbols. 

Only multiplications involving tenths and hundredths are recom- 
mended for the elementary school. A study of thousandths and pos 
sibly ten thousandths might be left more profitably for the secondary 
school years. 


Step 1. Multiplying .5 by a whole number. 
SAMPLES: 8X 5= 13 X .5 = 


The situation to begin with might involve containers of kerosene 
or gasoline each holding .5 of a gallon. Or the situation might involve 
a distance of .5 of a mile traveled a certain number of times, 
something occurring every .5 of a second. 

Referring to the decimal chart, the children easily can see that 
fve-tenths taken 2 times is ten-tenths, 1.0, or 1; that five-tenths taken 
four times is twenty-tenths, 2.0, or 2. Likewise 6 X .5 = 3.0; 3 X E 
= 1.5; 13 X .5 = 6.5; and so forth. A 

The relationship between multiplication and addition could be dis- 


cussed. 4 X .5 = 2.0 is a quick way of adding .5 + .5+.5+ 5 
= 2.0. 
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‘ The children may recall the relationship between .5 and 3 and, 
instead of thinking “4 X .5 = 2.0,” can think, “4 X 3 = 2.” They 
can see that, by changing .5 to 3 in their minds, some answers can 
be obtained mentally with greater facility than otherwise. Such in- 
stances are: For 24 X .5 think, 24 X 4; for 18 X .5 think, 18 X 3; 
for 13 X .5 think, 13 X 3. (See Step 9 of Multiplication of Common- 
Fractions.) 

Step 2. Multiplying tenths by a whole number. 
SAMPLES: 9X 4= 6X 8= 

Since 9 X .5 = 4.5, 9 X .4 must be less than 4.5. Since 6 X .5 = 3 
and 6 X 1 = 6, 6 X .8 must be between 3 and 6. Since 27 X 1 = 27, 
27 X .9 must be a little less than 27. ' 

Exact answers to multiplications having 1-digit multipliers can be 
obtained quickly mentally. In 9 X 4 = 3.6, the answer can be 
thought of as 36 tenths as well as 3 and 6 tenths. 

Step 3. Multiplying a mixed decimal (tenths) by a whole number. 
SAMPLES: 5 X23 = 24 X 19.8 = 

The answers to this type of multiplication can be estimated 0) by 
rounding off the mixed decimal and whole number or (2) by indicat- 
ing the limits between which the exact answer must lie. 

(1) For 24 X 19.8, for example, think, 20 X 20 = 400. } 

(2) For 5 X 2.3, think, 5 X 2 = 10 and 5 X 3 = 15. Since 3 is 
Nearer 0 than .9, the exact answer is nearer 10 than 15. 

The decimal point is placed in the answer to make the whole 
her part of the mixed decimal reasonable. 

Step 4. Multiplying hundredths (more than 10) by a whole number. 


Saupies: 8 X 43 = 49 X 82 = 
dren ways of estimating answers to this 
lowing might be considered: 

ce .4 is a little less than .5 (or 3) 


num- 


In discussing with the chil 
type of multiplication the fol 

(1) For 8 X .43 think, 8 X -4. Sin 
the answer will be a little less than 4. 

(2) For 8 X .43 think, 8 X -4 = 3.2. 
More than 3.2. 

(3) For 49 X .32 think, 49 X .3. Since .3 is less than .5 (or 4) the 
Answer will be less than 49 X 4 or less than 24. 

(4) For 49 x .32 think, 48 X 3 = 16. 


a 
The answer will be a little 
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(5) For 49 X .32 think, 50 X .3 = 15.0. 

Estimating answers involving multiplication of hundredths requires 
facility in rounding off hundredths to the nearest tenth. After an exact 
answer is obtained it should, of course, be compared with the esti- 
mated answer. In (1) above, does the exact answer, 3.44, compare 
favorably with the estimated answer, 4—? Is 3.44 less than 4? If so, 
how much less? 

In (2), is 3.44 close to 3.2? How close is it? 

In (8), (4), and (5), which method of estimating resulted in the 


closest approximation? Is this method always the best in this type 
of multiplication? 


Step 5. Multiplying hundredths (less than 10) by a whole number. 
SAMPLES: 4X .03 = 8 X .07 = 


The children can refer to the hundredths chart or change the mul- 
tiplication to addition if they have difficulty in obtaining the answers 
to this type. 

When the multiplier is small enough, the child can think, for 
4 X .03, for example, 3 hundredths taken 4 times is 12 hundredths. 

Some children can learn to estimate answers by “rounding off” 
even these small numbers of hundredths to tenths. The reference points 


can be 1 tenth (10 hundredths) or 4 of 1 tenth (5 hundredths). For exam- 
ple, 34 X .08 could be thought of as 30 x -1, or 3.0. 


Step 6. Multiplying a mixed decimal (hundredths) by a whole 
number. 


SAMPLES: 7 X 448 = 39 X 22.05 = 


This form of multiplication of decimals is found perhaps more fre- 
quently in everyday life than any other kind. Multiplying dollars 
and cents is not uncommon in the child’s life. (See page 135.) 

Approximate answers can be obtained by rounding off the numbers: 

(1) 7 X 4.48 can be rounded off to 7 X 4 or even to 7 X 44. 

(2) 39 X 22.05 can be rounded off to 40 X 20. 

(3) 12 X 10.05 can be rounded off to 12 X 10. 

(4) 123 X 95.70 can be rounded off to 100 X 100. 

These first 6 steps in the multiplication of decimal-fractions involve 
the taking of a number of tenths a certain whole number of times 

and the taking of a number of hundredths a certain whole number © 
` times. Just as a number of tenths were obtained when tenths were 
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added to or subtracted from tenths, now a number of tenths are obtained 
when tenths are taken a certain whole number of times. By now the 
children should be conscious of this relationship. 

Another aspect of decimals of which the children should become 
aware is that the mixed decimal is written in the same form as the 
“improper” decimal-fraction. With common-fractions, 23 and 7} 
are 2 ways of expressing the same amount, but with decimal-fractions, 
2.5 represents both 2 and 5 tenths and 25 tenths. Likewise, 26.34 rep- 
resents both 26 and 34 hundredths and also 2,634 hundredths. Many 
children can profit from practicing reading and writing decimals both 
as mixed decimals and “improper” decimals. 

Step 7. Multiplying a whole number by .5. 

SAMPLES: 5X8= 5X13 = 

Knowing that five-tenths of something is the same as one-half of it, 
the children readily can see that five-tenths of 8 objects are 4 objects. 
Likewise, since one-half of eight can be written 4 of 8 and also 4x8, 
Jive-tenths of eight can be written 3 of 8, or z X 8, or .5 of 8, or 
-5 X 8. The children thus can help to develop the symbolism, .5 X 8 
= 4, and know that it means, “five-tenths of eight is four.” 

Although children can gain facility in obtaining answers to this 
type of multiplication mentally, they should learn to write these mul- 
tiplications vertically to become familiar with the symbolism. 


Step 8. Multiplying a whole number by tenths. 
Sampius: 4X 10= TX9= 

It can be ascertained that .1 of an amount is a small part of it 
and that .9 of an amount is almost all. By referring to a chart show- 
ing common-fraction and decimal equivalents (see page 242) the chil- 
dren can see that .3 is about 3, that .2 is 4 or a little less than 3, 
that .7 is a little less than 3, and .9 is a little less than the whole. 

Exact and approximate answers often can be obtained quickly by 
Substituting the equivalent or approximately equivalent common- 
fraction for the decimal-fraction. Nes 

(1) The answer to .4 X 10 is a little less than 5, since .4 is a little 
less than .5 or 4. 5 i 
y (2) The answer to .7 X 9 is between 4.5 and 9, since .7 is between 
2 and 1.0. 

(3) The answer to .3 X 46 is about 15, since 3 X 45 is 15. 
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(4) The answer to .9 X 23 is about 20, since 1 X 20 is 20. 

While investigating this type of multiplication a child might raise 
the question of relationship between this step and Steps 1 and 2. 
This would be a good time to discuss the similarities and differences 
between such expressions as 8 X .4 and .4 X 8. 


Step 9. Multiplying tenths by .5. 
SAMPLEs: 5X 8 = 5X 6 = 


By referring to a tenths scale (an inch divided into tenths, a foot 
divided into tenths, and so forth) the children can ascertain that 
5 tenths of 8 tenths is 4 tenths; 5 tenths of 6 tenths is 3 tenths; and so 
forth. When asked to find 5 tenths of 9 tenths they may wonder whether 
it is all right to express the results as 4% tenths. The children can be 
Jed from this point to some interesting discoveries and generalizations. 

The teacher can ask the children to write .5 X .4 with the answer. 
Since 5 X 4 = 20 and since 4 of .4 is .2, the decimal point must be 
placed before the 2, making the answer 20 hundredths. .20, of course, 
is equivalent to .2. Likewise, .5 X .8 is seen to equal .4 and .40; 
-5X .2 = .1 and .10; and so forth. 

When .5 X .9 is written, the answer, .45, can be compared with 
4% tenths (.44). Some child might make the discovery that 4} tenths 
is the same as 45 hundredths, since 2 of a tenth ($ X +) is a twentieth 
Go) and vy = 785. 44 tenths, is therefore, 4 tenths and 5 hundredths, 
which is 45 hundredths. 

The generalization is: When we take -5 (or 3) of an even number 
of tenths the result is a whole number of tenths; when we take .5 of 
an odd number of tenths, the result is a whole number of tenths and 
a whole number of hundredths. In either case, .5 of any number 0 
tenths can be expressed in hundredths. — 

Some children may understand this generalization better by using 
the common-fraction form: (1) to X b = 825 = 35; (2) oy X 


= roo: They may also be helped by making and studying the follow- 
ing table: 


1 2 TOENI Me 6 TES 9 
265-0 EXE OEXED XE UN BE CG Nay Wey ka 
Gots LO IDE 90" Oo Bg; Tag Oio i eae 


Step 10. Multiplying tenths by tenths. 
SAMPLEs: 4X 6= TX 9= 
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Since .5 of .6 is .3 (or .30), then .4 of .6 must be a little less than .3 
(or .30). Likewise, since .5 X .7 = .35, .6 X .7 must be .35+. Since 
-9 is almost 1, .9 X .8 must be almost 1 X .8 or almost .8. Since .3 
is almost 4, .3 X .9 is almost 4 of .9 or almost .3. 

Only if a child is not capable of gaining an understanding of why 
tenths multiplied by tenths results in hundredths should he be provided 
with the rule of adding decimal places. If he 7s capable of such under- 
standing he should be urged to obtain his answers through under- 
standing. At the same time he should be allowed the opportunity to 
make the discovery for himself that the number of decimal places in 
the product is the sum of the number of decimal places in the mul- 
tiplicand and multiplier. 

Step 11. Multiplying mixed decimals (tenths) by tenths. 

Sampies: 5X84= 3X 128 = 

Such an expression as .5 X 8.4 = could have several meanings. 
It could mean not only 5 tenths of 8 and 4 tenths, but it also could 
represent such situations as, (1) What is the area of a plot of land .5 
of a mile wide and 8.4 miles long, and (2) How much gasoline is con- 
sumed in .5 of a mile if the average consumption of the vehicle is 
8.4 gallons per mile? : 

No matter which kind of situation this type of multiplication rep- 
resents, the computation is performed in the same way. The children 
can learn to approximate an answer by rounding off the mixed decimal 
and proceed as in Step 8. The decimal point is located in the answer 
by first referring to the estimated answer. This location may then be 
Verified by thinking, tenths X tenths = hundredths, or by counting 
the number of decimal places in the numbers multiplied. 


Step 12. Multiplying hundredths (more than 10) by tenths. 


Sampuus: 5X .72= 8X .27= 

When we take a fractional part of another fractional part the result 
is a smaller fractional part than the one we started with. Children 
čan be led to this generalization by examining such situations as 
2 Xh=4,8xK4=4, 5 Xi = t and so forth. 

In the same manner, when the fractional parts are expressed as 
decimals, the generalization can be seen to hold true. 8 oi = 266; 
2X 9= .18, and so forth. The answer to .8 X .7 is seen to be 
Smaller than .7 by changing either .56 to tenths or .7 to hundredths. 
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In one case .56 is smaller than .70 and in the other case .5 or .6 is 
smaller than .7. 

Now that the child is being introduced to the situations where 
fractional parts (tenths) are taken of hundredths, the above general- 
ization should be recalled to his attention. Taking tenths of hundredths 
results in fewer hundredths than the original number. 

-5 of 20 hundredths (4 of .20) readily can be discovered to be 10 
hundredths. Similarly, the child recognizes .5 (or 4) of 24 hundredths 
to be 12 hundredths, and .5 of 25 hundredths is seen to be 123 hun- 
dredths. 

The children can be asked to write the above multiplications, with 
their answers, in the vertical form. The reaction of the children 
should be that when 20 and 5 are multiplied, the result is 100, not 
10; and also, 5 X 24 = 120 and 5 X 25 = 125. Therefore, .10 must 
equal .100; .12 must equal .120; and -125 must equal .125. 

The children thus can be led to the generalization that, just as it 
was discovered that tenths X tenths = hundredths, tenths X hun- 
dredths = thousandths. 

Answers to this type of multiplication can be estimated and the 
location of the decimal point determined by rounding off the hun- 


dredths to the nearest tenth and proceeding as in Steps 9 and 10. 
For example: 


24 -78 93 
x-5 L1+] x 5 L4-] x .5 [4+] 
.120 390 -465 
Step 13. Multiplying hundredths (less than 10) by tenths. 
SAMPLES: 5X 04 = 2X 09 = 


Since 4 of 4 hundredths is 2 hundredths, .5 of .04 is .02. Since .7 is 
more than 3, .7 X .03 is more than 3 of .03, or more than 013- 
-9 X .01 is almost 1 X .01 or almost .01. 

If a child cannot locate the decimal point by such reasoning 3S 
that above, he can resort to the “trick” of counting and marking off 
decimal places. However, if he can think in terms of taking about 


all or about 4, 4, 3, or 4 of a small number of hundredths, he shoul 


be encouraged to do so. 


Step 14. Multiplying a mixed decimal (hundredths) by tenths. 
SAMPLES: 3 X 29.07 = .9 X 4.23 = 
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Principles and techniques of estimating that already have been 
acquired (Steps 7, 8, and 11) can be applied here. The location of 
the decimal point can be determined by referring to the estimated 
answer, which is expressed in whole numbers. This location can be 
verified by the “trick” of counting and marking off decimal places. 


Step 15. Multiplying tenths by a mixed decimal (tenths). 
SAMPLES: 45 X 8 = 18.6 X .7 = 


Taking 8 tenths 4 and 5 tenths times is quite a different kind of 
situation from taking 8 tenths of 4 and 5 tenths. 


However, the children should realize by now g 1.0 1.00 

that the final result in both cases is the same. 

If, therefore, a child would prefer to perform uae 

4.8 rt 10 i 

this calculation: X .8 rather than this: X 4.8, 

he should be helped to understand why it is 4 8 80 

permissible. In both cases, however, he should 2 15 

know how to estimate the answer and locate 770 

the decimal point. 2 BEN 
Step 16. Multiplying a mixed decimal (tenths) 3 Pa 

by a mixed decimal (tenths). 5 ` 

SAMPLES: 7.2 X 3.9 = 24.8 X 17.5= | Pe 
The answers are estimated by rounding off b x 

the mixed decimals. The location of the deci- a 

mal points can be verified by counting the $ 4 40 

number of decimal places. 4 33" 
Step 17. Multiplying a whole number by 3.30 

hundredths, + 25 

Sampuns: 50 X 16 = 09 X24= 4 2 .20 
At this point it might be well to have the 

children extend their chart containing common- 4 10 

fractions and tenths to include hundredths. (See 

Page 242.) a 3100 


When obtaining approximate answers and, 
Sometimes, exact answers, the common-fraction 
equivalent of the decimal-fraction often can be 


used. The children are already accustomed to using 3 for .5. Now 
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they can use 4 for .50. Also, since they have already used } for 
.2, they now can use } for .20. 

When the money equivalents are brought to the attention of the 
children at this time, many of them will see the connection and will 
wish to add to their common-fraction-decimal-fraction equivalents 
chart the following: 


4= 163, 4 = .25, 4 = 334, 3 = .662, ł = .75, and = 833 


Now the children will be able to make closer approximations. 

(1) .15 X 28 is a little less than 4 of 28 or about 4. 

(2) .26 X 349 is a little more than + of 349 or about 80+. 

(8) .84 X 12 is a little more than } of 12 or about 4+. 

(4) .84 X 345, however, is between 4 of 345 and all of 345, but 
nearer to 345, so is estimated to be about 300. 

When the number of hundredths is less than 10, the answer is not 
easily estimated. To be sure, .07 X 24, .08 X 24, or .09 X 24, for 
example, can be thought of as a little less than .10 or .1 of 24, OF 
about 2. On the other hand, .01 X 24, .02 X 24, and .03 X 24 are 
so much less than .1 of 24 that most children would have difficulty 
visualizing these small fractional parts of 24. 

.04, .05, and .06 could be thought of as } of .1; hence .04 X 24, 
05 X 24, and .06 X 24 could be estimated to be about 4 of 2, or 1. 

Instead of trying to estimate in the above fashion, perhaps a child 
might hit upon the “trick” of making the whole number the decima: 
and the decimal the whole number. For example, instead of .04 X 24, 


think, 4 X .24 or 4 X 3 or about 1. Likewise, X ae could be thought 
32 746 7.46 
of as X 7 [2.1], X .03 as X 3 [21+], and so forth. 
Unless a child can estimate answers to this type of multiplication 
he must resort merely to counting decimal places. Then, when he 


looks at an answer he has no way of judging whether or not it makes 
sense. 


Step 18. Multiplying tenths by hundredths (more than 10). 


SAMPLES: 50 X.7= 38 X 4 = 


-50 of .7 is 3 of .7 or .3} or .35. It is also .350. When attacking 
this type of multiplication some children will hit upon the “trick 
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A 38 
of reversing the terms. X .38 can be written X .4 and completed as 


learned in Step 12. 

Step 19. Multiplying tenths by hundredths (less than 10). 
SAMPLES: .08 X .4 = 03 X .8 = 

It is easier for children to conceive of taking tenths of hundredths 
than hundredths of tenths. If a child ever meets this rarely occurring 
situation in life; that is, hundredths X tenths, he should know that 
the answer can be obtained by reversing the terms. He already has 
learned how to multiply hundredths by tenths (Step 18). 

Step 20. Multiplying tenths by hundredths (mixed decimals and/or 
decimals). 3 
Sampius: .85 X 7.4 = 9.04 X 4.3 = 4.23 X .9 = 

The children should learn when calculations can be simplified by 
interchanging the multiplier and multiplicand. 

Step 21. Multiplying tenths and hundredths (decimals and mixed 
decimals) by 10, 100, or 1000. 
SamrLes: 10 X 3.5 = 1000 X .184 = 100 X 3.67 = 

By studying the following series of numbers the child can be led 
to the discovery that moving the decimal point one place to the right 
actually is the same as multiplying a number by 10: 3.000, 30.00, 


300.0, 3000. } 
Another approach is to ask the child how much 10 dimes are, then 


to ask him to write this multiplication on the board. 10 X $.10 = 


$.10 i Mac 
$1.00 or X 10 should appear. The decimal point in $.10 can be com- 


$1.00 
Pared with the position of the point in $1.00. ’ 1 
Still another approach could be to have the child perform the ol- 
lowing multiplications and compare the answers with the multipli- 


cCands: 


8 9 all » 23 AG 
10 x10 x10 x 10 x10 
8.0 9.0 1.0 2.30 4.60 


The same procedures can be repeated with 100 and 1000 as the 
multipliers. The major difficulty for some children is the supplying 
of zeros where they do not appear in the original number; for exam- 
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ple, 100 X 8.0, 100 X 7.2, 1000 X 4.9, and so forth. However, when 
the child is accustomed to estimating answers, it should not be diffi- 
cult for him to multiply by 100 or 1000. 100 X 7.2 is about 100 X 7 
or about 700; 1000 X 4.9 is about 1000 X 5 or about 5000. The 
exact answers must be 720 and 4900 for them to make sense. 


STEPS IN THE DIVISION OF DECIMAL-FRACTIONS 

Tf the child has had the kinds of experiences dividing whole num- 
bers and common-fractions that are described in previous chapters, 
he should approach division of decimals with certain understandings. 
He should know that there are 3 meanings of division: (1) An 
amount is divided into a number of equal groups or parts, (2) an 
amount is contained in a larger amount a certain number of times, 
and (3) a part of an amount is contained in a smaller amount. 

The teacher can review the meanings of division with the children. 
They then can be challenged to think of situations in which decimal- 
fractions can be used in these 3 different relationships. The following 
could be suggested: 18.5 + 5 = ,2038+28= , 2385+ 8.7 = 

Since the occasions to divide decimals are so rare in the everyday 
lives of children, and since the computational techniques are often 
so complicated and the principles so obscure, not all 11- and 12y 08 
old children should be expected to study this phase of arithmetic- 
Only those who are ready to acquire these techniques and understand 
the processes should attempt it at this time. The others had better 
wait until junior or senior high school. 

It is true that many children can be taught the technique of mov- 
ing the decimal points in the divisor and dividend (with or without 
the explanation of why this is permissible). It is also true that many 
of these same children soon forget this trick and cannot procee 
without it. On the other hand, there are some children who can be 
taught the moving-the-decimal-point trick and remember it or can, 
through reasoning, figure out a technique of dividing decimals eve? 
if the trick is forgotten. A 

The various types of division involving decimals and mixed deei- 
mals are organized below into 4 general classifications. Division of 
whole numbers with quotients expressed in decimals is followed by 
decimals and mixed decimals divided into equal groups. The thir¢ 
classification involves division to find how many times 1 amount 18 
contained in another. The final group is composed of divisions that 
require finding what part of 1 amount is contained in another. 
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Pages 65 to 67 might well be referred to by the reader before 
proceeding to the following steps. 

Step 1. Changing a half, fourths, fifths, and eighths to decimals. 
SAMPLES: z= f= 

Undoubtedly the children will recall the decimal equivalents of 
these fractions. If not, they can review finding the money equivalents 


for these fractional parts of $1.00. (See page 223.) They also can 
refer to a common-fraction-decimal-fraction equivalents chart. (See 


page 269.) 
Many children can arrive at the technique of dividing the numer- 
75 
= 4)3.00. 


ator by the denominator without help from the teacher: $ 
The decimal equivalents of the fractions in this group are even 
tenths, hundredths, or thousandths. 
Step 2. Changing thirds, sixths, sevenths, and ninths to decimals. 


SAMPLES: z= #= 


By inspection the children can see whether a fraction is more or 
less than 4 and, therefore, whether its decimal equivalent should he 
more or less than .5 or .50 or .500. When the children perform the 
actual division they discover that there is always a remainder whether 
the decimal is carried to tenths, hundredths, thousandths, or beyond. 
This experimentation can give rise to the discussion of the following 
questions: What are the names of the places beyond thousandths? 
How do we know when to have the answer in tenths, in hundredths, 
in thousandths, and so forth? When should the answer be expressed 
as a decimal and a common-fraction (.833, .77$) and when just as 
a decimal (.8 or .83 or .833; 8 or .78 or .778)? 

The children can help in answering such questions as the above. 
Thevitably the concept of precision measurement must enter their 
consideration. The teacher and children can bring examples of the 
Need for varied degrees of precision from their reading and other 
Out-of-school experiences. 

This may be a good time to consider 


averages. Who has the best average, for example, 1 
and 7 at bats or Bill with 5 hits and 6 at bats? When comparing 


6-out-of-7 with 5-out-of-6, what really is being compared is the frac- 
tion $ with the fraction $ by changing them both to fractions having 


the same denominator: thousandths. 


baseball batting and other 
Tom with 6 hits 
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.857 .833 
$ = 7)6.000 = 675.000 


oe 


This method of comparing the sizes of common-fractions is an im- 
portant addition to the child’s growing store of understandings. (See 
page 226.) 


Step 3. Dividing a whole number by a whole number. Answer: 
Mixed decimal. 


SAMPLES: 5)14 18)73 


Up to now, whenever a child had occasion to divide one whole 
number by another, he expressed a remainder with a whole number 
or with a common-fraction. Now he learns how to express a remainder 
with a decimal-fraction. 


5)14 5)14 5)14.0 


In examining these 3 ways of representing a remainder the children 
can consider: 

(1) That the decimal-fraction .8 is equivalent to the common- 
fraction 4; 

(2) that the decimal-fraction can be obtained either by changing 
the common-fraction to a decimal-fraction (Steps 1 and 2) or by 
placing a decimal point after the dividend and affixing zeros; 

(3) that if the objects to be divided cannot be divided individually; 
the remainder usually should be expressed as a whole number; and 

(4) that sometimes, however, such remainders are best expresse 
with decimals, especially when averages are sought (e.g., in 5 families 
having 14 children, the average number of children per family is 2.8). 

It is not always obvious to a child (or even to the teacher) whether 
in a particular situation the decimal remainder should be expressed 
in tenths, hundredths, or thousandths. An interesting project for the 
children would be the collection of examples culled from newspape! 
magazines, and books of the use of decimals to express amounts: 
Some of the following, for example, are found to be expressed usually 
in tenths, some in hundredths, and some in thousandths: Rainfall, miles, 
gallons, tons, pounds, batting averages, average size of family, and 
automobile tires. 


The out-of-context practice should consist of carrying the decimal 


= 
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remainders to the nearest tenth, to the nearest hundredth, and to the 
nearest thousandth so that the child may be able to meet a situation 
calling for one or another remainder. 

The child can be led to discover the 2 ways of carrying the remain- 
der to the nearest tenth, hundredth, or thousandth. 

(1) Carry the division to hundredths to round off to the nearest 
tenths, to thousandths to get hundredths, to ten thousandths to get 


thousandths, and so forth. 


3.57 — 3.6 3.571 — 3.57 3.5714 — 3.571 
7)25.00 7)25.000 7)25.0000 


(2) Compare the remainder after tenths with the divisor. If it is 
less than half of the divisor, the number of tenths remains as it is. 
If it is more than half, increase the number of tenths by 1. The same 
procedure is followed after hundredths or after thousandths. 

3.5 The remainder, 5, is more than 4 of 7, so the answer to 
P 0 the nearest tenth is 3.6. 


3.57. The remainder, 1, is less than 4 of 7, so the answer to 
25.00 the nearest hundredth is 3.57. 


3.571 The remainder, 3, is less than 3 of 7, so the answer to 


5.000 the nearest thousandth is 3.571. 
1 
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The advantage of method (2) over method (1) is that it requires 
1 less step of calculation. 

The answers to this type of division can be estimated in the same 
way that any division of whole numbers is estimated. 


Step 4. Dividing a decimal or a mixed decimal (tenths) by & whole 
number. Answer: Even tenths. 


SAMPLES: 3)15 8)6.4 


By referring to the tenths chart the children readily can determine 
that 3 tenths results when 6 tenths are divided into 2 equal parts. 
Likewise, 15 tenths divided into 3 equal parts is seen to result in 
5 tenths. 

After they understand the procedure and can perform this type of 
operation mentally, the children can be asked to express in written 
arithmetical symbols such a statement as, “64 tenths divided into 
8 equal parts is 8 tenths.” The following should be forthcoming: 


8 

64+8= 8 8)6.4 
Although this type of computation can be performed mentally by 
many children, they can see by inspection whether an answer makes 


sense. 8 into 6.4 is about 8 into 6, which is $ or 3 or .75. The answe!s 
therefore, should be about .75. 


Step 5. Dividing a decimal (hundredths) by a whole number. An- 
swer: Not less than 10 hundredths. 


SAMPLES: DHE 8).88 


After the children can divide a number of hundredths into equal 
groups by use of the hundredths chart, they can be asked to perform 
such divisions by calculation. 

The child thinks to himself, “5 into 75 hundredths is 15 hundredths; 
8 into 88 hundredths is 11 hundredths”; and so forth. In order for abe 
answer to be a certain number of hundredths, there must be a decimal 
point to make hundredths. e 

The mechanical “trick” of placing the decimal point over the deci- 
mal point should be discovered by as many children as possible. Only 
those who may not be capable of making the discovery should be told. 

When a child sees a division like 6).72, he should say to himsel, 
“Hundredths are being divided, so the answer will be hundredths: 
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72 hundredths can be rounded off to 7 tenths. 6 into 7 is 1 plus. The 
answer, therefore, will be .1+. The exact answer is .12 since 6 into 
72 is 12.” 

Step 6. Dividing a decimal (hundredths) by a whole number. An- 
swer: Less than 10 hundredths. 


SAMPLES: 2).08 4).16 


If a child knows only the mechanical trick of placing the decimal 
point in the quotient, he sometimes may arrive at absurd answers. 
On the other hand, if a child is capable he can learn to think to him- 
self in some such fashion as this: “4).16 means 16 hundredths divided 
into 4 parts. The answer is 4 hundredths. 4 hundredths is written .04. 
This makes sense because .16 rounded off is .2. 4 cannot go into 2; 


so there will be no tenths in the answer.” . 
When the child sees a division such as 4)32 he thinks, “4 into 32 


(ones) is 8 (ones).”” He does not think, “4 into 8 tens is no tens with 
3 tens or 30 ones remaining. Combine 30 ones and 2 
32 ones. 4 into 32 ones is 8 ones.” 

Similarly, there is more meaning for the child in thinking, for 
4).32, “4 into 32 hundredths is 8 hundredths,” not “4 into 3 tenths 
is no tenths with 3 tenths or 30 hundredths remaining. Combine 30 
hundredths and 2 hundredths to make 32 hundredths. 4 into 32 hun- 
dredths is 8 hundredths.” 


Step 7. Dividing thousandths by & whole number. 


Sampus: 47.928 3).906 

applies with thousandths as with hun- 
dredths and tenths. Divide a number of thousandths and the result 
should be thousandths. Since 3 decimal places denote thousandths there 
must be 3 decimal places in the answer. The answer sometimes can 
be estimated by rounding off the thousandths to tenths and dividing 
the tenths mentally. 

Step 8. Dividing a mixed decimal 
Sandths) by a whole number. Answer: 
4)9.6 15)47.235 
exact answer, an approximate answer 
ff the whole numbers. 4)9.6 is esti- 


ones to make 


The same kind of reasoning 


(tenths, hundredths, or thou- 
Mixed decimal. 


Samprus: 


Before computing for the 
Can be obtained by rounding © 
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mated to be 2+; 15)47.235 is approximately 3; 8)9.04 is about 1. 

The position of the decimal point in the answer also can be located 
by referring to the decimal in the dividend. When tenths are divided 
the result should be tenths. When hundredths are divided the result 
should be hundredths. Likewise with thousandths, ten thousandths, and 
so forth. 


Step 9. Dividing a whole number by .5. 
SAMPLES: .5)4 .5)9 


When the children were learning to divide by a common-fraction 
they began by dividing a whole number by 4 (page 230). Learning 
to divide by a decimal-fraction is begun the same way. 

Since .5 is equivalent to 4, the child can determine how many times 
-5 is contained in a number by thinking of how many times 4 is con- 
tained in that number; that is, by multiplying by 2. If necessary, the 
child can refer to the decimal chart to determine or verify the num- 
ber of times .5 is contained in a number. 

After the child understands and can demonstrate the above, he 
should practice giving answers to this type of division mentally. 
Much of division by decimals depends upon the facility to divide 
by .5 (multiply by 2) mentally. 

The children are now asked how they would write, using arith- 
metical symbols, such a division as, “How many times are five tenths 


contained in 4?” The following perhaps may be suggested: 4 + .5 = 8, 
8 8 


5), .5)0. 
8 
The advantage of the form, .5)4.0, can be pointed out. Not only 
can this form be used to record the result of the mental computation, 
2 X 4 = 8, but it also shows that 5 tenths into 4 can be expressed as 
5 tenths into 40 tenths, or simply 5 into 40. 
The changing of fractions to those having common denominators 


is a process already learned in the division of common-fractions- 
(Page 230.) 


4}= Tane se ae 
tti= tis o 025=8 


Moreover, from the early stages of computing with decimals (se 
pages 244-246) the children learned that a whole number, such as 4 
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can be thought of as 40 tenths (4.0), or 4 and no tenths. There is 
really no new principle involved, therefore, in changing such an 
expression as .5)7 to .5)7.0 and to think of the latter as 5 into 70. 

Another justification for thinking of .5)7.0 as 5)70 could be con- 
sidered. In addition of common-fractions, Steps 13, 19, and 25, the 
children learned to change a common-fraction to an equivalent whose 
numerator and denominator are larger than the original. For exam- 
ple, ł can be changed to sixteenths by multiplying both numerator 
and denominator by 4. Since .5)7 can be written as a common- 


wee Je . 
fraction, 75’ We can change the numerator and denominator by mul- 


tiplying each by 10, thus giving us the equivalent fraction: 2. 

If, at this point, the teacher believes that a child has difficulty 
thinking of “5 into 70” because of the presence of the decimal points, 
he might discuss with the child possible ways of avoiding the con- 
fusion. The following devices could be suggested: 


14 14. 
(1) .5)7.0 = 5)70 (4) 570 
14 14. 
(2) 570 (5) .5,)70, 
14 
(3) 5)7.0 


Each of the above devices has its advantages and disadvantages. 

erhaps it could be left to the child as a matter of personal prefer- 
ence which one he uses. The important consideration is that he knows 
why he is changing the appearance of the symbolism. 

Although every child does not, at this step, need the moving-the- 
decimal-point device, sooner or later he may find it convenient. At 
that step, then, he should be introduced to it in some such manner 
as that described above. 


Step 10. Dividing a whole number by a decimal (tenths other than 
5). Answer to the nearest tenth, hundredth, or thousandth. 
Samerns: .4)5 799 


These answers can be estimated by thinking of the divisor as more 
or less than %, between 3 and 1, about 4, 3, or 4, and so forth. For 
example, the answer to .4)5 must be a little more than 10; the 
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answer to .7)9 must be between 9 and 18; .3)16 must be about 48; 
.9)23 must be a little more than 23. (If necessary, the children should 
review Steps 1 and 2 of division of common-fractions, pages 230 and 
231.) 


The written form is: 


[10-4] [9-18] 
“125 12.857 
(1) .4)5.00 or (2) .7)9 = 7)90.000 
[48] [23+] 
53.33 25.6 
or (8) -3)16.000 or (4) 323.00 
[143-286] [35] 
178.75 35. 
or (5) ,8)143.Q00 or (6) .2a)T0a. 


Form (1) is the one used by those children who do not require a 
device. 0’s are affixed as needed, and the division is performed as 
though the decimal points did not exist. The decimal point is placed 


in the quotient to make the answer compare reasonably with the 
estimated answer. 


Step 11. Dividing a mixed decimal (tenths, hundredths, or thou- 
sandths) by a decimal (tenths). 


SAMPLES: .4)3.6 .8)4.96 


The answers to this type of division can be estimated (and the 
location of the decimal point thus determined) in 2 different ways- 

; 0) Round off the mixed decimal to a whole number, compare the 
divisor with 1, 4, 4, 4, and so forth, and proceed as in the preceding 
step. .4)3.6 is thought of as a little less than 4 into 4, or about 8; 
.8)4.96 is thought of as almost 1 into 5, or about 6. 

(2) Think of the dividend as a certain number of tenths and cal- 
culate mentally, tenths into tenths. .4)3.6 lis thought of as 4 tenths 
go into 36 tenths 9 times; .8)4.96 is thought of as 8 tenths into 49 
tenths, or about 6. 

With this as with other types of division the children can practice 


carrying their divisions to the nearest tenths, hundredths, or thou- 
sandths. 
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Step 12. Dividing a whole number or a mixed decimal (tenths, hun- 
dredths, or thousandths) by a mixed decimal (tenths). Answer: More 
than 1. 


SAMPLES: 2.9)19 4.5)23.5 3.8)8.04 


By rounding off the divisors and dividends, 2.9)19 is thought of 
as 3 into 19, or 6+; 4.5)23.5 is thought of as 4 into 20, or 5; and 
3.8)8.04 is thought of as 4 into 8, or 2. The answers can be carried 
to the nearest tenths, hundredths, or thousandths as desired by affixing 
the appropriate number of zeros. 

If children know only the moving-the-decimal-point “trick,” they 
Sometimes arrive at weird answers when the dividend is a whole 
number. In 2.9)19, for example, children have been known to moye 
the decimal point in the following ways: 2.9,)1,9; 29%) 19; 
2.9,)19, . When, however, they learn to estimate the answer first 
the only “difficulty” in this type of division is the affixing of 0’s. 

Suppose the remainder in the division 2.9)19 is to be carried to 
the nearest tenth. (1) 29 cannot be contained in 19 so 1 zero is affixed 
to 19, (2) 29 into 190 is about 6. Since the answer was estimated 
to be about 6, the decimal point now can be placed after the 6 in 


[6] 


6.5 — 6.6 
(1) 2.9)19.0 (4) 2.9)19.0 0 
174 
[6] 160 
145 
(2) 2.9)19.0 15 
[6] [6] 
6. 6.55 > 6.6 
(3) 2.9)19.00 or (5) 2.9)19.0 00 
174 174 
160 160 
145 
150 
145 


the quotient. (3) Another 0 is affixed so that 29 can go into 160. 
) 29 into 160 is 5. If the child can see that the remainder, 15, is 
arger than 4 of 29, he can stop the division at this point and change 
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6.5 to 6.6. Otherwise, he affixes 1 more 0 (5), and divides once more. 


Step 13. Dividing a whole number or a mixed decimal (tenths, hun- 
dredths, or thousandths) by a decimal (hundredths). 


SAMPLES: .49)8 .92)9.4 .715)10.103 


To estimate these answers the divisors (1) can be rounded off to 
the nearest tenth and compared with 1, 3, 3, 3, and so forth, as in 
Steps 10 and 11, or (2) can, as hundredths, be compared with 1, EA 
3, 1, and so forth, and the dividends rounded off. .49)8 can be 
thought of as 4 into 8 or 16; .92)9.4 can be thought of as a little 
less than 1 into 9, or 10; .75)10.103 can be thought of as between 
.5)10 and 1)10, or between 10 and 20, or about 15. 

To find the answer to the nearest tenth, affix 0’s to the dividend 
as needed and divide, disregarding decimal points. The decimal point 
is placed in the answer to make the quotient correspond to the esti- 
mated answer. The proper location of the decimal point in the answer 
can be verified by thinking, “Hundredths into hundredths,” (.49)8 
is thought of as 49 hundredths into 800 hundredths, or 49)800) or 
by any one of the moving-the-decimal-point techniques. 


Step 14. Dividing a whole number or a mixed decimal (tenths, hun- 
dredths, thousandths) by a mixed decimal (hundredths). Answer: More 
than 1. 


SAMPLES: 3.45)14.3 5.29)9.95 


Principles and techniques already acquired of estimating answers 
can be applied here. Likewise, methods of affixing zeros to carry 
answers to tenths or hundredths or thousandths are the same with this 
type of division as with previous steps. 


Step 15. Dividing a decimal (tenths, hundredths, or thousandths) by 
tenths. Answer: More than 1. 


SAMPLES: .3).9 .2).82 4).736 


When dividing a decimal by tenths, the child can estimate the 
answer by thinking tenths into tenths. .3).9 is, naturally, 3 tenths 
into 9 tenths, or 3 into 9, or 3. .2).82 is thought of as 2 tenths into 
8 tenths, or 4; the answer, therefore, is 4 point something. 47.736 
is thought of as 4 tenths into 7 tenths, or 1 point something. 
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Step 16. Dividing a decimal (tenths, hundredths, or thousandths) by 
hundredths. Answer: More than 1. 


SAMPLES: .04).2 .23).9 

To estimate answers to this type of division, the child thinks, 
Hundredths into hundredths. When, as with .04).2 and .23).9, the 
dividend is a number of tenths, either the divisor is rounded off to 
tenths or the dividend is changed to hundredths. In the case of .04).2 
the .2 is changed to hundredths, so the child thinks, 4 hundredths into 
20 hundredths is 5. For .23).9, however, he could think, 2 tenths 
into 9 tenths, or about 4 -point something. 

Step 17. Dividing a decimal (tenths, hundredths, or thousandths) by 
a decimal (tenths or hundredths). Answer: Less than 1. 


SAMPLES: .83).42 Ay.343 


The occasion in everyday life very seldom, if ever, arises for an 
elementary school child to determine how many times a decimal is 
contained in another decimal (except possibly with cents). The occa- 
sions are rarer, indeed, when he must determine what part of a 
decimal is contained in another decimal. There are some children, 
however, whose interest in the number system is such as to warrant 
their giving some attention to this latter type of division. , 

What part of 9 tenths is contained in 3 tenths can be ascertained 
by referring to the tenths chart. However, it can be reasoned that 
Since 3 is 2 (or about 3 tenths) of 9, 3 tenths is about 3 (or about .3) 


‘of 9 tenths. T 
-83).42 can be thought of as, What part of 8 tenths is in 4 tenths? 


or, What part of 8 is in 4? 4 or .5. T 
.4).348 can be thought of as, What part of 4 tenths is in 3 tenths? 


i or .75. The answer, then, is about .75. 

Only a very few children might be able to reason through the fol- 
lowing type of division: .67).043. It is not easy to visualize what 
Part of 67 is contained in 4. To be sure, it is a very small part. It is 
really 3, or about 77. xy is less than yy (-1), so it must be less than 
Tov (.10). Since zy is equivalent to o> (.05), 2, must lie decimally 
between .05 and .10 and nearer .05 than .10. We now vec clue 
to the location of the decimal point. The answer to .67).04300 must 


be 064, 
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Tf the child relies solely on the moving-the-decimal-point technique 
and has no way of judging whether the answer makes sense, he can 
. 64 
very easily make the following mistake: .67,).04,300 
Step 18. Dividing a decimal or mixed decimal (tenths, hundredths, 


or thousandths) by a mixed decimal (tenths or hundredths). Answer: 
Less than 1. , 


SAMPLES: 4.2)2.7 29.7)9.79 4.39).864 


Approximate answers to this type of division can be obtained by 
rounding off mixed decimals to whole numbers and proceeding accord- 
ing to previously learned techniques and principles. 


Step 19. Dividing a whole number, decimal, or mixed decimal 
(tenths, hundredths, thousandths) by 10, 100, or 1000. 


SAMPLES: 42.52 + 10 = 125.6 + 100 = 


The children have learned that by moving the decimal point to 
the right the number is being multiplied. (Page 271.) Now they can 
learn, if they have not already made the generalization themselves, 


that moving the decimal point to the left divides the number by 10, 
100, or 1000, and so forth. 


15 


What Is Percentage? 


The words, per cent and percentage, are used so frequently in every- 
day life that children of elementary school age often encounter them 
in one connection or another. “Twenty per cent off,” “I feel one 
hundred per cent today,” “You are about ninety per cent correct,” 
are a few of the kinds of uses of the terms which children often read 
or hear. They have a right, then, to know what these words mean. 

The children have learned by about’ the fifth year of school of 
2 ways to represent parts of a whole or parts of a collection: Common- 
fractions and decimal-fractions. In about the sixth or seventh year, 
they can learn of a third way to represent a part of a unit or collec- 
tion of units: Per cent. 

The per cent of something is the number of hundredths of it. In- 
stead of saying, 75 hundredths of the class, we can say, 75 per cent 
of the class. 

Percentage can also be thought of as a ratio. In fact, the transla- 
tion of the words per cent is, literally, out of one hundred. One out of 
four, for example, can be expressed as 25 out of 100, or 25 per cent. 

Whether per cent in a given instance means the size of a part or 
whether it means the relation between two amounts, the child can 
learn that per cent is hundredths and hundredths is per cent. 

28; = .35 = 35 per cent; 68 per cent = .68 = x00 
the words per cent can be introduced 
by showing that the digits in the number “100” (cent) can be written 
in the following arrangement: °/o. By connecting the top 0 with the 
upper end of the “1,” the per cent symbol is formed: %. 

Using their knowledge of common-fraction-decimal-fraction equiv- 
alents children can learn to relate a per cent to a common-fraction. 
50 per cent of something is } of it; 25% is 3; 663% is 3; 89% is 
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The arithmetical symbol for 
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almost 15; 34% is about 3; and so forth. The child’s equivalents 
chart can now include per cents, as well as common-fractions and 
decimals. (Page 269.) 

Likewise, expressing the relation between 2 numbers in the form 
of a per cent can be developed from the child’s knowledge of express- 
ing a common-fraction as a decimal-fraction. For example, 3 is $ of 4; 
3 is .75 of 4; 3 is 75% of 4. Another way of writing this relationship 
is: į = .75 = 75%, or simply 3 = 75%. 

What per cent of 7 is 4? Since 4 is little more than 4 of 7, then 
4 is a little more than 50% of 7. The per cent one number is of another 
can thus often be estimated. 

Not all 11- or 12-year-olds are ready to engage in a systematic 
study of percentage. Although they may benefit from considering 
concepts of percentage as described above, most children should not 
attempt to compute with per cents until junior or senior high school. 
The following types of computation, therefore, should be attempted 
only by those children who can engage in this activity with under- 
standing. 

STEPS IN COMPUTING WITH PER CENTS 

Step 1. Changing hundredths to per cents and per cents to hundredths. 

SAMPLEs: tio =__ % 2= 5 7 
34% = ayy 85% = _ 

Oral practice in changing hundredths to per cents and vice versa is 

to familiarize the child with the language and symbolism of percentage. 


Per cents less than 1 or more than 100 should not be considered in the 
elementary school. 


Step 2. Changing common-fractions to per cent equivalents and 
per cents to common-fraction equivalents, 


SAMPLES: 5S 9G 371% = 

If a child readily can think of the fractional equivalent of a per cent 
and the per cent equivalent of a common-fraction, he will be able to 
obtain with facility approximate and exact answers to the 2 major 
types of computation involving per cents. These 2 types are often 
referred to as Case I and Case II of percentage. Case I is taking 2 
per cent of a number (35% of 230). Case II is finding the per cent 
one number is of another (6 is what per cent of 8). There is a Case III, 
but this third situation involving per cents should not be considered 
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until the ninth grade or even later. Given a per cent of a number, 
what is the number (12 is 75% of what number)? 

Step 3. Finding a per cent of a number. 
SAMPLES: 25% of 12 = 38% of 70 = 

The children already have learned how to find a part of a number 
when the part is expressed as a common-fraction or decimal-fraction. 

To find a per cent of a number all one needs to do is to change the 
per cent to either its common-fraction or its decimal-fraction equiva- 
lent. 


70 
25% of 12 = 3X 12° 38% of 70 = X .38 
Approximate answers can be obtained when needed by thinking 


of the per cent as more or less than 3, almost 1, or about 4, 3, 3, 


and so forth. Examples: (1) 34% of 19 is about 3 of 18, or about 6. 
(2) 89% of 25 is closer to all of 25 than 4 of it, so the answer will 
be nearer 25 than 13. 

Step 4. Finding the per cent one number is of another. Answer: 
Less than 100%. 

Sames: 4 is what per cent of 12? 8=_% of 82? 48= % 

The children already know how to find what part one number is 
of another, expressed either as a common-fraction or a decimal- 
fraction. 4 is what part of 5? 4 or .8 or .80. To find what per cent 
4 is of 5, the child can change the common-fraction, 4, to its per cent 
equivalent, 80%. 

When the child does not know the per cent equivalent of the 
Common-fraction, he knows how to change the common-fraction to 
a decimal-fraction carried to the nearest hundredths. (Page 273.) The 
number of hundredths, then, is the per cent. 

Sometimes an approximate percentage will suffice, especially when 
large numbers are involved. “Of the 8,465 people in town who are 
eligible to vote, 6,579 actually cast their ballots in the last election. 
Roughly, what per cent voted?” These numbers can be rounded off 
to $, which is 2, which is 75%. 


Appendix A 
IN- AND OUT-OF-SCHOOL USES OF ARITHMETIC* 
(Listed by Grades) 


KINDERGARTEN 
A. Work Period Activities 
1. Construction 
Children use rulers and yardsticks to measure boats, airplanes, and 
so forth. A ruler is the length of daddy’s foot. 
= Child selects nails long enough to go through a thin board, a thick 
oard. 
Terms used—long, short, large, small, square, round, tall, and taller. 
They talk about cars going over the bridge, under the bridge. 
2. Clay Work 
Children try to make a smooth surface. Squares are made for cookies 
—circles for balls or marbles. 
Counting number of marbles, apples, and other articles made. 
3. Painting and Crayoning 
Children speak of the heavy paper for panels, the thin sheets for the 
easel, the large sheets for painting, the small sheets for crayoning. 
The crayons are the large ones, or the small ones. 
When mixing Alabastine they measure a tablespoon of Alabastine or 
two tablespoons. 


4. Block Play 
Counting the blocks—judging size and weight. Blocks are spoken 
of according to shape—cylinder, cube, and so forth. Stack the long blocks 


together—the short blocks together. 
B. Lunch and Rest Period 


_ 
* Taken from Elementary Mathematics in the Training Schools, a curriculum 


guide written by the staff members of the training schools of the New Haven 
State Teachers College. (See page 15.) 
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Children count plates and glasses for the number of chairs, count cracker 
baskets, or count chairs about the table in order to correspond with number 
of places set. 


Cots are counted, arranged 3 in a row, the number of foot-papers 
counted. 


Children cut towel papers for various purposes. They speak of a whole, 
half, quarter. They may be asked to use only one towel. 
C. Banking, Milk Money, Cracker Money 

Children tell the teacher how much money they have brought in, and 
teacher counts or children count with her—penny, nickel, dime, quarter. Some 
may know half-dollar and dollar. 
D. Telling Time 

1. Use of Clock 

Use of a clock face in the room. Learning to tell the hours. Marking 


the time or setting the clock for the time at which something special will 
happen. 


2. Use of Calendar 
Calling days and months by name. Noticing days on which chil- 
dren’s birthdays come. How old am I? Use of terms today, tomorrow, yesterday. 
E. Use of Books 
1. The Library 


The books are stacked on the wpper shelf or the lower shelf. The 
large books, the small books. Puzzles go on the lower shelf. This shelf is 
higher. 

Numbers in the book are noticed. Children observe that the teacher 
stops reading at a certain page. She remarks, “We are stopping at page 60. 
Tomorrow, we will start there.” 

Numbers of favorite songs. 

F. Activities Relating to Group Interests 
1. Cooking 


Actual measuring of ingredients. Use of teaspoon, tablespoon, pint, 
or quart. Shopping for a party. 


2. Playing games: Puzzles, bean bags, counting, adding. Children make 
the bean bags. 


3. Selling peanuts to earn money for a school project, counting number 


of bags, recognizing a nickel, the price of one bag. Some children are able to 
tell the price of two or three bags and count by fives up to 25 or 50. 
G. Personal Understandings 

1. Weight and Height. 


Children become familiar with pounds, inches. He is taller than I— 
shorter than I. He is heavier, lighter, thinner, fatter. 
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2. Sharing candy, fruit, and so forth. 
Beginning of conception of dividing, forming parts or fractions: 
Halves, quarters of apples, cookies, cakes, and so forth. 
Cost of personal items. 
Own address and telephone number. 


FIRST GRADE 
A. Work Period Activities 

Increasingly good judgment shown in choice of materials used in con- 
struction—a thin board or a thick board of size needed, nails of correct size. 
Estimates of size of things to be made, paper to be used followed by correct 
Measuring, comparison. r 

A growing sense of the bulk and weight of such materials as clay, cloth, 
paint, wood, and so forth. 

In supplying materials such as paper, crayons, tools, and so forth, chil- 
dren have opportunity for “grouping,” “removing,” “sharing,” or “‘divid- 
ing,” and thereby establishing the beginning of addition, subtraction, mul- 
tiplication, and division. 

B. Luncheon and Rest Period 

Increasing responsibility in planning for the lunch period and classroom 
parties. Correct counting of plates, glasses, crackers, bottles of milk, or num- 
ber of chairs about the table. Taking away a place, a bottle—number of 
things left. 

Mention of the first table, the first to sit down, the second. to come, and 
so forth, gives much use of the simple ordinals—first, second, third, and so on. 
C. Library and Reading Activities 

Large and small groups—how many children? How many books needed? 
How many more books? y 

Numbers of pages in books, and growing sense of their use. This page, 
that page, the next page, the last page, two pages, and so forth. Notice of 
table of contents and index and use of these with relation to page numbers. 

Exchange of library books once a week, a library book may be kept out 
two weeks. Reading of stories that include quantitative terms and situations 
that foster quantitative thinking. Much judging and estimating with ques- 
tions such as, “How old do you think the child in the picture is?” 

D. Rhythms and Games ' N 

Variation in the beat of the tom-tom, and consequent variation in bodily 
Movements to keep the rhythm. Notice of differences in rhythm in music, 
Such as fast, slow, quick, light, heavy. Simple number elements in games. 
E. Use of Money 

1. General > f 

Experiences such as buying at the store, planning room parties, 
Sewing, banking, buying tickets for a school performance, and other daily 
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activities that offer opportunities for actual handling of money and feeling 
the responsibility for it. This soon involves making change from 5¢ and 10¢, 
and up to a dollar. For example, a child bringing 50¢ may wish to pay his 
weekly milk bill, and put the remainder in savings. Children must learn 
early the necessity for caring for money properly, and having some adequate 
means of carrying it to insure against careless loss. They also learn the vari- 
ous ways in which they may meet their obligations, as illustrated here. 

2. Payment of Milk Bill 

Bringing in money and paying for milk involves not only the han- 

dling of the coins, but the important concept of paying one’s debts, of value 
received for payment of money. At first milk notices may be written by 
older children as a service to the first graders. This gives an opportunity for 
gaining an understanding of the written notice, later in the year to be written 
by themselves. It may be advisable with some groups to pay by the week 
instead of by the month. 

3. Personal Money and Allowances 

It is very important that we help children in spending their own 

money to the greatest advantage. They learn to spend for entertainment, 
for candy, and for desired articles of more lasting value. 

4, Bank Money 


A different concept is involved here—the accumulation of money 
over a period of time in savings. 


5. Payment of Money for Postage 


Still another concept is involved here. Payment of a fee for à 
service—a letter to be safely delivered to the designated party—with addi- 
tional fees for special types of service. 

F. Measurements 


1. Linear Measure 


= Measuring wood, cloth, paper, panel spaces in the room, and so 
orth. 
Use of the foot and yard, beginning acquaintance with the inch. 

2. Liquid and Bulk Measure 


Planning and cooking for parties and luncheon involve use of cup, 
teaspoon, tablespoon, pint, quart, pound, box, package, and dozen. 
3. Personal Weight and Measure 


First grade children begin to take active interest in their own weight 


and growth and gain shown. Also in comparing heights; Henry is taller than 
Mary, and so forth. 


4, Time 


Greater understanding of time as shown by the clock; ability to 
tell time in terms of even hours, at least, in order to plan the day. Coneept 
of the length of one minute, of five minutes gained in various ways with the 
help of the teacher. “Let us quietly rest for one minute, for five minutes, 
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and so forth. Dates of children’s birthdays and their ages. Use of the calendar 
as such is only incidental. 
G. The Weather 

It is cold, colder than yesterday, or warm, warmer. Seasonal changes 
and necessary changes in clothing. 


SECOND GRADE 
A. Community Situations 
1. Floor map 
Rich opportunities in study of the community, post office, bank, 
farm, garden, store, and so forth. Concepts may be made clearer by laying 
out the area being studied, in the form of a floor scene, with directions correct 
according to the compass and details regarding appearance and proportion 
of buildings as accurate as possible. 
2. Neighborhood 
Lay out streets and buildings in accordance with directions in which 
they really lie, so that questions like these may be correctly asked, “Which 
way do you live? About how far is it?” relating concepts of distance and 
direction. The size and proportion of buildings may be considered, as well 
as the materials of which they are built, with regard to comparative weight 
of materials, texture, and fitness to purpose. 


3. Post Office 
: Ordinals first, second, third, and fourth carried over into classes of 

mail. Actual buying and selling of stamps. Cost of parcel post. Knowledge 
of zones and sense of values in insurance. Actual weighing of packages, or a 
letter that seems too heavy. Concept of distances mail may be sent or post- 
man will cover. Concept of time involved in delivery, according to distance 
and type of mail service used, as regular delivery, special delivery, registry, 
or airmail. 

4. Store 
Judging values and fair prices through visits to real stores, such as 
a market, bakery, pet store, 5 and 10 cent store, drug store, or hardware 
store. The making of change forms a very important part of the experience. 
2 concepts are involved: The adding of all purchased articles to find the 
total bill and figuring what is left for further use, with the important under- 
standing of the additive method of giving change, common to most stores 
of today. 

5. Farm or Garden 


Actual weighing; 
pound of apples is not much, 2 


consideration of number of carrots in bunches, a 
bushel is a big basketful. 

Vegetables and fruits are often weighed instead of measured, ac- 
cording to law, and for reasons easily demonstrated. Measuring of quarts 
or pints of liquid. The school milk bottle is } pint. Cost of seeds and quan- 
tities needed for a garden. 
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B. Measurement 
1. General 


The experiences listed above give ample opportunity for great ac- 
tivity in measuring. Inch, foot, and yard are very familiar. Ounce and pound 
are very familiar. Other units of measure may be used if the need arises. 

2. Time 


Telling time with a fair degree of accuracy. Individual use of time 
concept, through such questions as: 


“How long does it take you to walk to school?” 
“At what time should you leave your home to be at school at 8:30?” 
Reading time as written. We come into school at 8:30 and 12:45, 
and leave at 3:00 for the day. Growing sense of time and what we can do 
with it. Planning the school day. Concept growing regarding night and day. 
Growing knowledge of calendar: 7 days in a week; 28, 30, 31 days 
in a month; holidays. Calendar kept day by day in the room. Notice of the 
weather in relation to calendar. Reading a large thermometer. 
3. Distance and Direction 


Considerable growth during this year in terms of far, farther, oveT 
that way, 1 block, 2 blocks, several blocks. 
C. Experiences that involve counting, associating the symbols with the num- 
ber of objects, reading and writing numbers, adding and subtracting mentally 
as need arises, or as provided by the teacher. Work period continues to give 
rise to many problems. Measuring, computing amounts of material to be 
used, relative size of objects constructed. 
Taking attendance by groups, counting children in groups, 6 in tbis 
group, 4 in that, 6 things and 4 things are 10 things. 10 in this group, 10 nn 


that, and so forth. Counting objects by 2’s, 5’s, 10’s—others as situation 
arises. 


D. Use of Money 


Records of classroom moneys kept in individual or group form. 
À Banking—write deposit on envelope—use of decimal point and dollar 

sign. Contributions to school funds, drives, and so forth. 

Buying for school needs—cooking, sewing, parties. Personal money- 
E: Growing appreciation of number in certain other relationships such as 
speed, size of buildings, amounts of material, rhythm that is faster or slower, 
music tempo and notes in the scale as used in tuned glasses or bottles. - 
growing knowledge, also, of quantities in which things may be bought—nails 
by the pound, seeds by the package or by the pound, and so forth. 


A Child's Height and Weight Record 


A sample is given here of an individual record similar to that kept by 2 
second grade child, reflecting the child’s natural interest in his growth an 
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weight, and forming the habit of listing necessary information for identifi- 
cation. 
I am Jack Brown. I live at 345 Chester Street. There are 3 in my 
family. My telephone is 6-7561. I weigh 57 pounds. I am 51 inches 


tall. 
My Weicur My Hetcur 
September, 57 pounds September, 51 inches 
October, 61 pounds February, 55 inches 


November, 61 pounds 
December, 623 pounds 
January, 63 pounds 


THIRD GRADE 


A. Distance, direction, time, and size relationships. 
1. General 

Continuing the practice of laying out floor maps of the immediate 
community, and then of the larger community will prove of great value. 
Care must be taken that directions of streets and buildings conform with 
the actual scene and use of compass. Concepts of distance continue to de- 
velop through such questions as, “How far is it? How much farther? Which 
way do you go? In what direction is it?” Distances are also related to time 
of travel when considering means of travel. 


2. Time 

Increasing understanding of the calendar and ability to use it. 
Ability to tell time with accuracy to the minute. Time involved in cooking, 
relative to different foods cooked, i.e., difference in time needed to boil water, 
vegetable, or meat. Time involved in planting bulbs, waiting for germination, 
time for growth and blossoming. Time for planting seeds and time needed for 
germination, growth, and fruition. Time needed for baby chicks to hatch. 
Necessity of time schedule in caring for baby chicks, rabbits, guinea pigs, 
and so forth. 


3. Weather 
Observation of rainfall and snowfall. Observation of changes in tem- 
perature and ability to read a thermometer. Use of barometer. Discussion 
and observation of seasonal changes with regard to changes of clothing, 
heating of homes, and so forth. Ability to keep a weather calendar. 


B. Community Interests 


1. General 
Children of this age and older are invariably challenged by ways of 
transportation and communication that offer rich number concepts and rela- 
tionships, not only as each mode is considered by itself, but in terms of 


comparison, 


296 In- and Out-of-School Uses of Arithmetic 


2. Transportation 
Trains, including coach, Pullman, and freight. 
Boats of many kinds, including ferry, pleasure craft, fishing craft, 
tug, cargo, tanker, steamship, and others. 
Buses, trolleys, taxis, automobiles, bicycles, tricycles, and trucks. 
Airplanes. (See suggestions at end of this section.) 
3. Communication 


Knowledge of the varied services of the Post Office, telephone, and 
telegraph with regard to time consumed and cost of each service. 

Planting bulbs and seeds. Initial cost of seeds and bulbs, fertilizer, 
garden tools, machinery, baskets, and so forth. Selling price and apprecia- 
tion of possible loss. 

Study of homes, buildings, parks. Relative heights and sizes, num- 
ber of families or offices accommodated. Estimation of distance and area. 
Costs of materials, labor, services, and repair. 

C. Measurement and Estimation 


Increased use of measuring for construction in wood, cardboard, cloth 
and other materials, paper for panels and murals. Measuring on floor and 
halls to get notion of size of ships, planes, and so forth, arising in discussion 
of daily news and group interests. 


Use of measures in cooking, experience in measuring foods for serving. 
Making butter, cheese, maple syrup, candy, apple sauce, jelly. 
4 Judging size of mountings for pictures and deciding whether material or 
articles are too small for desired end, too large, or large enough. 
s Planning food, seating arrangements, costumes, scenery, and other de- 
tails for any school festival. 
D. Use of Money 


Greater maturity brings greater responsibility, and appreciation of costs- 
Cost of materials used, such as paints, brushes, cloth, wood, tools, pencils, 
paper, school furniture, and equipment. Cost of favorite and desired books. 
Cost of own clothing and, consequently, better appreciation of it. Cost of 
foods. Budgeting of personal money for personal needs and recreation. Plan- 
ning expenditure of money for gifts and wrappings. Banking and knowledge 
of services of the bank. Ability to record own amount of deposit on bank 
envelope with accuracy. Cost of travel, especially on school trips where each 
child pays his share. 

E. Sharing 


The possibilities for developing quantitative thinking through sharing 
should not be overlooked at this age, as very important basic concepts are 
involved. The experience involved in dividing a single whole article and later 
several whole articles is important also; for example, an apple may be divide 
into halves and quarters, but it represents another situation to divide 8 apples 
among 4 people, and still another to divide 5 apples among 20 people. Situa- 


In- and Out-of-School Uses of Arithmetic 297 


tions such as these develop in the children an understanding of multiplication, 
division, addition, subtraction, and simple fractions that cannot be developed 
without use of concrete objects in real situations. 
F. Music and Rhythms 

Developing sense of speed and tempo in rhythm and song. Developing 
sense of note values through drum beats. 


Example of Quantitative Thinking Involved in a 
Study of Aviation in a Third or Fourth Grade 


With a mature group, these possibilities could be greatly expanded. Be- 
cause of the swift advance of the science of aviation, information must be 
constantly checked from a reliable source. 

An airplane is a heavier-than-air craft—what makes it fly? 

Measurements of a plane: Length, width, height, diameter, circumfer- 
ence, and wing span. For example, wing span may be 90 feet, 6 times the 
width of the room, or the length of the hall. 

Types and varied uses of planes. Parts of a plane. Acquaintance with 
names and functions of the various parts. Formations in flying. Landing gear. 

Motors: Revolutions, possible rates of speed, maximum speed, and so 
forth. Comparison of figures in development of modern planes. Orville Wright 
in 19083—compared with airliners today. Possible speed and cruising range 
for passenger and freight service. 

Altitude: Some appreciation of the meaning of altitude can be developed 
through observation of the height of buildings, of hills, of the flight of a 
kite, and flight of airplanes passing over. Usual cruising altitude. Recent 
developments in high altitude flying. 

Licensing of planes: Meaning of license numbers and practice in reading 
them. 

Comparison of lighter-than-air and heavier-than-air craft. This may be 
advisable with a mature group who raise the question. 

Construction of model airplanes: Cost of models for construction, variety 
of models possible, attempts at flying the planes, comparison with flying of 
gliders, 

Vocabulary: The vocabulary of aviation should be developed only as far 
as it remains within the understanding and experience of the children. 


FOURTH GRADE 


A. Distance, Direction, Time, Number 

Class and small group excursions offer first-hand experience in under- 
standing important concepts. Children of this age are sufficiently mature 
to understand the many factors involved in travel arrangements, such as 
distance to be covered in the time allotted, cost to individuals or groups, 
seating capacity of the vehicle, and the importance of keeping appointments 


promptly. 
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Opportunities for developing these concepts should be eagerly sought 
by the teacher, in as much as they are basic to further ideas and habits con- 
cerning travel cost and time allotment. 

Interest in road maps and picture maps often gives opportunity to ex- 
pand knowledge of the community and the growing interest in maps of all 
sorts. Use of wall maps gives rise to new problems. Place map on floor in 
correct direction according to compass. Continue questions such as, “Which 
way do you live?” with, “Travel farther in that direction to ,” and 
“How far is it to Bridgeport, to New York, to Washington?” and so forth. 
Planning best routes of travel and estimating distances through use of mileage 
given on road maps and through learning to use scale of miles and other key 
information. Estimating time of travel according to means of transportation 
offers many possibilities of study. Discussions begin as to area and popula- 
tion. A concept of area can only be built up by actual measurement of areas 
at hand—desk, table, floor—continuing comparison of unknown areas with 
those known. 

Figures used in considering population should be given meaning by such 
questions as, “How many is that?”—the number in our room, in our school, 
in our city, and so forth. Special care should be given that large numbers 
are not read and written without meaning. They should always be inter- 
preted in terms of known situations. 


B. Measurement 


Length, width, and area of familiar objects. Making comparisons: “How 
much longer than this room would that be?” Estimating contents, then meas- 
uring; the tank or bowl will hold 2 quarts, a gallon, and so forth. Measuring 
for a backdrop or scenery in a play. Measuring running distances, broad 
jumps, diagrams for game spaces and space allotment for events. Planning 
for playground activities or a field day involves provision for keeping score, 
timing for games and events, numbers of children participating and watch- 
ing, and supplies of proper equipment. Measuring to scale for maps, charts, 
and graphs. More exact measurement in use of paper where necessary- 
Measuring of wood, cloth, and so forth, gives much use of fractions; i.¢- 
each girl will use } yard, so for 12 girls we must buy how many yards? 

C. Use of Library 


Use of library file, attention to numbers on books. Use of index in refer- 
ence material—volume and page giving experience with Roman and Arabic 
numerals. Responsibility for dates when books are due. 

D. Use of Money 


Responsibility for personal money: Children of this age should be encour- 
aged to carry necessary money safely in pocketbook or billfold and be 
entirely responsible for its care. Allowance and spending money. Banking. 
School money, dues, and fees. Costs of travel and recreation. 


A “barter shelf” may be set up in the room to which all may contribute 


articles that they wish to trade, swap, and bargain over. This gives an excel- 
lent concept of trade. 
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E. Community Interests 

Many important quantitative concepts should be developed in connec- 
tion with the social studies program, which at this age often entails much 
experience with transportation, communication, and public services such as 
gas, water, electricity, gasoline, and fuel supply. 
F. Music 

Knowledge of note values, giving meaning to fractional parts making 
up a whole Sense of rhythm and necessary number sense in drum rhythms, 
a drum orchestra, Indian dances. 


Some Quantitative Concepts Needed in a 
Comparison of Iceland and Connecticut 


Comparison of area of Iceland and of Connecticut. The children learned 
to use the term “round numbers,” and planned to use a 4” square to repre- 
sent 5000 square miles (Connecticut), and 8 squares to represent 39,756 
Square miles (Iceland) or approximately 40,000. 

Population. A child drew a figure to use as a pattern, and the group 
placed 15 of these in a strip to show that the population of Connecticut is 
15 times that of Iceland. 

Temperature. The Weather Bureau was consulted for information con- 
cerning mean summer and winter temperatures for Connecticut. The Ice- 
landie temperatures were given as centigrade. The children saw the teacher 
convert these to Fahrenheit recordings. The children frequently noted marked 
changes in temperature after that. For example, a fine use of arithmetic was 
made one morning when one child remarked that it was 22° above freezing. 
The children decided that the problem could be solved by adding 32° to 22°. 
The resulting 54° did not seem reasonable to them because they noticed the 
gutters were frozen that morning. The children finally agreed that the tem- 
perature was 22° above zero. 

Livestock. The Agricultural Extension Service was consulted to obtain 
information about Connecticut. Round numbers were used once more for 
purposes of comparison. . 

Figures of cows were placed as symbols on a chart, each symbol repre- 
senting 10,000 cows; 3 symbols for Iceland to represent 30,000 cows; 13 
symbols for Connecticut to represent 130,000 cows. } 

Figures of sheep were used in the same way. 1 symbol for Connecticut to 
represent 10,000 sheep (Note: It is actually less than that, but the round 
figure was used); 65 symbols for Iceland to represent 650,000 sheep. 


FIFTH GRADE 


A. Distance, direction, size, time, weight, and so forth. 

More extensive use of maps and understanding of their markings, scales, 
keys, and directions Concepts of size developed through things known in 
the child’s own experience. For example—the width of our continent, extent 
of shore lines, length of rivers, size of bodies of water; in comparison to known 
areas, shore lines, rivers, and lakes. Order of events in history—chronology— 
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greater appreciation of time lapses. Frequent questions of, How high is that? 
How far is that? How many is that? Which way would you go? and so forth. 
Some knowledge of the solar system, the heavens, and vastness of distances. 
B. Measurement 


Measurement of distances to be used in athletic events for school field 
day. Map enlargement according to scale frequently involves use of fractions 
and teaching of skills with fractions. Making a panel or poster by enlarge- 
ment of a small plan. (Knowledge that artists do this in painting murals.) 
Development of judgment in dividing a sheet of paper into halves, thirds, 
or fourths, for use and in planning size of letters in printing. 

Measurement necessary to better understanding in social studies. In a 
study of petroleum, a gallon of oil may be measured. Consideration of mer- 
chandising or budgeting. Weighing butter, sugar, or tea. Computing how 
much food a family might need in a week and consequent budgeting. 

Weighing of newspapers and magazines. Figuring value of collection of 
waste paper. 

C. Time 

Planning proper use of time in and out of school. Computation of num- 
ber of hours, minutes, and seconds available. Ability to exchange the terms 
+ hour and 30 minutes, 4 hour and 15 minutes, and so forth, Timing for games 
and athletic events. 


D. Weather 

Continued use of thermometer, barometer, weather reports, and infor- 
mation. 

E. Community Interests 


Experiences both in and out of school at this grade level offer great 
opportunity for developing understanding of number in its social usages and 
interpreting modes of living. A consideration of populations, areas, indus- 
tries, customs, and problems of the people of many sorts will be greatly 
enriched by giving special thought to the meaning of quantitative relation- 
ships involved therein. 

F. Music 


Further knowledge of note value and rhythm. Dance figures such as 
square dances, minuets, and country dances. 


G. Use of Money 


Each child should be responsible for his money, and carry it safely in 
pocketbook or billfold. Considerable facility in handling money, making 
change by Austrian or additive method. Increased responsibility for spend- 


ing of personal money. Handling of school money for tickets, collections, 
and so forth. 


Banking: Take a trip to a bank to study its methods and services. 


School banking, Amount saved by individual, amount for the school, 
average amount for each room, and per cent of depositors. 
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Costs: Cost of materials, clothes, books, recreation, yarn, paint, felt, 
tools, nails, cake ingredients, clothes, gifts, books, admissions, dues, fees, 
taxes on recreation and luxuries, and stamps. 

H. Use of the Library 

Increased facility in finding material wanted through use of the card 
catalog and knowledge of the number system. 

I. Graphs, charts, diagrams: Individual progress charts; school charts; 
graphic news relative to safety, production, distribution, consumption. 


Plan for Arithmetic Experience in Connection with 
Unit on the City of Washington 


A class of fifth grade children planned to make a clay model of the center 
of the city of Washington. Each child brought to class the dimensions of the 
building he was to model. 

(1) A group painted a large map of the center of Washington which they 
had previously enlarged by use of a Balopticon and traced on poster board 
42" 372!" 

(2) The scale of the large map was determined with the rest of the class. 
Upon measuring, a section 3” wide on the small map from which enlarge- 
ment was made represented the same area that 29” on the large model 
represented. 

The thinking of the group was about as follows: 

“How many times will 3” approximate 29”? 3)29 = 93, or about 10 times. 

“Enlarged model is approximately 10 times as big as original map. 

“If we can find out how many feet each inch of the little map means, and 
multiply by 10, we shall have the number of inches representing the same 
number of feet on our large map. 

“What is the distance from the Capitol to the White House?” 

Child measured original map, and found that the distance from the White 
House to the Capitol along Pennsylvania Avenue took up 5” on the map. 
Then 5” represents 1 mile. 5” represents 5280 feet. 

We have already found that our map is 10 times as large as this little 
one, and takes 10 times the amount of space to show the same distance. 
So 10x 5” represents 5280 feet on our model. 50’ represents 5280 feet. 


1053 
1” represents 50)5280 
50 
280 
250 
30 


or approximately 106 feet. 3” represents approximately 53’. 
(3) Through research, each child found the dimensions of the particular 
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building he was studying. (The dimensions are usually given in feet.) To 
discover the size in inches to which his building must be reduced in clay 
in order to be in scale with the large model, it was found that each child 
must divide the number of feet of the dimensions of his building by 106. 


The children observed and followed an example’ State, War and Navy 


Fig. 29. “On the ground plans they built up their clay models which were then 
painted and placed on the enlarged diagram of the city of Washington." (Grade 5.) 
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3 24 

Building, 342’ x 565’. 106)343 106 ~ 2PProsimately $. 342’ is represented 
318 
24 


by approximately 33’. Same procedure for length of building. Children fol- 
lowed this method to get sizes of their own buildings. 

(4) Using the resulting dimensions, the children drew ground plans of 
their buildings, referring meanwhile to pictures giving various views of their 
buildings. On the ground plans they built up their clay models, which were 
then painted and placed on the enlarged diagram of the city of Washington. 


SIXTH GRADE 


A. Direction, Distance, Time, Size, Shape, Quality, Texture, and so forth. 

Full understanding and free use of maps of all kinds. Sense of direction 
by sun, compass, and maps. 

Notions of distance in comparison with known distances. Concepts of 
length of rivers, height of mountains, and land areas. 

Concepts of distance in terms of time of travel. Complete use of the 
calendar and appreciation of its meaning—the seasons, day and night, rota- 
tion of the earth, and hours of sunlight. Knowledge of the eras of time, in 
relation to prehistoric times, geology, and considerable sense of chronology 
with regard to more recent history. Knowledge of time belts, international 
time line, difference in time in other parts of world. Ability to tell time and 
compute time with accuracy. Use of time tables for land, air, and sea travel. 

Knowledge of meaning of latitude and longitude, degrees around the 
globe and in a circle, and consequent knowledge of terms such as 360°, 180°, 
90°, and so forth. 

Understanding of the size of a place in terms of population and meaning 
of density of population. 

Recognition of geometric shapes such as circle, square, rectangle, tri- 
angle, cube, cylinder, and sphere, and familiarity with terms such as parallel 
lines, circumference, diameter, radius, angle, perpendicular, horizontal, level, 


and vertical. 
B. Measurement 

Ability to use the tables of measure of length, weight, dry measure, and 
liquid measure in everyday commodities and to judge quantities seen in 
common usage; for example, The can holds about 5 pounds of sugar, or 
That is about a pound of nails, This is about a peck of potatoes. 

Knowledge of the common measures and some of the laws governing 
their use through the Bureau of Weights and Measures. 

Ability to read weather reports and know terms such as range of tem- 
perature, mean temperature, and average rainfall. 

Ability to use a compass in practical situations. 


304 In- and Out-of-School Uses of Arithmetic 


C. Community Interests 


Advanced study of transportation and communication, food producten 
and distribution, government procedures, and relations with other parts o 
the world offer unlimited opportunity for developing quantitative relation- 
ships. j ee 

Responsibility for personal money takes on new importance as childre 


grow older and begin to earn small amounts by newspaper routes, and so 
forth. 


A visit to a real bank to study its methods and services is a very worth 
while activity at this age. : 

Running a school paper involves considerable business ability: ae 
paper and stencils; balancing of funds, receipts, and expenditures; circu a- 
tion—number of subscribers in relation to supply of materials; printing— 
allotment of space and estimation of number of words. , 

Dues in organizations. Costs in sports activities and other recreation. 

Effective use of library facilities. Working knowledge of the Dewey 
decimal system, use of the card catalog, and placement of books on shelves. 

Government uses of mathematics: Census, elections, membership in 
Congress, government costs, records, currency, and other uses as needed. 
Large amounts spent in conducting national affairs. 

Understanding of graphs, diagrams, and symbols used to depict mathe- 
matical facts. 
D. Science 


Study of rainfall, snowfall, temperature, clouds, humidity, and reading 
of thermometer, barometer, rain gauge, hygrometer, and so forth. Mathe- 
matics in sound, light, heat, telephone, telegraph, radio, astronomy, pho- 
tography, aviation, and other areas as needed. 


E. Hobbies 

Stamps, coins, airplanes, boats, 
radio, geology, pets, gardening, 
F. Music 


chemistry, metallurgy, photography, 
sports, and other interests. 


The advanced ability of most children of this age in the field of music 


offers a challenge to the teachers in developing understanding of note values 
and various rhythms. The intricacies of drum rhythms also offer a fascinating 
field for children, 


Some Questions Asked by Sixth Graders 
in a Study of Railroad Transportation 
(1) How much freight can 1 car carry? 
(2) How much does an engine cost? 
(3) How much does a car weigh? 
(4) How much does an engineer earn? A fireman? 
(5) How many ears will a freight car float carry? 
(6) How many ears can an engine pull? 
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(7) How many gallons will a tank car hold? 

(8) How much does it cost to go to California? 

(9) How long does it take to go to California? 
(10) How do you read a timetable? 
(11) How many cattle can fit in one cattle car? 
(12) How much tax do you have to pay on a ticket? 
(13) How much does it cost to put your pet in the baggage car? 
(14) How many miles of track are there in the United States? 
(15) How many people will a coach accommodate? A sleeper? 


Some Questions Asked by Sixth Graders 
in a Study of Latin America 


(1) How do the Latin American countries compare in size and population 


with the United States? 
(2) How far is it to Brazil? (How far to Rio de Janeiro from New York 


by plane? By boat?) 
(3) How far does the Pan American Highway exte 
Merritt Parkway and others.) 
(4) How does a ship measure € 
(5) How long does it take to fly t 


Number Concepts Possible in the Fifth, Sizth, or Seventh Grades 
Involved in the Study of Aviation 
beginning of fourth grade). Prin- 


nd? (Compare with 


listance? How fast does a ship travel? 
o Buenos Aires? To Rio de Janeiro? 


_Airplanes (please note suggestions at | 
ciples involved in the flight of a heavier-than-air craft. Consideration of 


kites, gliders, airplanes, and helicopters. Types of planes. Parts of a plane. 

Various aspects of measurement. Size of various ships. Cruising range and 
Speed of various models. Miles per hour, length of time in flight in hours, 
minutes, and seconds. Time zones, International date line. Distances, alti- 
tudes, temperatures. Capacity of fuel tank—need for refueling. Weight— 
importance in aviation, including weight of ship, crew and passengers, freight, 


and fuel supply. 

Photography from the 
study). 

Airports: Requirements of a good airport, regulations, expansion of air- 
ports, and government appropriations. Number of people interested in using 
commercial lines and possible implications for the future. 

Air mail service: Increased cost to the consumer in return for great saving 


of time in delivery. 
Helicopter: Consideration of difference in construction and use of the heli- 
copter gives rise to discussion of many quantitative aspects of the environ- 
d for operation makes possible 


ment. The comparatively small area neede ) 
its use in congested areas as well as in rural areas, and for many different 


purposes. { 
Construction of model aircraft: This activity may be much richer than 


air (this could be a very important phase of the 
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at the lower grade level due to greater maturity and increased knowledge of 
types of planes. Some sixth grade children begin to make motors for their 
planes. An appreciation of the cost of this activity as a hobby should be an 
important consideration. 

Comparison with lighter-than-air craft: The difference in principle of flight, 
discussion of helium and other gases, a study of the history of both types of 
aircraft, and possibilities for present and future use. 

Vocabulary: The possibilities for developing a vocabulary of aviation with 
upper grade children are almost unlimited. Care should be taken, however, 
that the vocabulary does not become too technical, but remains within the 


understanding and experience of the group, whether such experience is gained 
actually or vicariously. 
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AGE-PLACEMENT OF COMPUTATIONAL STEPS 


Readiness to learn any particular is dependent upon many variables: 
Mental age; will to learn; quantity and nature of past first-hand experiences; 
present knowledges, understandings, and skills; language development; 
health; accustomed method of learning (inductive or deductive); and so 
forth. Due to these and other variables, not all children of the same chron- 
ological age are ready to learn to perform a given computation with meaning 
and efficiency. In fact, in a typical classroom group, while many of the chil- 
dren may be ready to learn a certain computation during the present school 
year, a few of them were ready about 2 years ago, some of them were ready 
about 1 year ago, some may become ready during the next year, and a few 
may not be ready until the following year, In a random sampling of children 
of the same age, this few-some-many-some-few distribution would tend to 
follow the normal curve of distribution. 

The approximate ages, suggested below, at which children are ready to 
learn the various types of computation are based partly upon the normal 
curve of distribution. It is suggested, for example, that children from 7 to 12 
years of age may be ready for Step 14 of multiplication of whole numbers 
(5 X 38). This should be interpreted as meaning that a few children may be 
ready from 7 to 8, some from 8 to 9, many from 9 to 10, some from 10 to 11, 
and a few from 11 to 12. 

It must be kept in mind that, although there is some basis for making 
these age-placement suggestions, not enough evidence has been gathered to 
make these suggestions infallible. They should, therefore, be considered no 
more than tentative guides awaiting verification. The trend, it should be 
noted, is to have children study certain topics at a later age than formerly. 
This is due to the increasing stress that is being placed on meaning. In gen- 
eral, the younger the child, the more mechanical and meaningless must his 
computation be, and the older the child, the more meaningful is it possible 
for his computation to be. 
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Age-Placement of Computational Steps 


APPROXIMATE AGES AT WHICH CHILDREN ARE READY 
TO LEARN THE VARIOUS TYPES OF COMPUTATION 


Step Page Approximate 
Nos. Nos. Ages 
Whole Numbers 

ADDITION 

1-5 68-75 5-9 
6-13 75-84 5-10 
14-22 84-93 6-11 
23-34 94-101 7-12 
SUBTRACTION 

1-5 106 5-10 
6-11 106-109 6-11 
12-13 113-114 7-12 
MULTIPLICATION 

1-5 124 6-11 
6 124 7-12 
7-8 124 6-11 
9-19 124-131 7-12 
20-22 133-135 8-13 
Division 

1-2 143 6-11 
3-13 143-150 7-12 
14-18 151-154 8-13 
19-33 154-163 9-14 
Common-F actions 

ADDITION 

J 183 7-12 
2-12 183-189 8-13 
13-36 190-201 9-14 


Step Page Approximate 

Nos, Nos. Ages 

SUBTRACTION 

1 203 7-12 

2-17 203-208 8-13 

18-23 209-210 9-14 

MULTIPLICATION 

1 213 7-12 

2-19 214-227 9-14 

Division 

1-16 230-240 9-14 
Decimal-Fractions 

ADDITION 

1-14 244-252 8-13 

15-17 253-255 9-14 

18 256 10-15 

SUBTRACTION 

1-14 256-259 8-13 

15 260 10-15 

MULTIPLICATION 

1-21 262-271 9-14 

Division 

1-19 273-284 9-14 

Per Cents 
1 286 9-14 
2-4 286-287 10-15 
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SUGGESTED READINGS 


The following are some writings with which the beginning teacher, as well 
as the experienced teacher, should become acquainted. 

Authorities on the teaching of arithmetic agree on some points and dis- 
agree on others. Many, for example, at present believe that meaning in 
arithmetic derives from the nature of number and the number system. The 
present author is among those who believe otherwise. 

The question of whether the child’s main effort should be to understand 
the science of our arithmetical system or whether his main effort should be 
to understand his everyday concrete quantitative problems and experiences 
is of major importance. Elementary school teachers who know both the 
nature of children and the nature of the number system should help make 
the decision. An examination of different points of view is essential if intelli- 
gent decisions are to be made. 

Andrews, F. Emerson, “An Excursion in Numbers,” The Atlantic Monthly, 
Vol. 154, No. 4 (October, 1934), pp. 459-466. A description of the duo- 
decimal system, the way it operates, and its advantages over the decimal 
system. 

Brueckner, Leo J., and Foster E. Grossnickle, How to Make Arithmetic 
Meaningful. Philadelphia: The John C. Winston Company, 1947. An ele- 
mentary school arithmetic program that emphasizes mathematical mean- 
ings and social applications. 

Buckingham, B. R., Elementary Arithmetic: Its Meaning and Practice. Boston: 
Ginn & Company, 1947. A treatment of the science of arithmetic and the 
nature of the number system. This is not a methods book. 

Clark, John R., Arthur S. Otis, and Caroline Hatton, Primary Arithmetic 
Through Experience. Yonkers-on-Hudson: World Book Company, 1939. 
An arithmetic program for the first 2 grades with emphasis placed on 
number needs arising from children’s own experiences. 

Fuller, Kenneth Gary, An Experimental Study of Two Methods of Long Divi- 
sion. Teachers College, Columbia University Contributions to Education, 
No. 951. New York: Bureau of Publications, Teachers College, Columbia 
University, 1949. A good example of a type of research and experimenta- 
tion that furthers our knowledge of how children best learn to compute. 
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Morton, Robert L., Teaching Arithmetic in the Elementary School. Vols. I-III. 
New York: Silver Burdett Company, 1938. Volume I covers the primary 
grades; Volume II, Grades 4, 5, and 6; and Volume III, Grades 7 and 8. 
Emphasis is placed on the understanding of numbers, the meaning of the 
operations, the discovery of new steps and processes, and the fixing and 
maintaining of the skills. 


Rosenquist, Lucy L., Young Children Learn to Use Arithmetic. Boston: Ginn 
& Company, 1949. Dealing with arithmetic for the kindergarten and for 
grades 1 and 2, the author suggests practices that emphasize discovering 
facts, using known relationships between facts, and memorizing facts for 
automatic recall. 


Spitzer, Herbert F., The Teaching of Arithmetic. Boston: Houghton Mifflin 
Company, 1948. The author stresses the importance of gaining a thorough 
knowledge of the number system and of the part numbers play in helping 
man do his work. Mathematical generalizations should be arrived at 
through the child’s own experiences. 

Stern, Catherine, Children Discover Arithmetic. New York: Harper & Broth- 
ers, 1949. The author calls her book, “An Introduction to Structural 
Arithmetic.” She shows how children can acquire an understanding of the 
number system through the manipulation of specially prepared concrete 
materials and devices. 

Stokes, C. Newton, Teaching the Meanings of Arithmetic. New ; York: 
Appleton-Century-Crofts, Inc., 1951. The “meanings of arithmetic” are 
interpreted to be the mathematical meanings derived from understanding 
the number system. An arithmetic program is presented step by step by 
age levels—6 through 11. 

Taylor, E. H. and Clifford N. Mills, Arithmetic for Teacher-Training Classes. 
Third Edition. New York: Henry Holt & Company, 1949. An arithmetic 
background is given to the student-teacher as well as methods of teaching 
the various processes. Emphasis is placed upon mathematical meanings, 
the mechanics of computation, and practical applications. 3 

The National Society for the Study of Education, The Teaching of Arithmetic, 
Fiftieth Yearbook, Part II. Chicago: University of Chicago Press, 1951. 
Leaders in the field discuss such topics as arithmetic in elementary and 
high schools, the learning and teaching of arithmetic, materials of instruc- 
tion, testing practices, pre-service and in-service preparation of teachers 
of arithmetic, social aspects of arithmetic, and needed research on 
arithmetic. 

Wheat, Harry Grove, How to Teach Arithmetic. Evanston: Row, Peterson & 
Company, 1951. Emphasis is placed on the systematic teaching and learn- 
ing of numbers as ideas, with the “idea of ten” forming the basis for com- 
putation. The processes and topics are treated grade by grade from the 
first through the eighth. 

Wilson, Guy M., et al., Teaching the New Arithmetic. Second Edition. New 
York: McGraw-Hill Book Company, Inc., 1951. The authors emphasize 
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the importance of (1) the social aspect of arithmetic; that is, its everyday 
uses, and (2) 100% mastery of computational skills. They do not believe 
mathematical meanings should be stressed. Extensive reference is made 
to research studies. 


Index 


Abacus, 30, 56 
Abilities: 
developing child’s, 3-4 
evaluating children’s, 39-47 
ranges in children’s computing, 28- 
29, 66 
Accountants, duties of, 2 
Accuracy in computing, 24-25, 273- 
274 (see also Answers, exact) 
Activities, school: 
in- and out-of-school 
arithmetic, 14, 289-306 
program of independent, 49-51 
Addition: 
“carrying,” 35, 99 
column, 92-93, 99 
combinations, developing, 81-82 
child discovers, 81 
containing zero, 81 
deriving them from tables, 82 
number to learn, 82 
common fractions, 180-202 
steps in, 183-202 
counting the number of objects in a 
group, 68-69 
decimal-fractions, 244 
steps in, 244-256 
dollars and cents, 101 
estimating answers, 89-90, 95, 9 
of entire numbers, 92 
reading numbers from right to left, 
89, 100 
recognizing number of objects in a 
group without counting, 69-72 
rounding off numbers and, 88-89 
table, 81-83 
whole numbers, 68-101 
steps in adding large numbers, 
84-101 


uses of 


8-99 


Addition (cont'd): 
whole numbers (cont'd): 
steps in adding small numbers, 
68-84 
Age, chronological, children classified 
according to, 15 
Age placement, 37 
of computational steps, 307-308 
Alphabetic-phonetic method of teach- 
ing reading, 17-18 
Answers: 
approximate vs. exact, 248, 256, 265 
fractions, 181-182, 214, 219 
estimating (see Estimating answers) 
exact, 90, 98 
fractions and, 181-182 
various computing methods for, 
25-28, 62 
Arabic numerals, 12, 30-31, 75 
Areas: 
building mental images of, 22 
instruments to measure, 56 
Arithmetic: 
correlated with rest of program, 7 
object of, 14 
teaching adjusted to growth of 
child, 7 
Arithmetical symbols (see Symbols, 
mathematical) 
B 
Babylonia, calculation and record 
keeping, 30 
Baseball, batting averages, 273-274 
Board of Education, 63 
Bookkeeping department, 2 
Books: 
as an aid to teaching arithmetic, 
58-60 
suggested readings, 309-311 
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314 


“Borrowing” technique, subtraction, 
111-114 

Browsing technique in testing compu- 
tational ability, 42-43 


Cc 


Calculating machines, 56 
Cancellation: 
division of fractions and, 235-236 
multiplication of fractions and, 219, 
225, 235 
Capacities: 
building mental images of, 22 
instruments to measure, 56 
“Carrying”: 
in addition, 35, 99 
subtraction, 110-111, 113 
Charts: 
as an aid to teaching, 11, 66, 194-195 
of equivalents, 190-195 
common-fractions, 168-170, 175, 
190-195, 197, 199 
decimal-fractions, 242, 248-249, 
266, 269-270, 273 
Children: 
arithmetical abilities of, 1, 3-4 
evaluating, 39-47 
classification of, 15 
Child’s world differs from adult’s, 6-7 
Classes, arithmetic: 
materials of instruction, 55-60 
organization of, 48-63 
for individual, group and class 
instruction, 48-55 
Classification of children, 15 
Common-fragtions: 
addition, steps in, 183-202 
division, 211-213 
arithmetical symbolism for, 230 
cross-multiplication and, 235-236 
introducing, 227-229 
inverting-the-divisor-and- 
multiplying, 235-236 
steps in, 227-240 
multiplication, 211-227 
steps in, 213-227 
subtraction, steps in, 202-210 
Community: 
city, 15-16, 23 
problems: 


arithmetic program and, 16, 58 
as major source of knowledge, 58 
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Community (coni’d): 
problems (cont'd): 
as source of experience, 13-16, 5S 
rural, 15-16, 22 
Computations and computing: 
accurate computing not always ef- 
ficient, 24-25 
addition (see Addition) 
approximate ages at which children 
are ready to learn, 307 
errors in, 98, 100 
first-hand experiences necessary, 18- 
20 
in thought units, 92 
many ways to get an answer, 25-27 
mental, 24, 67, 90, 227 
methods of teaching, 17-29, 66-67 
encouraging originality, 89 
with meaning, 17-29, 117, 179, 
307, 309 
numbers used in, defined, 18 
operational signs, 18 
oral and written quantitative re- 
lationships, 20 
points of reference, 20-23 
practice, 52-55 
out-of-context, 53-54 
ranges in ability, 28-29, 66 
short cuts and tricks in, 27, 66, 93, 94 
steps in, 27-28 
individual differences in ability to 
learn, 29 
testing computational ability, 41-46 
browsing technique, 42-43 
examples on chalk-board, 41-42 
for meaning and efficiency in, 
44-46 
making up their own examples, 
43-44 
standardized tests, 41 
textbook, 42 
using duplicated forms, 42 
visualizing, 19, 20-22, 69-72 
with facility, 25-28 
individual differences in ability to, 
29 
with meaning and efficiency, 17-29, 
66-67 
class organization, 48-49 
with whole numbers, 65-67 
Concrete situations, arithmetical sym- 
bols to represent, 5-16 


Index 


Correlation of arithmetic with school 
activities, 7, 14-15 
Counting (see also Computing) 
by rote, 68 
differences in ability in, 72-73 
historical background of, 30-31 
recognizing number of objects in 
group without, 69-72 
with meaning, 68-69 
Cross-section paper, 248-249, 254 
Curriculum, arithmetic, 54 
changing, 4, 60-63 


D 


Decimal-fractions: 
addition, 244, 256 
steps in, 244-256 
approximate vs. exact answers, 248, 
256, 265 
concept of decimal-fractional parts, 
241-244 
decimal point, 244-245, 276-279, 
281, 284 
division: 
expressing remainders, 274-275 
methods of affixing zeros, 281-282 
out-of-context practice, 274-275 
placing the decimal point, 276- 
279, 281, 284 
steps in, 272-284 
introducing concept of, 241-244 
multiplication, 261 
steps in, 262-272 
“ragged,” 252 
reading and writing, 265 
rule of adding decimal places, 267 
subtraction, 244 
steps in, 256-260 
writing vertically, 257 
technique of moving decimal points, 
272 
use of, 241 
writing, 243-245 
Decimal notation, 31 
relating numbers to things, 35 
Decimal point, 244-245, 262, 272 
division of decimal-fractions, 276- 
279, 281, 284 
dollars and cents, 135 
Deductive method of teaching, 31-32 
Denominator: 
finding common, 198-200, 201 
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Denominator (cont'd): 
fractions, 176-177, 
209-210, 226 
Diagrams, teaching with the aid of, 11, 
66, 168-170, 175 
Differences, individual, 1, 3-4 
in ability to compute, 28-29 
in ability to represent by arithmeti- 
cal symbols, 39-41 
in ability to understand number sys- 
tem, 38 
Distances: 
building mental images of, 22 
developing understanding of, 5 
Division: 
arithmetical symbols for, 189-141 
introducing, 139 
common-fractions, 211-213 
steps in, 227-240 
computing for exact answers, 142, 
146, 148, 149, 152-153, 155-158, 
162 
decimal-fractions, 261 
methods of affixing zeros, 281-282 
steps in, 272-284 
defined, 136-138 
develop basic combinations, 138-139 
from multiplication combinations, 
139 
100 division combinations, 141 
dollars and cents, 150-151, 163-164 
estimating answers, 146, 148, 153, 
155-160 
rounding off, 154, 156 
trial and error method, 158 
long division method, 149-150 
multiplication and, 137, 138, 145 
placement of quotient figures, 153 
practice, 154, 155, 157, 274-275 
oral, 144, 145, 146, 147, 150 
remainders, 143-145, 216, 274-275 
samples of situations requiring, 136 
short division method, 149 
three meanings of, 272 
whole numbers, 136-164 
steps in, 142-164 
Dollars and cents: 
addition of, 101 
dividing, 150-151, 163-164 
multiplying, 185 
placement of dollar-and-cents signs, 
151 
rounding off, 99, 100-101 


193, 199-200, 
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Dollars and cents (cont'd): 
subtracting, 114, 259 
taking a fractional part of, 222-224 
Dramatizing experiences, 9, 14, 52, 59 
Drawings: 
teaching with the aid of, 11, 66 
fractions, 168-170, 175, 204, 215 
Drills, 53, 91 
Duo-decimal number system, 31 


E 


Efficiency, computing with, 17-29, 182 
Egypt, calculation and record keeping, 
30 
Emotional security, achieving, 42 
Engineers, duties of, 2 
Equipment and supplies, 57 
Equivalents charts, 190, 194-195, 197, 
199, 213 
decimal-fractions, 242, 248-249 
division of fractions and, 237 
multiplication of fractions and, 224- 
225 
per cents included, 286 
Estimating answers, 24-25, 67, 227 
addition, 89-90, 95-96 
fractions, 181-182 
individual differences in children’s 
ability to, 29 
multiplication, 126-128 
number of objects in a group, 21, 
48-49, 88 
tests for, 45 
practice for gaining facility in, 88, 
95-96 
subtraction, 113 
tests for, 45-46 
using rounded-off numbers, 98-99 
various methods for, 25-27 
Evaluating: 
children’s abilities, 39-47 
to represent situations with arith- 
metical symbols, 39-41 
self-evaluation, 51 
testing and, 46-47 
Examples, making up, 43-44 
Exercises and practice material, 60 
Experiences: 
dramatizing, 9, 14, 52, 59 
first-hand, 18-20 
develop meaning and understand- 
ing, 18, 59-60, 87 
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Experiences (cont’d): 
first hand (cont'd): 
emphasis on number aspect of, 3, 
5, 7, 9, 13-15, 18, 20, 40, 48 
fractional parts, 168-169, 173, 
174-177, 178-179 
in- and out-of-school experiences, 
15, 289-306 
multiplication of fractions and, 213 
problem solving and, 8-9, 13 
quantity and nature of, 307 
textbooks suggest, 59 
value of, in teaching arithmetic, 
13-15 
writing, 40 
quantitative (see Quantitative ex- 
periences) 
Experimentation: 
needed in real problems of children, 
16, 19 
with numbers, 31, 32 
Eye-movement, 245 


F 
First-hand experiences (see Experi- 
ences) 
Fractions: 


aids to teaching, 175-176 
approximate and exact answers, 181- 
182, 214, 219 
common-fractions, 180-240 (see also 
Common-fractions) 
addition, steps in, 183-202 
division, steps in, 227-240 S 
multiplication, steps in, 213-227 
subtraction, steps in, 202-210 
decimal-fractions, 165, 241-284 (see 
also Decimal-fractions) 
denominator, 176-177, 
209-210 
finding common, 198-200, 201 
developing vocabulary of, 170, 174 
division of, 211-213 
common-fractions, 227-240 
decimal fractions, 272-284 
doubling-tripling-of-the-larger-de- 
nominator technique, 199-200, 
226 
drawings as an aid in teaching, 185- 
186 
equivalents charts, 190, 194-195, 
197, 198, 199, 213 


193, 199, 
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Fractions (cont’d): 
equivalent charts (cont'd): 
common-fractions, 168-170, 175, 
190-195, 197, 199 
decimal-fractions, 242, 248-249, 
266, 269-270, 273 
fractional parts: 
concepts of, 167-179, 211 
estimating, 169-170 
instruction in, 167-179 
multi-unit, concept of, 174-177 
of collections, 211-213 
use of concrete materials in fixing 
concepts of, 168-170, 175 
grammar and, 180 
improper fractions, 184-185 
introducing arithmetical terminol- 
ogy, 167, 170-172, 174, 176-179 
introducing mathematical symbolism 
for, 170-172, 178-179 
kinds of, 165 
learning to compute with, 165-284 
mixed number, 184, 185 
multiplication: 
cancellation and, 219, 225 
common fractions, 211-227 
decimal-fractions, 262-272 
dollars and cents, 222-224 
reducing to lowest terms, 219 
vertical and horizontal methods, 
221-222 
multi-unit, 174-177 
need for skill in computing with, 168 
numerator, 176-177 
computational steps, 183-210 
addition, 183-202 
subtraction, 202-210 
organized instruction, 167-179 
other meanings of, 178-179 
out-of-context practice in, 180 
proper fractions, 185 
ratio and, 178 
reducing, 192, 219 
rounding off, 175-177, 181, 186-187, 
194 
subtraction: 
common-fractions, 202-210 
decimal-fractions, 244, 256-260 
organization of computational 
steps in, 203 
vertical method, 206-207 
units of measure, 165 
writing, 169-172 


317 


G 


Generalizations, children should dis- 
cover, 65, 120, 128, 262 
Grade placement, 15-16 ` 
Grammar: 
of arithmetical symbols, 18-19 
use of, in teaching fractions, 180 
Greece, calculation and record keeping, 
30 
Groups: 
child’s ability to visualize size of, 5, 
19, 21, 69-84 
above 20, 87-88 
tests for, 45 
Guidance: 
arithmetic program and, 61-62, 66- 
67 
evaluating children’s abilities and, 
46-47 
of children’s experiences with frac- 
tions, 183 


H 


Hindu-Arabic symbolism, 30-31 

Historical background, number system, 
30-31, 60 

Household meters, 56 


I 
Images: 
fixing images of numbers, 20-23 
reading and, 18 
Independent activities, program of, 
49-51 
Individual differences: 
in ability to compute, 28-29 
in ability to represent by arithmeti- 
cal symbols, 39-41 
in ability to understand number sys- 
tem, 38 
principle of, 1, 3-4 
Individual needs, providing for, 60-61 
Inductive method of teaching, 31-32 
Instruction: 
class, 48-49, 61 
group, 48-49, 52, 61 
individual, 48-49, 52 
materials for, 55-60 
instruments of 
55-56 


measurement, 
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Instruction (contd): 
organizing the class, 48-63 ae 
program of independent activities, 
49-51 
purposeful practice, 52-55 
remedial, 66 
Instruments, measuring, 55-56, 182, 
190, 254 
Integration of arithmetic with school 
activities, 7, 14-15 


L 
Language: 
arithmetical, 8, 36 
arithmetical symbols differ from, 
10, 139 
development of child’s oral, 8, 36 
of fractions, 170, 180 
Law of Association, 34 
Law of Commutation, 34 
Learning: 
methods of, 31-32 
normal curve of distribution, 307-308 
organizing the class for, 48-63 
Left-to-right technique: 
addition, 89, 100 
multiplication, 124-125, 132 
subtraction, 108, 110 
Lengths: 
building mental images of, 22 
developing understanding of, 5 


M 


Materials of instruction, 55-60 
books and other printed material, 
58-60 
calculating machines, 56 
for teaching fractions, 168-170, 175, 
190-195, 262 
general equipment and supplies, 57 
instruments of measurement, 55-56 
whole numbers, 69-84 
Mathematical symbols (see Symbols, 
mathematical) 
Mathematical systems, 2-3 
Mathematical thinking: 
computing, 1-4 (see also Computing) 
types of, 1-4 
Mathematics: 
importance of, 6 
object of teaching of, 6 
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Mathematics (cont’d): 
theory or science of, understanding, 
1-4 
Meaning, computing with, 17-29 
defined, 117 
developing, 309, 179 
stress placed on, 307 
Measure, units of, acquainting children 
with, 22-25 
Measurements: 
accuracy in, 24-25, 273-274 
are approximations, 24-25, 253 
instruments of, 55-56, 182, 190, 
254 
units of, points of reference for, 
23 


Mental calculations, 24, 67, 90 
oral practice, 53-54 
Mental health, achieving, 42 
Mentally handicapped children, 28 
Micrometer, 254 
Mixed numbers, 184, 185 
Monetary system, number system and, 
35-36 
Multiplication: 
combinations: 
best way of learning, 117-120 
recording, 119, 121 
tables, 120-121 
using arithmetical symbols to ex- 
press, 118-119 
common-fractions, 221-227 
steps in, 213-227 
decimal-fractions, 261 
steps in, 262-272 
defined, 115-116 
division and, 137, 138, 145 
dollars and cents, 135 
estimating answers, 126-128 
large numbers, 133 
left-to-right technique, 
132 
practice out of context, 121-123, 129, 
130 
right-to-left technique, 127, 131, 133 
tables: 
developing, 120-121, 128 
use of, 122 
whole numbers, 115-135 
steps in, 124-135 g 
with meaning and understanding, 
117 


124-125, 
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N 


New Haven State Teachers College, 15, 
289n 
Numbers: 
abstract, 32-36 
building mental images of, 20-23 
concrete, 32-36 
defined, 32-33 
history of, 60 
mixed, 184-185 
notation, 94, 100 
reading from left to right, 89, 100, 
108 
relationship, 33 
helping child discover, 65, 66, 183 
semi-concrete, 32 
whole (see Whole numbers) 
Number system, 227 
abstract numbers, 32-36 
decimal, 31 
decimal-fractions and, 241 
duo-decimal system, 31 
ranges in ability to understand, 37- 
38, 67 
teaching, 36-37 
inductive vs. deductive method of 
teaching, 31-32 
monetary system as an aid, 35 
understanding, 30-38, 67 
testing for, 46-47 
Number tricks and puzzles, 60 
Numerator, 176-177 


10) 
Observation: 
needed in finding the real problems 
of children, 16 
to determine child’s arithmetical 
ability, 39-40 
Operational signs, 18, 261 
Organization of classes for learning, 
48-63 


P 


Paper-correcting, 51 
Parents, arithmetic program and, 61, 63 
Percentage: 

arithmetical symbol for, 285 

as ratio, 285 

definition of, 285 
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Percentage (contd): 
steps in computing with per cents, 
285-287 7 
Pictures as aid in teaching, 11, 66, 
168-170, 175 
“Place holder,” 31 
Placement: 
age, 37 
of computational steps, 307-308 
grade, 15-16, 289-306 
Points of reference, 20-23 
suggested ages and, 21-22 
Practice and practicing: 
adjusted to meet needs and abilities, 
53 
computations out of context, 53-54 
exercises and practice material, 60 
for recognizing number of objects in 
group without counting, 69-72 
kinds and amounts of, 3 
only on combinations that are under- 
stood, 53 
oral, 90-91 
for computations to be performed 
mentally, 53-54 
out-of-context, 53-54 
fractions, 180 
purposeful, 52-55 
summary of principles governing, 
54-55 
Precision measurement, 273-274 
Principles, children should discover, 65 
Problems of children, determining, 16 
Problem solving, 7-10 
defined, 8 
theory behind, 8 
word-problems, 8 
Program, arithmetic: 
changing over, 61-63 
planning a new, 60-63 
purpose and nature of, 61-62, 66-67 
three major aspects of, 1—4, 66-67 
Projects, value of, 14 
Proper fractions, 185 
Puzzles, number, 60 


Q 


Quantitative experiences: 
children describe, 10 
fractions and, 167-168, 172-173 
in- and out-of-school, 15 
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Quantitative experiences (contd): 
mathematical symbols express, 1-4, 
5-16 
Quotients, 153 (see also Division) 


R 
Rates of speed, developing understand- 
ing of, 5 
Ratio: 


introducing study of, 178 
percentage and, 285 
Reading: 
arithmetical symbols, 10-13, 86 
numbers from left to right, 89, 100, 
108 
solving printed word-problems and, 8 
suggested, 309-311 
symbolism for dollars and cents, 101 
teaching of, 17-18 
for meaning, 17 
Reducing to lowest terms, 192, 219 
Reference, points of, 20-23 
Relationship of numbers, helping child 
discover, 65, 66, 183 
Remainders in division, 143-145, 216, 
274-275 
Remedial instruction, 66 
Research, mathematical, 2-3 
Review, necessity for, 66 
Right-to-left technique, multiplication, 
127, 131, 133 
Roman numerals, 12, 75 
Rome, calculation and record keeping, 
30 
Rounding off numbers: 
decimal-fractions, 
255 
division, 154 
enlarging, 156 
dollars and cents, 99, 100-101 
4-digit numbers to the nearest thou- 
sand, 99-100 
fractions, 175-177, 181, 186-187, 194 
in estimating answers, 98-99 
3-digit numbers to the nearest 
hundred, 96-97 
2-digit numbers to the nearest 
multiple of 10, 88-89 
Rules: 
children discover and formulate, 65, 
94, 262 


250-251, 252, 


Index 


Rules (cont'd): 
inductive or deductive teaching of, 
31-32, 62 
Rural schools, 15-16, 22 


S 


Scales (see Charts) 
Schools: 
activities, 14 
correlating arithmetic with, 7 i 
rural, 15-16, 22 
urban, 15-16, 23 d 
Self-evaluation, 51 
Short cuts in computing, 27 
children should discover, 65-66, 93, 
94 
Shorthand, mathematical symbols a 
form of, 75-77, 118 
Situations, concrete: 
relating numbers to, 5-16 ‘ 
organizing class for, 48, 117 
tests for, 44—45 
Skills, 15, 72-73 


Speed, rate of, developing understand- , Á 
ing of, 5 Y 
Subtraction: ; 


“additive-carrying,”’ 111, 112 
“borrowing” technique, 111-114 


“carrying” technique, 110-111 $ j 
combinations, 105 
memorizing, 105 ] 


common-fractions, steps in, 202-210 
concepts of, 103-106 
decimal-fractions, 244 

steps in, 256-260 
defined, 102-106 


dollars and cents, 114 i 
estimating answers, 113 } 
left-to-right technique, 108, 110, 112 N 
methods of, 103-106 =) 

Austrian or additive method, 103 Í 


take away method, 103, 104 sit 
minus scores, 108-109 £ 
multiple digit, 108 14 
right-to-left technique, 108, 110, 112 ¥ i 
small number from a larger, 108-109 ( 


tables made up by children, 105, 109 Jy 

whole numbers, 102-114 i 
steps in, 106-114 f r 

writing arithmetical symbols, 104 i 


Supervision by teacher, 49 


Index 


Supervisors, arithmetic program and, 
63 
Supplies and equipment, 57 
Symbols, mathematical: 
defined, 10 
developing an understanding of, 10- 
11, 66 
division, 139-141 
evaluating child’s ability to represent 
situations with, 39-41 
for fractions, 170-172, 
212-213 
historical background, 30-31 
individual differences in ability to 
relate real situations to, 29 
language symbols replaced by, 262 
learning to read and write, 12 
making them meaningful, 18 
number symbol, 10 
operational signs, +, —, X, +, 
18-19 
percentage, 285 
problem solving and, 7-10 
procedure to follow before intro- 
ducing new, 11-13 
representing quantitative 
with, 1-4, 5-16, 66-67 
tests for, 44-46 
teaching use of, 75-80 
to express concrete situations, 5-16 
writing and reading, 19-20 
writing vertically and horizontally, 
79, 80, 84, 85-86 
Systems, mathematical, 2-3 (see also 
Number system) 


178-179, 


aspects 


T 


Teaching: 
inductive vs. deductive method of, 
31-32 
planned incidental, 20, 213-214 
Tests and testing: 
“browsing” technique, 42-43 
diagnostic or inventory, 42 
disadvantages of, 41, 42 
estimating answers, 45-46 
estimating number of objects in a 
group, 45 
examples on chalk-board, 41-42 
for arithmetical ability, 39-41 
for computational ability, 41-46 
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Tests and testing (cont'd): 
for knowing different computational 
techniques, 46 
for meaning and efficiency in com- 
puting, 44—46 
in duplicated form, 42 
making up examples, 43-44 
practicing computations out of con- 
text, 53-54 
ing, 51 
standardized tests, 41 
textbook tests, 42 
total program of evaluation, 46—47 
word-description, 41 
word-problem, 8-9, 41 
Textbooks, arithmetic, 8, 43, 58-59 
adapting, 15-16, 58-59 
tests, 42, 59-60 
Thinking, mathematical: 
developing, 5-38 
elementary schools’ objectives and, 3 
symbols to express quantitative 
aspects, 1—4, 5-16 
types of, 1-4 
understanding theory of mathe- ` 
matics, 1—4 
Time, duration of: 
building mental images of, 22 
developing understanding of, 5 
instruments to measure, 56 
Tricks: 
in computing, 27 
children should discover, 65-66, 94 
number, solving, 60 


U 
Understanding, computing with, 18 


“Unit,” experiences and, 14 
Urban schools, 15-16, 23 


y 
Visualizing: 

capacity to visualize amounts, 20-22, 

69-72 
at various ages, 21-22 

computation and, 19 
Vocabulary: 

developing, 18, 66 

developing language of fractions, 170 
Volumes or capacities: 

building mental images of, 22 

developing understanding of, 5 
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Ww 


Weather instruments, 56 
Weights: hay - * 
building mental images of, 22 
developing understanding of, 5 
instruments to measure, 56 
Whole numbers: 
adding, 68-101 
large numbers, 84-101 
small numbers, 68-84 
dividing, 136-164 
steps in, 142-164 
learning to Compute with, 65-67 
multiplying, 115-135 
steps in, 124-135 
subtracting, 102-114 
steps in, 106-114 
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Word-description tests, 41 

Word-problems, solving, 8-9, 41 

Workbooks, arithmetic, 8, 58-60 

adapting to pupil’s need, 15-16 

Working independently, children learn- 
ing to, 49-51 

World, child’s differs from adult’s, 
6-7 


Writing: 
arithmetical symbols, 75-80, 94 
vertically and horizontally, 79, 80, 
84, 85-86 
Z 


Zero, adding combinations containing, 
81 
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